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Analog signal: fo € L?([0,1]).

Analog image: fo € L*([0,1]?).
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Analog signal: fo € L?([0,1]).
Analog image: fo € L*([0,1]?).
More complex data sets: fo : [0,1]¢ — [0, 1]°.

e videos: d =3,s = 1.
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Analog signal: fo € L?([0,1]).
Analog image: fo € L*([0,1]?).

More complex data sets: fo : [0,1]¢ — [0, 1]°.

e videos: d =3,s = 1. teR
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e color images: d = 2,s = 3.




ignals, Images and More

Analog signal: fo € L?([0,1]).
Analog image: fo € L*([0,1]?).

More complex data sets: fo : [0,1]¢ — [0, 1]°.
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e videos: d =3,s = 1.
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e color images: d = 2,s = 3.

e multi-spectral images: d = 2,s > 3.
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-Overview

e 1D Orthogonal Decompositions

e Discretization

2D Bases

e Linear and Non-linear Approximations

e Decompositions for Processing



-Orthogonal Decompositions

Analog signal f, € L*([0,1]%).
ool = | Sola)go(a)de
[0,1]¢

Orthogonal basis {¥.m, }mez of L7(]0, 1]9).

Decomposition: fo= Z (fo, Ym)V¥m

meZ
Energy conservation:

ol = [ 1@ =37 (o, vl

meZ



Analog signal fy € L*(]0, 1]%).

/ ol

Orthogonal basis {1 }mez of L*((0,1]9).
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Analog signal fo € L*([0,1]%).

0= e

Orthogonal basis {thm }mez of L*([0,1]%).

Decompositio fo = Z U ) U, U Ul
Energy conserva tion: ” B [
= [ 1Pz = 3 [ vl l\lm\wuﬂhul\m\lm\\mM\mI\mHm|mﬂmum||m|huHmem.mm
Fourier: V() = e () = m :




-Examples of Wavelets

Fourier transform: the one and only. i p=1]

Wavelet transform: ~

— a large choice of “mother” wavelets.

— support size.

— number of oscilations.

— symmetry (non-orthogonal) .
p=4

— smoothness.
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iscretization

) Sampling: fy € L*([0,1]) — f € CV,

S/2

fln] = / fo(n/N + z)h(z)dz = fo * h(n/N).

—S/2

S ~ 1/N kernel suport size. h(z) = h(—z)
h = micro/optics impulse response.

Smooth signals: f[n| ~ fo(n/N).
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Uniform sampling: fli| = f(i/N) = (f, p;) where ¢; = §;,5 Dirac.

Shannon Theorem: f is recovered from {(f, ¢;)} ' if Supp(f) C [-N, Nx].

| sin(mN't)
I, truction formula: h(t —i/N) where h(t) =
inear reconstruction formula Z fli] i/N) where h(?) TNt
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Uniform sampling: fli| = f(i/N) = (f, p;) where ¢; = §;,5 Dirac.

Shannon Theorem: f is recovered from {(f, ;) }. ;! if Supp(f) C

Linear reconstruction formula: Z fle]h(t —i/N) where h(t) =

— works for smooth signals/images.

O01/N =

f

|[—Nm, N7|.
sin(mN't)
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Uniform sampling: fli| = f(i/N) = (f, p;) where ¢; = §;,5 Dirac.

Shannon Theorem: f is recovered from {(f, ¢;)} ' if Supp(f) C [-N, Nx].

sin(mNt)
Li lon f la: h(t—i/N) here A(t) =
inear reconstruction formula Z fli] /N) w (1) oy
— works for smooth signals/images.
— discontinuities / edges requires a large P. 01 /N o A
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pointwise sampling

Natural signals / images are not smooth.



niform Sampling and Smoothness

Uniform sampling: fli| = f(i/N) = (f, p;) where ¢; = §;,5 Dirac.

Shannon Theorem: f is recovered from {(f, ¢;)} ' if Supp(f) C [-N, Nx].

sin(mNt)
TNt

Linear reconstruction formula:  f(t) = Z fli]h(t —i/N) where h(t)=

— works for smooth signals/images.

— discontinuities / edges requires a large P. 01 /N = A
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pointwise sampling

Natural signals / images are not smooth.

Possible solution: compressive sensing.



-Discrete Ortho-bases

Discrete signal f € C*.
1D signals: f € CN, N = #samples.

2D Images: f € CN ~ CNoxNo N = Ny x Ny = #pixels.
N-1

Discrete inner product:  (f, 9) = Z fln]gln

n=0

Discrete orthogonal basis {1, }Jocm<n of CV.

N-1
Decomposition: f = Z (fs Ym)m
m=0
N-1

N-1
Energy conservation: 117 = Z fln]|* = Z (fy Ym)|?
n=0

m=0



-Discrete Ortho-bases

Discrete signal f € C*.
1D signals: f € CN, N = #samples.
2D Images: f € CN ~ CNoxNo N = Ny x Ny = #pixels.

N-1
Discrete inner product:  (f, 9) = Z flnlg[n]

n=0
Discrete orthogonal basis {1, }Jocm<n of CV.

N-1
Decomposition: f = Z (fs Ym)m
m=0

N—1 N—1
Energy conservation: 117 = Z fln]|* = Z (f, ¥m)]?
n=0 m=0
]. 217 ].
Discrete Fourier basis: em|n| = \/—NeTmn = \/—Nem(n/ N)

Discrete Wavelets: implicitely defined (filtering cascade).



Discrete Ortho-bases

Discrete signal f € C*.
1D signals: f € CN, N = #samples.
2D Images: f € CN ~ CNoxNo N = Ny x Ny = #pixels.

N-1
Discrete inner product:  (f, 9) = Z flnlg[n]

n=0
Discrete orthogonal basis {1, }Jocm<n of CV.

N-1
Decomposition: f = Z (fs Ym)m
m=0

N—1 N—1
Energy conservation: 17 = Z f[n]|* = Z (fs Ym)|?
n=0 m=0
]. 217 ].
Discrete Fourier basis: em|n| = \/—NeTmn = \/—Nem(n/ N)

Discrete Wavelets: implicitely defined (filtering cascade).

Computing the {(f, V) }ocm<n: brute force O(N?).

Discrete Fourier: FFT algorithm O(N log(N)).
Discrete Wavelets: FW'T algorithm O(N).
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D Extensions of 1D Bases

Image of N = Ny x Ny pixel (regular grid).
Separable bases (tensor product):

¢m1,m2 [nla n2] — wml [n1]¢m2 [722}




Image of N = Ny x Ny pixel (regular grid).

Separable bases (tensor product):

¢m1,m2 [nla n2] — wml [n1]¢m2 [722}

217

2D Fourier: e, m,[n] = e~ (minitmanz)

2D wave orthogonal to (mq,ms2).
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— orientation.




Image of N = Ny x Ny pixel (regular grid).
Separable bases (tensor product):

¢m1,m2 [nla n2] — 'Qbml [n1]¢m2 [722}

217

2D Fourier: e, m,[n] = e~ (minitmanz)

2D wave orthogonal to (mq,ms2).

Am2
€mi,mo [n}
o g
o > §
I :
~Ny/2 No/2 (mq, mo)— = orientation.

Anisotropic wavelets:
Wi g2 m e (21, T2] = Vjy 0y (1], g [22]

2D atoms stretched in horizontal /vertical directions.



Image of N = Ny x Ny pixel (regular grid).
Separable bases (tensor product):

¢m1,m2 [nla n2] — wml [n1]¢m2 [722}

217

2D Fourier: e, m,[n] = e~ (minitmanz)

2D wave orthogonal to (mq,ms2).

ma
A
® Emy,ms [TV
. - \\ —_—
® > § —
T :
~Ny/2 No/2 (mq, mo)— = orientation.

Anisotropic wavelets:
¢j17j27n17n2 [55'1, 5132] — wjl;'n’l [x1]¢j2,n2 [332]
2D atoms stretched in horizontal /vertical directions.

Non-separable bases:

Isotropic wavelets: three mothers wavelets {4, 4", P}
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inear Approximation

Decomposition: f= Z (fs Ym)V¥m Error= 0

meZ

forward backward

f — {<f7 wm>}m€Z — f
transtform transtorm




-Linear Approximation

Decomposition: = Z (fy Ym)¥m Error= 0
meEZ
forward backward
f — {<f7 ¢m>}m€Z — f
transform transform

Approximation: far = Z fy V), M = #1yy;.

mel
forward coeflicients backward
f ){<f7 ¢m>}m€Z — {<f7 wm>}m€IM_) fM
transform selection transform

Approximation error:  |f — fu|? = Z [ f, ¥m)]?

m%IM



-Linear Approximation

Decomposition: = Z (fy Ym)¥m Error= 0
meEZ
forward backward
f — {<f7 ¢m>}m€Z — f
transform transform

Approximation: far = Z fy V), M = #1yy;.

mel

forward coeflicients backward

f _){<f7 ¢m>}’m€z_){<f7 wm>}m€IM — fM
transtorm selection transform

Approximation error:  |f — fu|? = Z [ f, ¥m)]?

m%IM

Linear selection: Ip; is fixed. (f+9)m = fv +9u

Ortho-projection on Vi =Span(¥p, )mery,: [ = PTOJVM(f)

Linear approximation
M = N/16

Fourier low-frequency approximation: Ip; ={—-M/2+1,...,M/2}.

Wavelet coase-scale approximation: Ipyy = {m = (3,m) \ j = jo}-



Non-Linear Approximation

Approximation: Jv = Z <f7 lbmea M = #1y.

mel

Non-linear approrimation: Ip; depends on f.



Approximation: Jv = Z <f7 ¢m>¢ma M = #1y.

mel

Non-linear approrimation: Ip; depends on f.

Optimal L? choice: minimize | f — fa|? = Iy = argmin Z [ f, Ym)]?
T[S M
Closed form solution: Iy = {M largest coefficients \( f, wm>|}.

Linear approximation Non lmear a,pprOleatlon



Approximation: Jv = Z <f7 ¢m>¢ma M = #1y.

mel

Non-linear approrimation: Ip; depends on f.

Optimal L? choice: minimize | f — fa|? = Iy = argmin Z [ f, Ym)]?
T[S M
Closed form solution: Iy = {M largest coefficients \( f, wm>|}.

Computation with thresholding: Iy, = {m \ |{f, ¥m)| > T}

[{fs Ym) [>T

Linear approximation = Non-linear approximation



Approximation: Jv = Z <f7 lbme, M = #1y.

mel

Non-linear approrimation: Ip; depends on f.

Optimal L? choice: minimize | f — fa|? = Iy = argmin Z [ f, Ym)]?
T[S M
Closed form solution: Iy = {M largest coefficients \( f, ¢m>|}.

Computation with thresholding: I, = {m \ |{f, ¥m)| > T} [(f, ¥pm)| ordered in

decaying order

fM — Z <f7 ¢m>¢m 1:1 mapping M «— T g o
[{f> Ym)|>T

Non-linear approximation



Efficient Approximation

Signal prior: f € © c L*([0,1]%).



fficient Approximation

Signal prior: f € © C L*([0,1]4).

Smooth: bounded derivatives | f|ce < C.

“q




Signal prior: f € © c L?([0, 1]%).
Smooth: bounded derivatives | f|ce < C.

1D piecewise smooth: less than K discontinuities.




Signal prior: f € © C L*([0,1]4).
Smooth: bounded derivatives | f|ce < C.

1D piecewise smooth: less than K discontinuities.

Bounded variations: |f|rv“ =" [|Vf]| <C.




Signal prior: f € © C L*([0,1]4).
Smooth: bounded derivatives | f|ce < C.

1D piecewise smooth: less than K discontinuities.

Bounded variations: |f|rv“ =" [|Vf]| <C.

2D cartoon: smooth discontinuity curves.




fficient Approximation

Signal prior: f € © C L*([0,1]4).

Smooth: bounded derivatives | f|ce < C.

1D piecewise smooth: less than K discontinuities.

Bounded variations: |f|rv“ =" [|Vf]| <C.

2D cartoon: smooth discontinuity curves.

Natural images: 77



Signal prior: f € © C L*([0,1]4).
Smooth: bounded derivatives | f|ce < C.

1D piecewise smooth: less than K discontinuities.

Bounded variations: |f|rv“ =" [|Vf]| <C.

2D cartoon: smooth discontinuity curves.

Natural images: 77

e
Efficient representation: |f — fas| decay fast with M for all f € ©.
|f — fu]|? < CpM—  for a large .




Signal prior: f € © C L*([0,1]4).

Smooth: bounded derivatives | f|ce < C.

1D piecewise smooth: less than K discontinuities.

Bounded variations: |f|rv“ =" [|Vf]| <C.

2D cartoon: smooth discontinuity curves.

Natural images: 77

Efficient representation: |f — fas| decay fast with M for all f € ©.
|f — fu]|? < CpM—  for a large .

Goal: design efficient basis {¢., }r, to maximize a.
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e Linear and Non-linear Approximations
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LCompression by Transform-coding

forward

> a[m]:<fa ¢m> € R

transform




forward

transform) a[m] — <f7 ¢m> cR - > Q[m] c /Z
m 2T =T T 2T
Quantization:qlm] = sign(afo]) | 271 | < 2 T T o am
alm

Zoom on f Quantized q|m



forward quantization

—_— C i
transform afm| = {f, ¥m) € R bin T > aml ez %;{ 0,1,0,0,1,...}
<

R bits g
afm] —oT —T T 2T a[m
Quantization: g[m]| = sign(a|m]) [ T J clZ  +eo+eo1+—» iN[O—I}—O—I*
alm

Entropic coding: use statistical redundancy (many 0’s).

Zoom on f Quantized q|m



forward quantization

—_— C i
transform afm| = {f, ¥m) € R bin T > aml ez %;{ 0,1,0,0,1,...}
< >

3
aed R bits
qm| € Z
afm] —oT —T T 2T a[m
Quantization: g[m]| = sign(a|m]) [ T J clZ  +eo+eo1+—» iN[O—I}—O—I*
alm

Entropic coding: use statistical redundancy (many 0’s).

Zoom on f Quantized q|m



forward quantization

—_— C ]
transform) alm} = (f, ¥m) €R bin T > aiml € 7 %;{ 0,1,0,0,1,...}
% ( Y )9 ° ')

S R bit
~ dequantization &S 15
ajm| < qm| € Z
afm] —oT —T T 2T a[m
Quantization: g[m]| = sign(a|m]) [ T J clZ  +eo+eo1+—» iN[O—I}—O—I*
a|m
Entropic coding: use statistical redundancy (many 0’s).
1

Dequantization: a|m| = sign(q|m|) <|q[m] + 5) T

Zoom on f Quantized q|m



forward quantization

—_— C ]
transform) alm} = (f, ¥m) €R bin T > aiml € 7 %{ 0,1,0,0,1,...}
% ( Y )9 ° .)

oS
. R bits
B - backward  _ dequantization >

fio= Xl o ] S ) ¢ 7

melr |a[m” 9T T T 2T a/[m}
Quantization: g[m]| = sign(a|m]) [ T J clZ  +eo+eo1+—» i~[0—|}—0—|'>

a|lm
Entropic coding: use statistical redundancy (many 0’s).
1

Dequantization: a|m| = sign(q|m|) <]q[m] + 5) T

Fast decay of |f — far| with M. <=  Fast decay of |f — fr| with R.

| Imge o Zoom on f Quantized q|m fr, R =0.2 bit/pixel



Denoising

Noisy image f = fo + w, w ~ N(0,0) white noise.
Denoised: f depends only on f.
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Noisy image f = fo + w, w ~ N(0,0) white noise.
Denoised: f depends only on f.

Denoising by approximation:

;o Z TR denoising = approximatior)l P Z Vb,

m=0 mel
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Noisy image f = fo + w, w ~ N(0,0) white noise.
Denoised: f depends only on f.

Denoising by approximation:

- Nz_:l TR denoising = approximatior)l [ Z () Vb
m=0 mel

Linear/non linear denoising: choice of I (depends or not on f).

Denoising performance: E (|| fo — f|) function of o.

Fast decay of | fo — fo.ar| with M. <= Fast decay of Ey(|fo — f|) with o.
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Denoised f




-Inverse Problems

Recovering fy from P noisy measurements y = ® fo + w € R

® : RY — R with P < N (missing information)

wln| ~ N(0,0) white noise.



{_FInverse Problems

Recovering fy from P noisy measurements y = ® fo + w € R
® : RY — R with P < N (missing information)
wln| ~ N(0,0) white noise.

Denoising: ® =Idy, P = N.



Iverse Problems

Recovering fy from P noisy measurements y = ® fo + w € R
® : RY — R with P < N (missing information)
wln| ~ N(0,0) white noise.

Denoising: ® =Idy, P = N.
Inpainting: set Q@ C {0,..., N — 1} of missing pixels, P = N — [€Q|.




lverse Problems

Recovering fy from P noisy measurements y = ®fy + w € R,
® : RY — R with P < N (missing information)
wln| ~ N(0,0) white noise.

Denoising: ® =Idy, P = N.
Inpainting: set Q@ C {0,..., N — 1} of missing pixels, P = N — [€Q|.

Super-resalutzon <I>f f*gp lk, P = N/k.

¥ -

De blurmng Of = fxp, P= N but ill-posed. ) P, ] “




Measurements: y=Pf +w

. o it measures: ® f KT
Compute f such that: -
e Sparsity: only few {(f, ¥m)}m are large.



Measurements: y=Pf +w

. o it measures: ® f KT
Compute f such that: -
e Sparsity: only few {(f, ¥m)}m are large.

e super-resolution error |fo — f||.
Performance measure: . .
e visual quality.



-Restoration with Sparsity

Measurements: y=Pf +w

. o it measures: ® f KT
Compute f such that: -
e Sparsity: only few {(f, ¥m)}m are large.

e super-resolution error |fo — f||.
Performance measure: . .
e visual quality.

e Fast decay of || fo — fas| with M.
o [P, | not too small if (fo, ¥.,,) is large.

Efficient restoration:



Measurements: y=Pf +w
o [t measures: P f KT

Compute f such that: -
e Sparsity: only few {(f, ¥m)}m are large.

e super-resolution error |fo — f||.
Performance measure: _ _
e visual quality.

e Fast decay of || fo — fas| with M.
o [P, | not too small if (fo, ¥.,,) is large.
- .

Mask () Inpinted f

Efficient restoration:




Orthogonal decompositions:

Fourier, wavelets, etc.
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Orthogonal decompositions:

Fourier, wavelets, etc.

Linear vs. non-linear approximation: : S , .
Linear a}:')prommatu}f Non-linear a:plprommatf)i
) L | % _

Linear = filtering. \ / L
Non-linear = thresholding. |
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onclusion

Orthogonal decompositions:

Fourier, wavelets, etc.

Linear vs. non-linear approximation:

Linear agproximation- Non-linear approximatio
Linear = filtering. . | ;

Non-linear = thresholding.

Compression, denoising: =~ approximation.

Fast decay of approximation error
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— efficient processing. 2l
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