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Inverse Problems

Super-resolution: Φf = (f ! h) ↓k, P = N/k.

De-blurring: Φf = f ! h, P = N but ill-posed.
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Sobolev and TV Regularization
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Sobolev and TV Regularization

Sobolev regularization:

TV regularization: f! = argmin
f∈RN

1
2 ||Φf − y||2 + λJε(f)

Numerical computation: gradient descent:

f (k+1) = f (k) − τ
[
Φ∗(Φf (k) − y) + gradf(k)J

]

f (k+1) = f (k) − τ
[
Φ∗(Φf (k) − y)− λ∆f (k)

]

TV

Sobolev

f (k+1) = f (k) − τ
[
Φ∗(Φf (k) − y)− λdiv

( ∇f (k)

√
ε2 + ||∇f (k)||2

)]
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q = 1q = 0 q = 2q = 1 5.q = 0 5.



Convex Relaxation: L1 Prior

q = 1q = 0 q = 2q = 1 5.q = 0 5.

Sparse !1 prior: {ψm}m orthogonal basis of RN
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Φf = y

f!

Noiseless Sparse Regularization

Convex linear program.

Interior points, cf. [Chen, Donoho, Saunders] “basis pursuit”.

Douglas-Rachford splitting, see [Combettes, Pesquet].

Noiseless measurements y = Φf0:

Φf = y

f!

f! = argmin
Φf=y

∑

m

|〈f, ψm〉|2 = ||f ||2



Noisy Sparse Regularization

f! = argmin
||Φf−y||!ε

∑

m

|〈f, ψm〉|.

Iterative thresholding, see [Daubechies et al], [Pesquet et al], etc.

Nesterov multi-steps schemes.

Convex program, can be solved with Lagrangian relaxation.

f! = argmin
f∈RN

1
2

||Φf − y||2 + λ
∑

m

|〈f, ψm〉|.

Sparsity

Noisy measurements: y = Φf0 + w:

f!
||Φf − y|| ! ε



Sparse regularization: f! = argmin
f

E(f).

Surrogate Functionals

Surrogate functional:

Energy: E(f) =
1
2

||Φf − y||2 + λ
∑

m

|〈f, ψm〉|.

E(f, f (k)) = E(f)− 1
2

||Φf − Φf (k)||2 +
1
2τ

||f − f (k)||2.



Sparse regularization: f! = argmin
f

E(f).

Surrogate Functionals

Surrogate functional:

Energy: E(f) =
1
2

||Φf − y||2 + λ
∑

m

|〈f, ψm〉|.

E(f, f (k)) = E(f)− 1
2

||Φf − Φf (k)||2 +
1
2τ

||f − f (k)||2.

Theorem: f !→ E(f, f (k)) is strictly convex and

argmin
f∈RN

E(f, f (k)) =
∑

m

S1
λτ (〈f̃ (k), ψm〉)ψm

where f̃ (k) = f (k) − τΦ∗(Φf (k) − y).
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f∈RN
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Iterative Thresholding

Algorithm: f (k+1) = argmin
f∈RN

E(f, f (k))

Theorem: if τ < 2/||Φ∗Φ||S , then f (k) → f!.

−λτ

λτ

f! = argmin
||Φf−y||!ε

∑

m

|〈f, ψm〉|.
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Seismic Imaging



1D propagation ≈ convolution

P

1D Idealization

Initial condition: “wavelet”

f

Φf = h ! f

= band pass filter h

h(x)

ĥ(ω)

y = f0 ! h + w



Pseudo-inverse:

Stabilization: ĥ+(ω) = 0 if |ĥ(ω)| ! η

Pseudo Inverse

f̂+(ω) =
ŷ(ω)
h(ω)

=⇒ f+ = h+ " y = f0 + h+ " w

where ĥ+(ω) = ĥ(ω)−1

ĥ(ω)

1/ĥ(ω)

y = h ! f0 + w

f+



f with small ||f ||0

Sparse Spikes Deconvolution

ψm[x] = δ[x−m]Sparsity basis: Diracs

y = f ! h + w

f! = argmin
f∈RN

1
2

||f ! h− y||2 + λ
∑

m

|f [m]|.



f with small ||f ||0

Sparse Spikes Deconvolution

ψm[x] = δ[x−m]Sparsity basis: Diracs

y = f ! h + w

Algorithm:

• Inversion: f̃ (k) = f (k) − τh " (h " f (k) − y).

f (k+1)[m] = S1
λτ (f̃ (k)[m])

τ < 2/||Φ∗Φ|| = 2/max
ω

|ĥ(ω)|2

f! = argmin
f∈RN

1
2

||f ! h− y||2 + λ
∑

m

|f [m]|.



oracle, minimize ||f0 − f!||

Numerical Example

y = f ! h + w

f!

λ

SNR(f0, f
!)

f0

Choosing optimal λ:



log10(E(f (k))/E(f!)− 1) log10(||f (k) − f!||/||f0||)

k

Not strictly convex =⇒ no convergence speed.

Convergence Study

k

Energy: E(f) =
1
2

||h ! f − y||2 + λ
∑

m

|f [m]|.

Sparse deconvolution: f! = argmin
f∈RN

E(f).
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Optical blur: h Gaussian filter of width µ > 0.

# effective measurements: P ∼ 1/µ.

De-blurring Problem

h

ĥ(ω)

f0

y = f0 ! h + w

De-blurring: y = f0 ! h + w.

∼ 1/µ

µ



SNR(f0, f
!)

Sparse Wavelet De-blurring

y = f0 ! h + w

f!

λ

τ <
2

max
ω

|ĥ(ω)|2

λ!

f! = argmin
f∈RN

1
2

||f ! h − y||2 + λ
∑

m

|〈f, ψm〉|.

Sparsity of f0 in wavelets {ψm} = {ψj,n}m=(j,n).
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ŷ(ω)
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f! = argmin
f∈RN

||f ! h− y||2 + λ||∇f ||2

f̂!(ω) =
ĥ(ω)

|ĥ(ω)|2 + λ|ω|2
ŷ(ω)

Sobolev regularization:

Image De-blurring

Original f0 y = h ! f0 + w

Sparsity regularization:

f! = argmin
f∈RN

1
2

||f ! h − y||2 + λ
∑

m

|〈f, ψm〉|.

L2 regularization:

f! = argmin
f∈RN

||f ! h− y||2 + λ||f ||2

f̂!(ω) =
ĥ(ω)

|ĥ(ω)|2 + λ
ŷ(ω)



SNR=23.7dB SNR=24.7dB
L2 Sobolev Sparsity Invariant

Comparison of Regularizations
SN

R

SN
R

SN
R

λ λ λλopt λopt λopt

Sparsity regularizationSobolev regularizationL2 regularization

SNR=21.7dB SNR=22.7dB
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Φ = diagm(δΩc [m])

Inpainting Problem

f! = argmin
f∈RN

1
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||Φf − y||2 + λ
∑

m
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Cartoon+Texture Separation
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