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Nested spaces {V, };cz obtained by dilatation: f(t) € V; & f(t/2) € Vj41.

Stable under dyadic translation: f(t) € V; & Vn € Z, f(t +n2?) € V;

L°R) =+ =V, = V;, = V| —> .-« —> {0}



Nested spaces {V, };cz obtained by dilatation: f(t) € V; & f(t/2) € Vj41.

Stable under dyadic translation: f(t) € V; & Vn € Z, f(t +n2?) € V;

L°R) =+ =V, = V;, = V| —> .-« —> {0}

1 t— 27
Scaling function o: V,; = Span(p; n)nez pin(t) = \/790 ( > n)
A A n

= v0,0 € Vo P1,n € V1 Y—1,n € V_1
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{©j n}tnez is supposed to be an orthogonal basis of V.



Nested spaces {V, };cz obtained by dilatation: f(t) € V; & f(t/2) € Vj41.

Stable under dyadic translation: f(t) € V; & Vn € Z, f(t +n2?) € V;

2R) —> - —> Vjoi —> V; —> Vjyg —> -+ —> {0}

- - 1 t—2n
Scaling function o: V,; = Span(p; n)nez ©in(t) = ﬁgp ( 5 )
A A

¥ = $0,0 < ‘/O P1.n ~ Vl P—-1,n ~ V—]

111> — 'I-I-I“H-H-I-H-I-H-HLI-H

{©j n}tnez is supposed to be an orthogonal basis of V.

Bouded domains f € L*(]0, 1]):
e Periodic boundary conditions: [0,1] ~ R/Z, use only 5 < 0.

e Symmetric boundary conditions: non-translation invariant, more difficult.



Piecewise-constant approximation: V; = { f\ f constant on [2/n,27(n + 1))}

Linear approximation of f using V;: Py, (f) = Z(f, Pj.n)Pimn
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Generalizes to higher order spline approximations.
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-Multiresolutions: Detail Spaces

Detail space W;: V,_1 =V, ot W;.

L*(R) —> - i: i 1<: < Vit i: - — {0}
Wit



Detail space W;:  V,_ 1 =V, &+ Wj.
L}(R) —> - Y j—1 Y i Viga i . — {0}
Wit

: 1 t—2'n
Wavelet function : W, = Span(¢; n)nez Vin(t) = —= ( . )

97
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{1 n }nez is supposed to be an orthogonal basis of W;.



Detail space W;: V,_1 =V} B+ Wi.

: 1 t—2'n
Wavelet function : W, = Span(¥; n)nez Vin(t) = —= < . )

{1 n }nez is supposed to be an orthogonal basis of W;.

—+ 00
Decomposition into detail spaces: L*(R) = @ W; =V, @ W,
J=—00 I Jo

Wavelet basis of L*(RR): Full: (¢, \ (j,n) € Z°} —



L?(R) — - Vi1 - —> {0}

Ei ______________________________________ J—|—1 E
1 t—2/n
Wavelet function v W, = Span(¢; n)nez Vin(t) = ﬁw 5

Decomposition into detail spaces: L*(R) = @ W; =V, @ W,

Wavelet basis of L*(RR): Full: {4, \ (4,n) € Z2} :

Truncated: {¢;, \ j <jo,n€Z}U{ @jon \n€Z} :



L?(R) — - Vi1 - —> {0}

ii ______________________________________ Wi E
1 t—2'n
Wavelet function 9 W, = Span(v; n)nez in(t) = ﬁ‘” .

Decomposition into detail spaces: L*(R) = @ W; =V, @ W,

Wavelet basis of L*(RR): Full: {4, \ (4,n) € Z2} :

Truncated: {¢;, \ j <jo,n€Z}U{ @jon \n€Z} :

Wavelet basis of L*(R/Z): 1in \7<J0,0<n <277 U{pjon \ n€Z}



L?(R) — - Vi1 - —> {0}

Decomposition into detail spaces: L*(R) = @ W; =V, @ W,

Wavelet basis of L*(RR): Full: {4, \ (4,n) € Z2} :

Truncated: {¢;, \ j <jo,n€Z}U{ @jon \n€Z} :

Wavelet basis of L*(R/Z): 1in \7<J0,0<n <277 U{pjon \ n€Z}

Wavelet transform: computing the coefficients

{<f7 ¢j7n>}g)2310<2 ; U {<f7 Yo, n>}0<n<2 Jo



Projection on approx. space: Py, (f) = Z(f, Pin)Pin

n

Projection on details space: Py, (f) = Z(f, Vjn)Vin

n

Py, .. (f) = Py(f) +  Pw(f)
I L 1 L1

Fine Coarse Details
approximation approximation
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Projection on approx. space: Py, (f) = Z(f, Pin)Pin

n

Projection on details space: Py, (f) = Z(f, Vjn)Vin

n

Py, .. (f) = Py(f) +  Pw(f)
I L 1 L1

Fine Coarse Details
approximation approximation
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23 /2

22n 27(n+1)
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-Discrete Wavelet Coefficients

Analog signal fy € L?([0,1]).
Discretization points {n2”}, where 277/ = N.

Discrete sampled signal:

| =ayn /f() t/2‘]—n dt = (fo, ©in)

I\




Analog signal f, € L*([0, 1]). | f :
Discretization points {n27}, where 277/ = N. o] :

Discrete sampled signal:

/fo p(t/27 —n)dt = (fo, ©sn)

Discrete wayvelet coefficients:

dj [n] — <f07 wj,n> — <f, sz,n> 0<n< 2_j
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Analog signal fy € L?([0,1]).

Discretization points {n2”}, where 277/ = N.

Discrete sampled signal:

fln) = aulol = [ So(®(t/2” ~ m)dt = (fo, pun) <

Discrete wayvelet coefficients:

dj [n] — <f07 wj,n> — <f, ?ﬁj,n> 0<n< 2_j




Analog signal f, € L*([0,1]). ZZ f :

Discretization points {n2”}, where 277/ = N.

Discrete sampled signal: .
° f&
il = [ Solthe(t/2” — m)dt = (for 9} = :
T 1%

Discrete wayvelet coefficients:

T
d;[n) = (fo, Yjn) = (f, ¥jn) 0<n<279 l f ﬂ




Analog signal f, € L*([0,1]). il f :

Discretization points {n2”}, where 277/ = N. 02|

Discrete sampled signal: o
° *6
/fO t/Q‘]—n <f07 SOJn> 0 °
Discrete wavelet coefficients: 01
dj [n] — <f07 wj,n> — <f7 &j,n> 0 < n < 2_j :Z; Ql




Analog signal f, € L*([0,1]).

Discretization points {n2”}, where 277/ = N.

Discrete sampled signal:

/fo p(t/27 —n)dt = (o, SOJ,n>::

Discrete wayvelet coefficients:

dj [n] — <f07 wj,n> — <f, ?;j,n> 0 < n < Q—j

Discrete wavelet basis {1, };, of CV,

for J<j7<0,0<n<277.
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e Fast Wavelet Transform
» Wavelet Design

« 2D Wavelet Processing



Approximation coefficients: a;[n| = (f, ¢;n). Detail coefficients: d;|n] = (f, ¥;n).

)= Stnett=m v (3) = > slnlett =



Approximation coefficients: a;[n| = (f, ¢;n). Detail coefficients: d;|n] = (f, ¥;n).

Refinement relatiogs: Lgp %) _ Z hinlo(t — n) ( ) Z g[n]p(t —n)
t—2p QQ ne7Z \/_ neZ
2~ 1 (t—2 t
ﬂ(p( 2] p) _Zh[n]@(z — —(n+2p)>



Refinement relations: 1 %) _ Z hin]o(t —n) %w <%> = Z glnje(t —n)

| —=¢
t—;yp <\‘2 nez 2 nez
201 1 [t—2p
2

n—n—2p

Ojp =D hln—=2plpj1n = gln—2plej_1n
ne nez

h ~ low pass filter. g =~ high pass filter.



Approximation coefficients: a;[n| = (f, ¢;n). Detail coefficients: d;|n] = (f, ¥;n).

Refinement relations: 1 %) _ Z hin]o(t —n) Lw (E> = Z glnje(t —n)

T, =
L=2'p QQ nez V2o \Z nez
20— 1 (t—ij>
©

=3 kil (555 — 0+ 20))

n'—%TL—-Qp nel
Ojp =D hln—=2plpj1n = gln—2plej_1n
nez neL
h ~ low pass filter. g =~ high pass filter.
Computing (a;,d;) from a;_: z|n| = x|—n]
a;lp] = > hln—2pla;_1[n] = a;_1 x h[2p d;lp] = Y gln —2pla;_1[n] = a;_1 x §[2p]
neZ nes
— low pass + sub-sampling —— high pass + sub-sampling

aj_1 xh = | 2 = a,

xg — 12 —> 4




Approximation coefficients: a;[n| = (f, ¢;n). Detail coefficients: d;|n] = (f, ¥;n).

Refinement relations: 1 %) _ Z hin]o(t —n) L¢ (E> = Z glnje(t —n)

=
L=2'p QQ nez V2o \Z nez
. 1 (t—ij)
v

=3 kil (555 — 0+ 20))

n-—>7z——2p nez
Ojp =D hln—=2plpj1n = gln—2plej_1n
NEZ neL
h ~ low pass filter. g =~ high pass filter.
Computing (a;,d;) from a;_: z|n| = x|—n]
a;lp] = > hln—2pla;_1[n] = a;_1 x h[2p d;lp] = Y gln —2pla;_1[n] = a;_1 x §[2p]
NeZ ne
— low pass + sub-sampling —— high pass + sub-sampling
aj—1 xh — |2 —>a, xh F— 12 |—> 0j11 —> -

*xg F— | 2 }—> d; *xGg — | 2 —>» dj1




Fast wavelet transform:

Initialization: ay = f.
For y=J,...,0

~

aj41 = (a; xh) | 2

diy1=(ajxg) |2

fo

f=a, 0—0—0—0—0—0—0—0—




Fast wavelet transform:

Initialization: ay = f.
For y=J,...,0

~

aj41 = (a; xh) | 2

diy1=(ajxg) |2

fo

A dJ—I—l
aJ+1- @ @ @ @




Fast wavelet transform:

Initialization: ay = f.
For y=J,...,0
ajy1 = (ajxh) |2

diy1=(ajxg) |2

fo

a’J+1- @ @ @ @
1

aj+2) @ @
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dlscrete



Fast wavelet transform:

Initialization: ay = f.
For y=J,...,0
ajy1 = (ajxh) |2

diy1=(ajxg) |2

fo

discrete




0

Fast wavelet transform: Complexity: Z 2N (|h| +19])
o, C c . = logQ(N)

Initialization: ay = f. —  O(N x (Jh] +9g)))

For y=J,...,0

ajy1 = (aj*xh) |2

diy1=(ajxg) |2

fo

f=a;

aJj+1

'0......0—
.0 @ @ @

dlscrete



Refinement equations:

Pjm =

Vjn =

Low-pass:

High-pass:

(Wi—1.2n +©j—12n+1)

(903'—1,277, — 903'—1,2n+1)

1
V2
1
V2

h=1[.., 0,

23/2

——— >
2in i i2/(n+1)




Refinement equations:

1 2]/2 ---------- E E 90.],?’1
Pin — ﬁ(%pj—l,?n + Spj—l,Qn—i—l) :
1 'E >
= . . 27n 27 (n+1)
%,n \/5(903—1,277, 903—1,2n+1) .
1 1 23/2 .......... .—:wj n
Low-pass: h=1|...,0, : : P
D - 7 \/5 o]
- . 1 1 — >
High-pass: g=1[..,0, NG 0,...] 2n i i29(n+1)

Haar transform algorithm:

Initialization: ay = f.

Forj=J,...,1
osln] = = (a1 [2n] + a2+ 1)
dyln] = —= (a1 [2n] = a;a[20 + 1)




-Haar Transform

Elementary step: (z,y) — (a,d) = (z +y,2 — y)/V2.

Inverse step: (a,d) — (z,y) = (a +d,a — d) /2.



-Haar Transform

Elementary step: (z,y) — (a,d) = (z +y,2 — y)/V2.

Inverse step: (a,d) — (z,y) = (a +d,a — d) /2.
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-Haar Transform

Elementary step: (z,y) — (a,d) = (z +y,2 — y)/V2.

Inverse step: (a,d) — (z,y) = (a +d,a — d) /2.

A A L




Haar Transform

Elementary step: (z,y) — (a,d) = (z +y,2 — y)/V2.

Inverse step: (a,d) — (z,y) = (a +d,a — d) /2.

A L L L L




* Haar Transform

Elementary step: (z,y) — (a,d) = (z +y,2 — y)/V2.

Inverse step: (a,d) — (z,y) = (a +d,a — d) /2.

AALA I



Forward elementary step: a;_1 € R? ~ — (a;,d;) e R ' x R?"™.

Orthogonal mapping: |a;_1|* = |a;|* + |d;|°.



nverting the Transform

Forward elementary step: a,_; € R2 ~ — (a;,d;) € R2 " x RZ
Orthogonal mapping: |a;_1|? = ||la;|? + ||d;|*.

217

Backward elementary step: (a;,d;) € R2 x RQ_j — aj 1 €R

a j—
transpose
= X
—1nverse



nverting the Transform

Forward elementary step: a,_; € R2 ~ — (a;,d;) € R2 " x RZ

Orthogonal mapping: |a;_1|? = ||la;|? + ||d;|*.

217

Backward elementary step: (a;,d;) € R2 x RQ_j — aj 1 €R

a j—
transpose
= X
—1nverse

aj—1 = (a; 12)xh+(d; T2)*g

a;




-Overview

e Multiresolutions
e Fast Wavelet Transform
 Wavelet Design

« 2D Wavelet Processing









— | h[0] = V2 (C1)

{o(- —n)}, orthogonal <= Vn,p*xp(n) =0 < Z O(w + 2km)|? =1
k

= |[Aw]|® + [Alw +]|* = 2 (C2)

Theorem: {Spj,n}n ortho-basis of V7 — (Cl) —+ (CQ)




— | h[0] = V2 (C1)

{o(- —n)}, orthogonal <= Vn,p*xp(n) =0 < Z O(w + 2km)|? =1
k

= |[Aw]|® + [Alw +]|* = 2 (C2)

h is C! around 0 and

inf h(w)] >0
we[—7/2,7/2]

(Cs)

Theorem:

{©;n}n ortho-basis of V;, = (C;) + (Cs)

Theorem:

(C1) + (C2) + (C3) = {¥j.n}n ortho-basis of V;







Detail Filter Constraint

v () D ablett ) = ) = Jilde

{¢p(- —n)}, orthogonal <= Vn,px(n) =0 < Z (W + 2k7)|2 =

1
k
_




v () Salnlelt =) = 6(20) = ol

{¢p(- —n)}, orthogonal <= Vn,px(n) =0 < Z (W + 2k7)|2 =

1
k
_

{1(- = n)}n orthogonal to {p(- =)}k, <= Y*@(n) =0 <= ) d(w+2km)p*(w + 2km) =0

k
_




Detail Filter Constraint

50 (5) = Lalalett—m) = $(20) = 5lul(e)

{)(- —n)}n orthogonal <= Vn,¢xP(n) =0 <= > [|¢(w+2k7)]*> =1
k
R
{4)(- — )}, orthogonal to {p(- —n)}k, <= Y @(n) =0 <= Y P(w +2km)@* (@ + 2km) = 0
:
g st oo =0 ()
Theorem: Under conditions (C;) + (Cs) + (Cs),
{15 }n ortho-basis of W; <= (Cy4) + (Cs)




iE' Detail Filter Constraint

v () Salnlett =) = ) = Jallg)

{¢(- —n)}, orthogonal <= Vn,¥x(n) =0 < Z D(w + 2km)[? =

= [|g[w]]* + |glw + 7]|* = 2 (Ca)

{¥(- —n)}, orthogonal to {p(- —n)}, <= VY*x@pn) =0 <= Z@@(w + 2km)p" (w + 2km) =0

— | gllhlw) + glw+ Tlhlw + 7T =0 (Cs)

g -
h 2
Theorem: Under conditions (C1) + (Cs3) + (C3), h(w)]
{1; n}n ortho-basis of W; <= (C4) + (Cs5)
0
T
Quadrature mirror filters: glw] = e “hlw+7]* < g[n] = (=11 "A[l —n

QM filter satisfy (C4)+(Cs)



Smooth areas:  vanishing moments:

/w ) z¥dx = 0.
fs ;

— in) =0 fis C% a<p
on Supp(¥; )

?
!




Smooth areas:  vanishing moments: 08l

0.6

1
VkE<p-—1, / Y(x) z"dx = 0. 04F
0

0.2

— ([, ¥jn) =0if fisCY a<p
on Supp(¥; )

0.2

01

0.1

-0.2

o

Near singularities: Supp(1); ) small

0.2

—> few large coefficients ol

near singularities.
0.1}

Theorem: Supp(v; ) is larger than 2p — 1. -o2|

0.5

-0.5

0.5

-0.5r




Smooth areas:  vanishing moments:
Edy —
<p-—1, / Y(z)x"dx = 0.

— ([, ¥jn) =0if fisCY a<p
on Supp(¥; )

Near singularities: Supp(1); ) small

—> few large coeflicients

near singularities.

Theorem: Supp(v; ) is larger than 2p — 1.

0.8

0.6

0.4

0.2

0.2

0.5

Smoothness of w:  fu= D {fi Gim)bin

(jan)EIM

fa same smoothness as 1.
—> only for cosmetic reason

Heuristic: Increasing p increases

the smoothness of .
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Daubechies Family

Compute h that satisfies:
A(w)]? + [h(w + m)|* =2
h(0) = V2

d*h
p VM <<= VEk <np,

w[ﬂ]zo



-Daubechies Family

Compute h that satisfies:

h(@)? + |h(w +m)[* = 2

i
dwk

p VM < VEk <p, ] =0

Daubechies wavelet with p VM: *

Orthogonal wavelets.

Minimal support 2p — 1.

Filter h|n|: n =20 -
p =1 (Haar): [0.7071;0.7071]

p=2: [0.4830; 0.836;); 0.2241; —0.1294]| D=4

n=0 "n=0

\
p=3: [0;0.3327;0.8069; 0.4599;

—0.1350; —0.0854; 0.0352]
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e Fast Wavelet Transform
» Wavelet Design

e 2D Wavelet Processing



Separable basis: Vi1 jamane (L) = Vjing (21) Vgm0 (T2)

Orthogonal basis of L*(IR?). Discretization: orthogonal basis of CN >,




Separable basis: Vi1 jamane (L) = Vjing (21) Vgm0 (T2)

Orthogonal basis of L*(IR?). Discretization: orthogonal basis of CN*%V.
Algorithm:

e Apply 1D wavelet transform to each column.




Separable basis: Vi1 jamane (L) = Vjing (21) Vgm0 (T2)

Orthogonal basis of L?(R2). Discretization: orthogonal basis of CN*%V.

Algorithm:

e Apply 1D wavelet transform to each column.

e Apply 1D wavelet transform to each row. Fy Wiy s mym)
, 1, , 01, N




Separable basis: Vi1 jamane (L) = Vjing (21) Vgm0 (T2)

Orthogonal basis of L?(R2). Discretization: orthogonal basis of CN*%V.
Algorithm:

e Apply 1D wavelet transform to each column.

e Apply 1D wavelet transform to each row. Fy Wiy s mym)

- :f?:}_i I 11

O(N) operations where N is #pixels.



Separable basis: Vi1 jamane (L) = Vjing (21) Vgm0 (T2)

Orthogonal basis of L?(R2). Discretization: orthogonal basis of CN*%V.

Algorithm:

e Apply 1D wavelet transform to each column.

e Apply 1D wavelet transform to each row. G ETTR—

O(N) operations where N is #pixels. J2

, , — axis-aligned approximation artifacts.
Favors horizontal /vertical axes.

— not suitable for natural images.



2D Multi-resolutions

Separable approximation spaces: V; ® V; = Span{@;.n, (€1)©; n, (2) }ny.ns

L*R*) = = V1@V, = V0V, = V110V = -« —» {0}



Separable approximation spaces: V; ® V; = Span{®;.n, (£1)®©;j.n, (£2) }ny.ns

L*R*) = = V1@V, = V0V, = V110V = -« —» {0}

2D Piecewise-constant Haar approximation:
— x\, ] l_v = g




D Multi-resolutions

Separable approximation spaces: V; ® V; = Span{@;.n, (€1)©; n, (2) }ny.ns

L*(R?) = - KJ 1 @ Vi 1<®V X;,H@VJHK —>» {0}
W

(2) (2)
W WJ—I-l

2D Piecewise-constant Haar approximation:
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L o

Vi1 @ Vim = (V; @ Wy) @ (V; @ W)

=(V;eV) e (V;eW;) o (W; @ V;) o (W; o W)
1| — ! — 1 — 1

Coarse Vertical Horizontal Diagonal
approximation | details details details |

2)
Wj



|E' 2D Wavelet Basis

Viei @ Vimi = (V@ V) @ W WP = (V; @ W) @ (W; @ V) @ (W; @ W)

Vj D Wj — Span{@pj,nl ($1)¢j,n2( )}nl,nz — Spa’n{wj ni,no }nl,"w
Wj D V? — Span{wj,nl (5131)903',77,2( )}n1,n2 — Spa’n{w] ni,no }nl,"w

Wj D Wj — Span{wjﬂh (x1)¢j,n2( )}nl,nz — Spa’n{wj ni,mo }nl,n2

w=H,V,D
Orthogonal basis: {w;”mm }j,nl,mez
" w 5131—23711 5132—23712
j,n1,n2( ) — _w ( 27 ’ 27 ) e {H7 V’D}
K2

279 o



Analog image f, € L*(]0,1]?). Discretization points {(n1,7n2)2”}, where 277/ = v/N.

Discretized image of N pixels: for n = (n1,no) fln] = asn] = (fo, ©in)




Analog image fy € L*([0,1)?). Discretization points {(n1,7n2)2”}, where 277/ = v/N.

Discretized image of N pixels: for n = (n1,no) fln] = asn] = (fo, ©in)
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eparable vs. Isotropic
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Orthogonal decompositions:

Fourier, wavelets, etc.
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Orthogonal decompositions:
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Linear vs. non-linear approximation:
Linear = filtering.

Non-linear = thresholding.
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Compression, denoising: =~ approximation. ' A
Fast decay of approximation error

— efficient processing.
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onclusion

Orthogonal decompositions:

Fourier, wavelets, etc.

Linear alz')prommatmr; Non- hnear a,pprOleatlo

Compression, denoising: =~ approximation. /
| ‘ /

Linear vs. non-linear approximation:
Linear = filtering.

Non-linear = thresholding.

Fast decay of approximation error

— efficient processing.

Wavelet transform:

Filtering+sub-sampling cascade.




