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Smooth and Cartoon Priors
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Natural Image Priors



Discrete Priors



Discrete Differential Operators



Laplacian Operator
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Energy Flow and Gradient Descent



Heat Flow



Continuous Heat Flow



Total Variation Gradient



Regularized Total Variation



Total Variation Flow
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Gradient Flow for Denoising



Regularization for Denoising



Comparison of the Methods



Optimal Parameter Selection
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Inverse Problems



Inverse Problem Regularization



Pseudo-Inverse



Convergence: τ < 2/||Φ∗Φ− λ∆||
where ||A|| = max

||x||=1
||Ax|| = λmax(A)

Sobolev Regularization



f (k+1) = ProjΦf=y

(
f (k) + τ∆f (k)

)

Sobolev Inpainting

Convergence: τ < 2/||∆|| = 1/4.

Inpainting projected gradient descent:



Example of Gradient Descent
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Example of Gradient Descent

since x ∈ [0, 1]2. This distance corresponds to the Euclidean distance over the
cube ϕ−1(M), but since c̃f has a complex convoluted geometry, this distance
is not Euclidean when displayed as a 2D image.

Image f Surface c̃f Distance dM
Fig. 2. Manifold of smooth images.

4.3 Numerical Experiments

Figure 3 shows iterations of the algorithm 1 to solve the inpainting problem
on a smooth image using a manifold prior with 2D linear patches, as defined in
16. This manifold together with the overlapping of the patches allow a smooth
interpolation of the missing pixels.

Measurements y Iter. #1 Iter. #3 Iter. #50

Fig. 3. Iterations of the inpainting algorithm on an uniformly regular image.

5 Manifold of Step Discontinuities

In order to introduce some non-linearity in the manifoldM, one needs to go
beyond the Fourier world of uniformly regular functions and consider signals
and images with discontinuities.
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Example of Sobolev Inpainting

Observation y = Φf0Original f0 Inpainted, SNR=18.2dB

f (∞)



L2 error and SNR are not good measures of quality.

−→ Pereceptual metric, visual inspection.

Object Removal Inpaiting



Convergence: τ should be small enough.

−→ τ of the order of ε.

Total Variation Regularization

f (k+1) = f (k) − τ
[
Φ∗(Φf (k) − y)− div

( ∇f (k)

√
ε2 + ||∇f (k)||2

)]



Projected gradient descent:

f (k+1) = f (k) − τ gradf(k) Jε

TV Inpainting

Convergence: τ should be small enough (∼ ε).



SNR: Sobolev > TV. Visual: Sobolev < TV.

Inpainting: Sobolev vs. TV

Observation y = Φf0 Sobolev, SNR=19.4dB Sobolev, SNR=19dB

Jε(f (k))
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Tomography and Radon Transform



Partial Tomographic Measurements



Radon Pseudo-Inverse



Regularized Inversion


