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; ooth and Cartoon Priors

Prior model: energy J(f) € R low for images of the model f € O.

1 1
Sobolev norm: I6) = 51l = 5 [ 19af
(real normn: ] ]+ /lscv)

Total variation norm: J(f)=|flrv = / |V flda
— Extension to non-smooth functions f € BV(]

Co-area formula: | fllrv = / length(C;)dt
R
Level set C; ={z \ f(x) =1}




Small | f]son Small | f|rv

Natural images: structure + texture 4+ noise + ...
T¥=3988 T¥=9387




Discrete Priors

Analog signal f € L?([0,1]?) — discrete signal f € R,

Finite differences operators:
01f|n1,n2| = fln1 + 1,n2] — fln1, ng)

02 f[n1,n2] = fini,ne + 1] — flni, no

Discrete gradient:

Vfn] = (61f[n], 02 f[n]) € RN

Discrete energies:

Json(f) = %Zwlf[ )2 + (6, £[n))?

JTV L\/ 51f 52f[ ]) Vf




l ‘ft " LDiscrete Differential Operators

Forward differences: 01f[n1,n2] = flni,ne] — fln1 — 1, na)
(Periodic boundary conditions)

Backward differences (adjoint): 01 f[n1,n2] = fln1 + 1,na] — fln, na]
Adjoint: 07 = —01.

Gradient operator:  Vf[n] = (01 f[n], d2f[n]) € RZ*HN

Divergence operator: div(v) = 01v1[n] + d2v2[n]

dv = -V > div: R2*XN — RN

V RV — R2XN <




7 X aplacian Operator
L P P P o,

Laplacian : Af = div(Vf).

0? 0?
—‘g(az) + a—x‘g ~ N*Af[n]

Sobolev energy: Z IV£n]|? = (Vf, V) = —(Af, f)

Laplacian A semi-definite negative operator.
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-Energy Flow and Gradient Descent

Discrete energy minimization: gradient descent

f(k_H) = f(k) — Tgradf(k) J f(O) = f

Step size 7 must be small enough.

Energy flow: t>0+— f, e RY

% = —grady, J

ot

Discretization f(*) at time t = k7.




Sobolev energy:

Discrete heat flow:

Discrete times:

FEOm] = fOp (> Sl

p€EVa(n)

(k) = fxhx...xh=f+"h Stable & convergent if 7 < 1/4.

Iﬂlﬂlﬂlﬂ




Sobolev energy:  J(f) = / |V fl?da

Oft
ot

Continuous heat flow: () = —(grady, J)(z) = Afi(z)

Explicit solution: fi = fxhy where hy(x)=

' >
{



TV energy:  J(f) = |flrv = S IV £In]l.

J non-differentiable at f such that dn, Vf[n] = 0.

It Vfin] #0, (grad;J)n] = —div (V_f) n]

IV

Generalized (sub) gradient:
grad; J not unique if V f|n] = 0,

g = div(v) € grad, J satisfies |v[n]| < 1.
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ZX -Total Variation Flow

Regularized TV-flow: % = div Vi
ot NGEANE

Small e: J¢ ~ J but instabilities.

TV flow smooth less the edges than heat diffusion.

fi — constant when t — +o0.

<4
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- Gradient Flow for Denoising

Noisy image: f = fo+w, w[n]~ N(0,0) white noise.
0fi

Denoising using gradient flow: = grady, J

~

Estimator f = f;, for a well chose t = ?y.

fy — constant when t — -+oo.




Denoising using regularization: fX = argmin — H f—gl?+XJ(9)
geRN

Estimator f = /X for a well chosen A.

PDE flow: af L

= fr — f — Agrad, J fi=o arbitrary

It — I When t — 4o0.




Heat diffusion 18.7653dB Sobolevregulanzation 15.6332dB




“Oracle” choice of tg or \: minimize |f — fol.

— to and A depends on both o and the regularity of fo (e.g. J(fo)).

SNR(fo, f3)

0.4 0.6 ) 1 )\
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Inverse Problems

Recovering fp from P noisy measurements y = ® fy + w € R,
® : RN — R with P < N (missing information)
wln] ~ N(0,0) white noise.

Denoising: ® =Idy, P = N.
Inpainting: set Q C {0,..., N — 1} of missing pixels, P = N — |{}].

Super-resolutzon <I>f f*gp lk,P N/Ek.
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De blurmng Of = f %o, P N but ill-posed.




-Inverse Problem Regularization

Noisy measurements y = ® fy +w € RY, wln] ~ N (0, o).
Prior model: J(f) € R such that J(fy) is small for f, € O.

1
Regularized inverse:  f* = argmin [5 ly —@f |2J—|— AJ(f)
fERY

v

Data fitting  Regularity

Choice of A: minimize | f* — fo| (oracle)

Trade-off between denoising (A increases with o) and regularity of fy.

t | f*— fol

No noise: ¢ = 0, A — 0, minimize

f*= argmin J(f)
fERN & f=y




- Pseudo-Inverse

Energy prior: J(f) = §171

Noise free:  f*=argmin |f| = ®Ty where &" = &*(®d*)~"
P

I=y

Pl = { lwl/ple] i plw] £0,

Example: y= ®fy = ¢ * fo. — 0 if ¢lw]=0.

Quadratic reqularization: f* = argm]\irn ly —@f1* + Al fI?
feRrR

f*=(9*® + Ndy) ' d*y

Example: y=Pfo+w = p*x fo + w,

General case: use conjugate gradient.




|‘,1 Sobolev Regularization iy

Sobolev prior: J(f) = 5|V f|*.

f*=argmin |y — ®f|* + A\Vf|?
fERN

Quadratic reqularization:
fr=(0"® — M\A)"1o*y

Example: y=®fy+w = p* fy +w,

Continuous: A(w) = —|w]?,

A

Discrete: Afw]

General case: gradient descent:
FUt1) — (k) _ o (q)*(q) B ) —AA f<k>)
Convergence: 7 < 2/|®*® — \A|
where |A| = max |Ax| = Anax(A)

|z =1




|‘,1 . Sobolev Inpainting iy

Noiseless measurements: y(zx) = { 0 itz el
| B fo(ﬂ?) it §§ ().

Orthogonal projector ®* = .
Noiseless w = 0: fr= argfmin IV £ = Z IV f[n][3
D f=y "

Projected gradient descent: f(kH) = Projcpf:y (f(k) + TAf(k)>
Convergence: T < 2/|A| =1/4.

Inpainting projected gradient descent:

I:)lo Imposing values: f*)(z) = { ]:8593) 11ff ZZ%

e Denoising: f-+D = f(k) 4 7 A f(k),




[Example of Gradient Descent

210(1F® — 7O/ fol)

150



LExample of Gradient Descent
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Olgma,l fo ~ "Observation g <I>OInpa1nted | SNR ~18.2dB




'i ‘,",.v Object Removal Inpaiting i

Iage fo Observations y Inpainting f*

I—) f* is very different from fy ! < l

L? error and SNR are not good measures of quality.

— Pereceptual metric, visual inspection.




- Total Variation Regularization

“Smoothed” TV-norm: J°(f) = Z \/52 VI

n

TV regularization: f* = a;gm]\irn S|@f —y? + AJTe(f)
eR

Remark: f* not necessarily unique.

(k1) _ £ R) [ (@ FF) _ ) — div AR
/ =7 {q) (@] y) —d (\/€2+ ”Vf(k)uzﬂ

Convergence: T should be small enough.

—— 7 of the order of «.




#X TV Inpainting ad

Noiseless, w = 0:  f* = argmin J°(f)
e f=y

Projected gradient descent:

f(k—|—1) — f(k) — Tgradf(k) JE

Convergence: T should be small enough (~ ¢).

Frample: inpainting with projected gradient descent:

[l‘ Imposing values: f*(z) = { C;igm) llff izg

. . r 1 ~(k)
e Denoising: (") = f(0) 4 rdiv <\/52Z|fo<’“)ll2>




Sobolev vs. TV

Observation = &1 Sobolev, SNR—19.4dB Sobolev, SNR— 104D
2000) Js(f(kf)) 06| 1Ogl\o(||f(k) FU/1fol).

8000}
7000}
6000t | - 1l
5000}

-0.8¢

-1.2¢
4000+

3000+

1.4}

-1.6



- Overview

e Variational Priors

e Partial Differential Equation Flow

 PDE Flow and Regularization Denoising

e Inverse Problems Variational Regularization

« Tomography Inversion




Jomography and Radon Transform _ .

Ray Ay p: T Tp = x1¢c080 +x98inl =1t

Tomography projection:

VoD mYteR p(®)= | f(az)ds://f(:z:)é(x-m—t)daz

+ Do, : Po>




|‘ff_ - LPartial Tomographic Measurements_

Fourier slice theorem: f

A

voel0,m), VEER po(€) = f({cosb,Esinb)

Back-projection (pseudo-inverse):

1 /”p@*h@.m)de with  h(€) = [¢].
0

2T
Limited number of orientations {0y = 7/k}o<k<rx, Rf = (po,. )o<k<K

Knowing Rf <= knowing { (¢ cos(8y), £ sin(0k))}x

Simple discrete set-up:

partial Fourier measurements

Of = (flw])wen € RY

— Inpainting missing frequencies




Noiseless measures: @ f|w| = y|w]

Peuso-inverse fT = Rty:

- w] if weqQ,
f+”:{yo if w¢Q

13 projection, SNR=1.2177dB 32 projection, SNR=7.3734dB

}
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| ‘ '
|
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RYRf, K = 32




Noisy measurements: Vw € Q, ylw| = flw] + w|w].

Noise w|w] ~ N (0, o), white noise.

TV regularization:

. 1 A
f = argmin M| flrv + 5 > lyle] — fl]l
! wel
Pseudoinverse, SNR=7.08dEB TV, SNR=20.7dB




