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JInverse Problem Regularization

Noisy measurements y = ®fy +w € RY,  wln] ~ N(0,0).
Prior model: J(f) € R such that J(fy) is small for f, € O.

1
Regularized inverse:  f* = argmin [5 ly —@f |2J—|— AJ(f)
fERY

v

Data fitting  Regularity

Bayesian interpretation: p(f) oc e” 7/ X\ = 702, MAP estimation.

Trade-off between denoising (A increases with o) and regularity of fo.

Choice of \: minimize |f* — fo| (oracle) 4

|/ = fol
No noise: 0 = 0, A — 0, minimize

f*= argmin J(f)
fERN @ f=y




; ooth and Cartoon Priors

Prior model: energy J(f) € R low for images of the model f € O.
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: ooth and Cartoon Priors

Prior model: energy J(f) € R low for images of the model f € O.

1 1
Sobolev pseudo-norm: J(f) 5“”%010 =3 / IV, f|2da

(norm: g f|| + | fllson)

Total variation pseudo-norm: J(f)=|f|rv = / |V flda

— Extension to non-smooth functions f € BV([0, 1]?)

Co-area formula: | fllrv = / length(C;)dt
R
Level set C; ={z \ f(x) =1}




m. .F\;- Sobolev and TV Regularization n'i

Sobolev prior: J(f) = 5|V f|*
Sobolev reqularization: f*=argmin |y —®f|> + A|Vf|*
fERN
5= (®*® — A\A)1d*y

TV regularization:  f* = a;ggj\irn SI@f —yl> + AJe(f)
=

“Smoothed” TV-norm: J°(f) = Z NEENNIIDIE




4 .|E' Sobolev and TV Regularization

Sobolev prior: J(f) = 5|V f|*
Sobolev reqularization: f*=argmin |y —®f|> + A|Vf|*
fERN
f*=(2*® — AA) 1Yy
TV regularization: — f* = argmin 3 |®f — y|* + A\J*(f)
fERN
“Smoothed” TV-norm: J*(f) =) /&2 + |V fn]|?

n

Numerical computation: gradient descent:

f(k+1) _ f(k) _ T [q)*(cbf(’“) —y) + gradf(m J

Sobolev > f+D) = ) _ 7@ (@ f®) _ 4y — AAfE)

vf(k)
NEERI0 HZH

TV —> [T = f(k) —T_(I)*((I)f(k) —y) — )\div(




Sobolev, SNR=19.8dB TV, SNR=19dB
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varse Priors

Orthogonal basis B = {1, },n, of RY.
Ezample: Wavelet basis 1, = 1, n, m = (j,n).

Sparsity: most (f, ¥,,) are small.

Ideal sparsity: for most m, (f, ¥,) =0 .
Ideal prior: Jo(f) = #{m \ (f, ¥m) # 0}

Best M-sparse approximation: £ i

[{fs bm)|>T

M = Jo(fa) = #Am \ [(f, Ym)| > T’}

Approximate sparsity: |f — fu| is small. oecints {<fm



& .Convex Relaxation: L1 Prior

“ldeal” sparsity prior:  Jo(f) = [({f; ¥m))mlo = #{m \ {f, ¥m) # 0}
¢9 priors: Jy(f) = Z 1Sy Ym)] 9. convex (norms) for g > 1.

Bayesian interpretation: (f, ¢,,) i.i.d. ~ generalized Gaussian p(x) eIzl
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“ldeal” sparsity prior:  Jo(f) = [({f; ¥m))mlo = #{m \ {f, ¥m) # 0}
¢9 priors: Jy(f) = Z 1Sy Ym)] 9. convex (norms) for g > 1.

m _ q
Bayesian interpretation: (f, ¥,,) i.i.d. ~ generalized Gaussian p(x) < € 7lx]

e

qgq=20 q—05 q_15

*

¢! norm: ¢9 norm the “closest” to the ¢V ideal sparsity.

Sparse ¢! prior: {1, },, orthogonal basis of R

JLF) =1 )l = Ky tom)]



Sparse Regularization Denoising

Noisy image: f = fo +w, w[n|~ N(0,0) white noise.

Regularization denoising: Y = argmin —H f—agl?+XJ(9)
geRY

(© regularization: f3 o= argmin - |f — gl” + Mt {m \ (g, wm) # 0}
geRN

(' regularization: [} ; = argmin —Hf qgl* + )\Z (g, Ym)
geERN



fxq = argmin —Hf gl* + AZ\ g, Ym)|" 20 = §(z)

geERN

Orthogonal basis {1, }.
Theorem: Iag = Z S’_(ZJ”<<f7 Vm) )Y

where T'=+v2\ for ¢g=0.
T'=A tor g=1.

In practice: 1T' ~ 30.

Proof:  Coefficients ajm| = (f, V),
ay qm] = (fX g ¥m)

12
= argmin alm m]|* 4+ A|b[m]|
beRN Z atm




- Overview

 Inverse Problems Regularization
e Sparse Prior in Orthogonal Bases
e Sparse Regularization in Orthogonal Bases

e Examples of applications:

- Sparse Diracs: Seismic Deconvolution
- Sparse in 1D Wavelets: Deblurring
- Sparse in 2D Wavelets: Inpainting

e Redundant Representations

e Sparse Regularization in Redundant Dictionaries



Noiseless Sparse Regularization

Orthogonal basis {1, },, of RY. Sparse prior: = Z (f

Noiseless measurements y = ® fy: f* = argmin Z { f, V)|

: ®f=y
Convex linear program.

—> Interior points, cf. [Chen, Donoho, Saunders| “basis pursuit”.

—>» Douglas-Rachford splitting, see [Combettes, Pesquet].

Frmamgmin SN vn) S = angin S o)l = 11

P f=y Cf=y



o Noisy Sparse Regularization

Noisy measurements: y = @ fy + w: f* = argmin Z |<f7 @Dmﬂ
[®f-yll<e

Convex program, can be solved with Lagrangian relaxation.

* = argmin @ @ - y@ {AZ . m]

fERN

Data fitting Sparsity
—> Iterative thresholding, see [Daubechies et al|, [Pesquet et al], etc.

—>» Nesterov multi-steps schemes.




- Surrogate Functionals

Sparse regularization:  f* = argmin F(f).

f
1
Bnergy: E(f) = S|®f —yI? + XD _[{f, vm)].
Surrogate functional: "

B(, W) = B(f) - 518f — @7 WP + |7 - O



Sparse regularization:  f* = argmin F(f).

f
1
Energy: E(f) = 5[®f - yl> + A 1f dm)l
Surrogate functional: "

B(, W) = B(f) - 518f — @7 WP + |7 - O

1
= Ot |f = fO rer(@f® —y)|? +A; [(f, m)

Theorem: f +— E(f, f*)) is strictly convex and

argmin B(f, f¥) = 3 81 (7Y, )i

fERN
where fF) = &) _78*(DfF) —y).




Algorithm: f(kﬂ) = argmin F(f, f(k))
feERY

Ijlo Inversion: f(k) — f(k) — T(I)*((I)f(k) — ).

e Denoising: f*+D) = ZS}\T(<f(k), Vm) ) Um
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Algorithm:  f*TY = argmin E(f, f*)
FERN

Ijlo Inversion: ) = () — 78 (df(K) — ).

e Denoising: f*+D) = ZS}\T(<f(k), Vm) ) Vm

Theorem: if T < 2/|®*®|g, then f*) — f*,

Noiseless case 0 = 0: use a decaying value of A = Apax/k.

Constraint minimization:  f* = argmin Z [{f, Ym)]-
|[®f-yl<e

Mapping A < ¢ depends on ® and y.

. _ (k). (k+1) — \(k) ___=
Iteratively update A = A\%/: A = A |® f ) —y]
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Acoustic soucce
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1D ldealization

Initial condition: “wavelet”

= band pass filter h

1D propagation ~ convolution

Of =hxf

s
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X F—Pseudo Inverse

Pseudo-inverse: fJr = aggfmin | f] = (I)*((I’(I)*)_ly
=y

f+(w):% = fT=hTxy=fot+h" xuw
where ﬁ+(w):il(w)_1

Stabilization: hJr =0 if |h )< 7

/ \/ \ WW\W Wﬁ J M\?ﬁf
L e




IR RN v
“ H l'\ ”Lh - H‘ ' [‘]z) . STl St 10'0;

f with small | f]|o

Sparsity basis: Diracs wm[ | = dlx — m]

f* = argmin - Hf*h yH2+AZ\f

FERN



[ W m T [ ¥l J -
05 ) | i

b T )

> ' : - ' = et —2te 300 40 00 600 700 800 900 000

f with small || f||o

Sparsity basis: Diracs ¢m x| = d|lx — m]

f* = argmin — Hf*h yH2+AZ\f

fERN
Algorithm: T <2/[|®7P| = 2/m£xx ‘h(W)F

|:> o Inversion: ) = k) _ 7h & (h* fF) —q)),
o Denoising:  f* Y [m] = SL_(f*)[m))



Choosing optimal A:

oracle, minimize |fy — f*|

E;]>qt[{’(cfi)? cf?*r)
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- Convergence Study

Sparse deconvolution: f* = argmin E(f).
fERN

Energy: EX)==4W*f ZW”+A§:V

Not strictly convex =— no convergence speed.

0: Ogm( (f(k))/E( ) '1) logm'(\lf(k)l — f*”/”f() ||)
| 0.2}
-1 o
2 02!
N 0.4}
4 0.6 -
k

200 400 600 800 1000 200 400 600 800 1000
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De-blurring Problem

De-blurring: y = foxh+ w.

Optical blur: h Gaussian filter of width u > 0.

# effective measurements: P ~ 1/pu.

' | oosl ' ' ]
fO 1 oost h -
1 004}t -
0.03 |

| 0.02 ¢ Iu

0.01¢

IUU 200 300 400 500 600 ?UU 800 900 1000 -QUU -Sh 0 50 100

' 0.03F

fo* 0.025 iL(Cd)

0.02

f \q Ll -

100 200 300 400 500 800 ?UU 800 SUU 1000 -qUU -50 0 50 100




o Inversion: ) =

e Denoising: fFH) = ZSl

P

Sparsity of fp in Wavelets 1Wm} = Vi ntm=(in):
f* = argmin —Hf*h y|? +)\Z’ fs Ym)l-

fERN

— 79*(0 M) —y).

((F™), D))o

J L

IUU 200 300 400 500 600 700 800 900 1000

i

IUU 200 300 400 500 600 YOO g00 900 1000

SNR(fo, f*)

22.5F
22
21.5}
21+
20.5}
20}

19.5

;\i(




m : dmage De-blurring ﬂ'i

| Origiﬁal fo Y = fo



~ L? regularization:

f* = argmin |f xh —y|* + A| f|?
FERN

hw) .
) a0

Ol‘lglilal fo Yy = h *.fo + W



L? regularization:

f* =argmin |f xh —y|* + A f|?
feRN

hw) .
(W) + 3w

Originaffo Yy = h*f0—|— w

Sobolev regularization: f* = afcgm]\irn [f xh—y|> + AV S|
ER

% W) = iL(C«)) 0 w
AT VR




m ¥ Jmage De-blurring ﬂ'i

L? regularization:

f* = argmin |f xh —y|* + A| f|?

fERN
[ K W) = ]Al(w) (W
fH(w) |ﬁ(w)|2+Ay( )

OI‘ig&Il&lfO Y = * f0—|—w

Sobolev regularization:  f* = argmin |f x h — y|* + A|V f]°

fERN
£ x W) = iL(W) (W
[ (w) IE(w)I2+AIwI2y( )

Sparsity regularization‘

f* = argmin 3 |fxh - oI + XIS b

fERN



294 5t 7 {226+
21} - 12241
205 . | 222}

20t - ]
- 2ot

195} :
sol . | 21.8}
sl i Aopt 216

L2 regularization Sobolev regularization Sparsity regularization

e

Soboley
SNR=21.7dB SNR=22.7dB

E \ 23571

231

E 22.5

| 2

: Aopt Al2ts) P Aopt

O.I2 O.I3 0. 0 0.61 0.62 0.03

Sparsity Invariant

SNR=23.7dB SNR=24.7dB
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0 if z e,
((bf)(x):{ flz) if z¢Q

Measures: y = ®fy + w ¢ = diag,, (dgec|m])

Recovery:  f* = argmin —H<I>f y|? + A Z [(fs ¥Ym)|-
fERN



0 if xe€(,
((bf)(x):{ f(z) if z¢Q.

Measures: y = ®fy + w ¢ = diag,, (dgec|m])

Recovery:  f* = argmin —H<I>f y|? + A Z [(fs ¥Ym)|-
fERN

Algorithm: T < 2, simple expression for 7 = 1,

i (k) if Q
> . F (k) _ / [m] 1L w e i,
e [nverston: f [m] { y[m] if =« gé Q.

_l o Denoising: f(kJrl) = Z S>1\(<f(k)a Vi) ) Vm




Inpainting Problem

Inpainting: set @ C {0,..., N — 1} of missing pixels, P = N — [Q)].

0 if x e,
(‘Pf)(ﬂ?):{ flz) if z¢Q.

Measures: y = ®fy + w ¢ = diag,, (dgec|m])
Recovery:  f* = argmin — HCIDf y? + A Z 1{f, V)|
fERN

Algorithm: T < 2, simple expression for 7 = 1,

i (k) if Q
> . F (k) _ / [m] 1L w e i,
e [nverston: f [m] { y[m] if =« gé Q.

_l o Denoising: f(kJrl) = Z S>1\(<f(k)a Vi) ) Vm

Ezxtension: translation invariant wavelet frame denoising.
— does not minimize a variational functional.






£X - Overview

 Inverse Problems Regularization
e Sparse Prior in Orthogonal Bases
e Sparse Regularization in Orthogonal Bases

e Examples of applications:

- Sparse Diracs: Seismic Deconvolution
- Sparse in 1D Wavelets: Deblurring
- Sparse in 2D Wavelets: Inpainting

e Redundant Representations

e Sparse Regularization in Redundant Dictionaries



Redundant dictionary of R™: {¢,,}.—1 P> N.

m=0>

FExamples: translation invariant wavelet frame,
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L] \4

f Yrm
Signal decomposition: f = Wa = Z a|m|im,
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—— non-unique if P > N. "



Redundant dictionary of R™: {¢,,}.—1 P> N.

m=0>

FExamples: translation invariant wavelet frame,
union of ortho-bases, {Fourier, Wavelets}.

- < L > Malm|
1w
~ N X
|| \4
; o :
Signal decomposition: f = Wa = Z a|m|im,

—— non-unique if P > N.

Best M-term approximation: fy; = Vays. apn = argmin |f — Wal
lalo<M
—— NP-hard to compute for general W.



Greedy algorithms: (Orthogonal) Matching Pursuit [Zhang, Davis, Mallat].

Convex relaxation: Basis Pursuit |Chen,Donoho].

Best ¢' approximation:  ff = W¥a;, o= argmin |a|;
. | f—¥al<e
fi—¥a, = argmin 2|/ — Val* + Alal;
a€RP

Equivalent inverse problem:
f = WVa + w, w =approximation residual.

Applications: denoising, image separation.



Greedy algorithms: (Orthogonal) Matching Pursuit [Zhang, Davis, Mallat].

Convex relaxation: Basis Pursuit |Chen,Donoho].

Best ¢' approximation:  ff = W¥a;, o= argmin |a|;
. | f—¥al<e
fi—¥a, = argmin 2|/ — Val* + Alal;
a€RP

Equivalent inverse problem:
f = WVa + w, w =approximation residual.

Applications: denoising, image separation.

Iterative thresholding:
aF ) = G, (a(k) + 7O (f — \Pa(k)))

Ifr <2/|0*0|, o™ — a3



-lmage Separation

Decompose f = f + f3 +w, (f{, f3) morphological components, w noise.

Differente morphologies: sparse in different dictionaries ¥, Ws.



-lmage Separation

Decompose f = f + f3 +w, (f{, f3) morphological components, w noise.

Differente morphologies: sparse in different dictionaries ¥, Ws.

Isotropic: wavelet frame.




m: : Jmage Separation ﬂ'i

Decompose f = f; + f3 +w, (f7, f3) morphological components, w noise.

Differente morphologies: sparse in different dictionaries ¥, Ws.

d&» -~

Isotropic: wavelet frame.

Texture: local cosine frame.




Decompose f = f + f3 +w, (f{, f3) morphological components, w noise.

Differente morphologies: sparse in different dictionaries ¥, Ws.

Isotropic: wavelet frame.
Texture: local cosine frame.
Lines: ridgelets frame.
‘ Dy




Image Separation

Decompose f = f + f3 +w, (f{, f3) morphological components, w noise.

Differente morphologies: sparse in different dictionaries ¥, Ws.

Isotropic: wavelet frame.

Texture: local cosine frame.

Lines: ridgelets frame.

Clartoon: curvelet frame.

Other: adaptivity (bandlets),
learning, ...




m iE-I'. Image Separation n'i

Decompose f = f + f3 +w, (f{, f3) morphological components, w noise.

Differente morphologies: sparse in different dictionaries ¥, Ws.

Isotropic: wavelet frame. - Wﬂ |
Texture: local cosine frame. —
Lines: ridgelets frame.
Cartoon: curvelet frame. B
Other: adaptivity (bandlets), }‘\; (/////, //j//”
learning, ...
Highly redundant union dictionary:
U = [Uy, o] = {¢p, }1iso U {5125
(a1,a3) = argmin %I\f = (V1a1 + Waa2)|* + A(Jaz |1 + [az]1)

(a1 ,ag)ERP

Optimized components: f* = W;a;



U, = {redundant wavelet tight frame}
Uy = {redundant local cosine frame}

PSNR=35.6dB
Results from |Fadili, Starck|, see also MCA method.



artoon+Texture Separation

Cartoon sketch: sparse in
U, = {curvelet tight frame}

Oscillating textures: sparse in
Uy = {redundant local cosine frame}

7 ‘”
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See also: Meyer’s model, [Aujol et al.]



X Overview

 Inverse Problems Regularization
e Sparse Prior in Orthogonal Bases
e Sparse Regularization in Orthogonal Bases

e Examples of applications:

- Sparse Diracs: Seismic Deconvolution
- Sparse in 1D Wavelets: Deblurring
- Sparse in 2D Wavelets: Inpainting

e Redundant Representations

e Sparse Regularization in Redundant Dictionaries



Sparse Synthesis Regularization

Inverse problem: y=®fy+ w.

Sparse synthesis reqularization: looking for f* = Wa* where

1
a* = argmin — |y — (I“I’CLHZ + Aal
CLERP 2

— sparse £ approximation of y in the dictionary {®,, }.m.



- Sparse Synthesis Regularization

Inverse problem: y=®fy+ w.

Sparse synthesis reqularization: looking for f* = Wa* where

1
a* = argmin — |y — (I“I’CLHZ + Aal
CLERP 2

— sparse £ approximation of y in the dictionary {®,, }.m.

Iterative thresholding: aF D) = 5, (a(k) + UF O™ (y — CI)\I!a,(k)))

r <2/ T DY a®) s g



¥~ Sparse Analysis Regularization

Sparse synthesis regula'rizatz’an looking for f* = Wa* where

a* = argmin —”?J dWal? + \a|
a€ERP

— f* has a sparse approximation in the {1, }.

Sparse analysis regulam'zatian'

]‘ k
f* —argmm—ny <I>fH2+AZ\ £y tom)| = =y — ®f)% + A\ ¥* £

— The correlations of f* with {4, },, are sparse.

If {4, }o is orthogonal, f* = f*.



- Solving Sparse Analysis

Proximal iteration:
JERD =Py, (%) where [ = 1) + &% (y - @f(k))
where Py, (f*) = argmin —||f[k fI? + A Z (f
FERN
Theorem: PATl(f[k]) = flbl — Wa* where a* = argmin Hf["C — \I!a”2

la] oo <AT



|E' Solving Sparse Analysis .

Proximal iteration:

JERD =Py, (%) where [ = 1) + &% (y - <I>f“”°))
where PAT(f[k]) — argmin —Hf[k fH2 + A1y Z (f
fERN
Theorem: Py, (fI¥) = fIFl — WUa* where o* = argmin |f* — Tql?

lalloe <A1

Initialize f(©), set ¢ = 0, repeat until convergence:

1) Inverse problem descent:
fM =" 4 A (y — e f )

2) Denoising: Initialize a0 set £ = 0, repeat:
a) al¥ =al® + TQ\IJ*((f)[k] — UaY)

a'om 2

b) a,(€+1)[m] — x5 {m%,)\ﬁ) T2 < [T
c)l— (41

3) Set fr+D) = fIHl _ waHHD ko Kk +1




Blurring, sub-sampling Missingls



Linear data acquisition: ill-posed inverse problem y = @ fy 4+ w.

Regularization: linear Sobolev prior, non-linear sparse prior.

]

Blurring, sub-sampling Missingils | Inpainted




Linear data acquisition: ill-posed inverse problem y = @ fy + w.

Regularization: linear Sobolev prior, non-linear sparse prior.

Blurring, sub-sampling Missing iels Inpainted

Sparse decomposition: redundant dictionary, image separation.




