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Preface
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sion of this entire book, can be freely downloaded from www.siam.org/books/fa06.
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Chapter 1

Introduction

1.1 Image Registration
Image registration is one of the challenging problems in image processing. Given
two images taken, for example, at different times, from different devices or perspec-
tives, the goal is to determine a reasonable transformation, such that a transformed
version of the first image is similar to the second one. A simplified registration ex-
ample is illustrated in Figure 1.1. Given are two three-dimensional (3D) magnetic
resonance scans of a human knee taken at two different times. The objective is to
compensate image differences introduced by the different poses of the knee. Fig-
ure 1.1 also displays two corresponding slices of the image volumes: the template
overlaid with a regular grid, and the difference before and after registration.

There is a large number of application areas which demand registration, in-
cluding art, astronomy, astrophysics, biology, chemistry, criminology, genetics, phys-
ics, and basically any area involving imaging techniques. More specific examples
include remote sensing (generating a global picture from different partial views), se-
curity (comparing current images with a data base), robotics (tracking of objects),
and, in particular, medicine, where computational anatomy, computer-aided diagno-
sis, fusion of different modalities, intervention and treatment planning, monitoring
of diseases, motion correction, radiation therapy, or treatment verification demand
registration. Since imaging techniques, such as computer tomography (CT), mag-
netic resonance imaging (MRI), positron emission tomography (PET), single-photon
emission computer tomography (SPECT), or ultrasound (US), have undergone re-
markable, fascinating, and ongoing improvements, in the last decade, a tremendous
increase in the utilization of the various modalities in medicine is taking place, and
more is to be expected for the future.

Unfortunately, no unified treatment or general theory for image registration
has been yet established. It appears that each application area has developed its
own approaches and implementations. Depending on the particular application,
the focus includes computing time (real-time applications in industrial inspection or
tracking), image features (remote sensing), memory (high-resolution 3D images) and

1
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(a) reference R (b) template T with grid (c) T [y] with grid

(d) template T (e) difference |T − R| (f) difference |T [y]−R|

Figure 1.1: Modified slices from CT scans of a human knee; image courtesy by Thomas
Netsch, Philips Research Hamburg.

accuracy of a model (medical treatment planing). Many of the solution strategies
are designed by practitioners employing various heuristics for stabilization.

1.2 Scope and Aims of This Book
This book is about sound theoretical modeling, an efficient practical implementa-
tion, and a precise map connecting the two. Rather than taking an application-
based perspective, this book aims to provide a unified approach to registration. For
the modeling part, the book focuses on a variational approach because of its gen-
erality. It also allows the integration of many established techniques and enables
a comparison and linking of different strategies. Moreover, the book limits itself
to the so-called discretize-then-optimize approach, where the registration is viewed
completely from an optimization perspective. For the algorithmic part, the book
present, state-of-the-art numerical schemes. In contrast to the classical literature
on digital image processing dealing with discrete objects and operations, pixels, and
resolutions, this book deals with continuous objects and operations, families of dis-
cretization, and spatial domains. The book uses a toolbox of Flexible Algorithms
for Image Registration (FAIR). FAIR collects state-of-the-art implementations of
different building blocks which can then be combined in order to fit the specific de-
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1.3. Brief Outline 3

mands of particular applications. Its conceptual flexibility enables the integration
of further features and the design of new fine-tuned schemes.

This book also aims to link engineering and mathematics to explain the how
and why of image registration and to build a bridge between image processing and
numerics as well as between discrete and continuous viewpoints. The book ex-
plains the why and provides tools for the how and thus strives to generate knowl-
edge in theory and practice. The main goal of FAIR is to provide educational and
research-oriented tools. It is not intended to provide software solutions for a clinical
environment or the industrial standard. A new platform, an appropriate software
engineering approach, smart C or C++ implementations, real-time code tuned for
GPUs, appropriate visualization, theorems, proofs, or an exhaustive overview on
the current literature are omitted. Instead, proper definitions of the modules and
problems, explanation of basic concepts, examples and specifications, state-of-the-
art implementations, and MATLAB R© code enabling playing and exploration of
options are provided.

1.3 Brief Outline
This section provides a brief overview of the topics presented in the following chap-
ters.

Concepts Chapter 2 introduces the registration task as an optimization problem.
The main ingredients such as images, transformations, distances, and regulariza-
tions are stated and briefly explained.

Interpolation An extended overview of interpolation techniques is outlined in
Chapter 3. The chapter explains standard techniques such as d-linear and spline-
based interpolation but also comments on multiscale and multilevel issues. The goal
of interpolation is to provide a continuous image model, which is explored in the
forthcoming chapters.

Transformations Parametric transformations are the topic of Chapter 4. A general
model, including important classes such as rigid, affine, and spline-based transfor-
mations, is presented.

Landmarks Given the parametric transformation framework, simple landmark-
based registration techniques are relatively easy to implement. Tools are presented
in Chapter 5. Particular emphasis is given to the so-called thin-plate-spline regis-
tration.

Basic Optimization Tools Numerical schemes for the registration problem are
discussed in Chapter 6, including discretization of integrals and transformations,
numerical optimization, and multilevel strategies.
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Distance Measures Chapter 7 introduces some of the common distance measures
such as sum of squared differences (SSD), normalized cross correlation, mutual
information, and normalized gradient fields. Particular emphasis is given to a proper
discretization and solid derivatives.

Regularization Regularization is motivated, explained, and discussed in Chap-
ter 8. Topics of interest are ill-posedness, L2-norm-based regularizers such as elastic
and curvature, discretization, and numerical implementations.

Nonparametric Image Registration Chapter 9 discusses the numerical schemes
for solving the nonparametric image registration problem.

Outlook Chapter 10 addresses topics not covered in this book and scries the future
of image registration.

1.4 Links to the Literature
The purpose of the following listing is to provide some starting points for an entry
into areas related to this book. Note that this list is by no means complete or
exhaustive. More specific references are provided in the following chapters.

1.4.1 (Medical) Image Registration

[1] L. G. Brown, A survey of image registration techniques, ACM Computing Sur-
veys 24 (1992), 325–376.

[2] B. Fischer and J. Modersitzki, Ill-posed medicine—an introduction to image
registration, Inverse Problems 24 (2008), 1–19.

[3] J. M. Fitzpatrick, D. L. G. Hill, and C. R. Maurer, Jr., Image registration,
Handbook of Medical Imaging, Volume 2: Medical Image Processing and Anal-
ysis (M. Sonka and J. M. Fitzpatrick, eds.), SPIE, Bellingham, WA, 2000,
pp. 447–513.

[4] C. Glasbey, A review of image warping methods, Journal of Applied Statistics
25 (1998), 155–171.

[5] A. A. Goshtasby, 2-D and 3-D image registration, Wiley, New York, 2005.
[6] J. Hajnal, D. Hawkes, and D. Hill, Medical image registration, CRC Press,

Boca Raton, FL, 2001.
[7] R. Highnam and M. Brady, Mammographic image analysis, Kluwer Series on

Medical Image Understanding, Kluwer Academic Publishers, New York, 1999.
[8] D. L. G. Hill, P. G. Batchelor, M. Holden, and D. J. Hawkes, Medical image

registration, Physics in Medicine and Biology 46 (2001), R1–R45.
[9] H. Lester and R. Arridge, A survey of hierarchical non-linear medical image

registration, Pattern Recognition 32 (1999), 129–149.
[10] J. B. A. Maintz and M. A. Viergever, A survey of medical image registration,

Medical Image Analysis 2 (1998), 1–36.
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[11] J. Modersitzki, Numerical methods for image registration, Oxford University
Press, New York, 2004.

[12] J. P. W. Pluim, J. B. A. Maintz, and M. A. Viergever, Mutual-information-
based registration of medical images: A survey, IEEE Transactions on Medical
Imaging 22 (1999), 986–1004.

[13] K. Rohr, Landmark-based image analysis, Computational Imaging and Vision,
Kluwer Academic Publishers, Dordrecht, 2001.

[14] O. Scherzer, Mathematical models for registration and applications to medical
imaging, Springer, New York, 2006.

[15] A. Toga and P. Thompson, The role of image registration in brain mapping,
Image and Vision Computing 19 (2001), 3–24.

[16] P. A. van den Elsen, E.-J. D. Pol, and M. A. Viergever, Medical image
matching—a review with classification, IEEE Engineering in Medicine and Bi-
ology 12 (1993), 26–38.

[17] T. S. Yoo, Insight into images: Principles and practice for segmentation, reg-
istration, and image analysis, AK Peters Ltd., Wellesley, MA, 2004.

[18] B. Zitová and J. Flusser, Image registration methods: A survey, Image and
Vision Computing 21 (2003), 977–1000.

1.4.2 Image Processing and Interpolation

[19] C. De Boor, A practical guide to splines, Springer, New York, 1978.
[20] T. F. Chan and J. Shen, Image processing and analysis—variational, PDE,

wavelet, and stochastic methods, SIAM, Philadelphia, 2005.
[21] O. Faugeras, G. Aubert, and P. Kornprobst, Mathematical problems in image

processing, Springer, New York, 2002.
[22] R. C. Gonzalez and R. E. Woods, Digital image processing, Addison-Wesley,

Reading, PA, 1993.
[23] A. K. Jain, Fundamentals of digital image processing, Prentice–Hall, Engle-

wood Cliffs, NJ, 1989.
[24] R. Kimmel, Numerical geometry of images—theory, algorithms, and applica-

tions, Springer, New York, 2004.
[25] L. Piegl and W. Tiller, The NURBS book, 2nd ed., Springer, New York, 1997.
[26] W. K. Pratt, Digital image processing, 4th ed., Wiley, Hoboken, NJ, 2007.
[27] M. Sonka, V. Hlavac, and R. Boyle, Image processing, analysis, and machine

vision, 3rd ed., Thomson, Toronto, 2008.
[28] P. Thévenaz, T. Blu, and M. Unser, Image interpolation and resampling, in

Handbook of Medical Imaging, Processing and Analysis (I. N. Bankman, ed.),
Academic Press, San Diego, 2000, pp. 393–420.

[29] G. Wahba, Spline models for observational data, SIAM, Philadelphia, 1990.

1.4.3 Numerics and Linear Algebra

[30] R. Barrett, M. Berry, T. F. Chan, J. W. Demmel, J. Donato, J. Dongarra,
V. Eijkhout, R. Pozo, C. Romine, and H. van der Vorst, Templates for the
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solution of linear systems: Building blocks for iterative methods, 2nd ed., Soft-
ware, Environments, Tools, Vol. 43, SIAM, 1994.

[31] J. W. Brewer, Kronecker products and matrix calculus in system theory, IEEE
Transactions on Circuits and Systems 25 (1978), 772–780.

[32] P. G. Ciarlet, Introduction to numerical linear algebra and optimisation, Cam-
bridge University Press, Cambridge, 1989.

[33] B. Dacorogna, Direct methods in the calculus of variations, Springer, New York,
1989.

[34] P. J. Davis, Circulant matrices, Chelsea Publishing, New York, 1979.
[35] G. H. Golub and C. F. van Loan, Matrix computations, 3rd ed., The Johns

Hopkins University Press, Baltimore, 2000.
[36] W. Hackbusch, Iterative solution of large sparse systems of equations, Springer,

New York, 1993.
[37] D. Kahaner, C. Moler, and S. Nash, Numerical methods and software, Prentice-

Hall, Englewood Cliffs, NJ, 1989.
[38] D. Kincaid and W. Cheney, Numerical analysis, 3rd ed., Brooks/Cole, Pacific

Grove, CA, 2002.
[39] W. H. Press, B. P. Flannery, S. A. Teukolsky, and W. T. Vetterling, Numerical

recipes in C, 2nd ed., Cambridge University Press, Cambridge, 1992.
[40] M. Schatzman, Numerical analysis: A mathematical introduction, Clarendon

Press, Oxford, 2002.

1.4.4 Partial Differential Equations and Optimization

[41] R. A. Adams, Sobolev spaces, Pure and Applied Mathematics Vol. 65, Academic
Press, New York, 1975.

[42] J. E. Dennis and R. B. Schnabel, Numerical methods for unconstrained opti-
mization and nonlinear equations, Classics in Applied Mathematics, Vol. 16,
SIAM, Philadelphia, 1996.

[43] E. DiBenedetto, Partial differential equations, Birkhäuser, Boston, 1995.
[44] L. C. Evans, Partial differential equations, Graduate Studies in Mathematics,

vol. 19, American Mathematical Society, Providence, RI, 1999.
[45] R. Fletcher, Practical methods of optimization, Wiley, Chichester, 1987.
[46] G. B. Folland, Introduction to partial differential equations, 2nd ed., Princeton
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1.5. Further Links and Software 7

1.5 Further Links and Software
This book’s website is www.siam.org/books/fa06.

MATLAB: Visit http://www.mathworks.com for tutorials, literature, and more.

Open Source Registration Software

• AIR: http://bishopw.loni.ucla.edu/AIR5/

• BIG: http://bigwww.epfl.ch/algorithms.html

• bUnwarpJ: http://biocomp.cnb.csic.es/~iarganda/bUnwarpJ/

• DROP: http://campar.in.tum.de/Main/Drop

• FAIR: http://www.cas.mcmaster.ca/~fair/index.shtml

• FLIRT: http://www.fmrib.ox.ac.uk/fsl/flirt/index.html

• Image Processing Toolbox: http://www.mathworks.com/products/image/

• IRT: http://www.eecs.umich.edu/~fessler/irt/

• ITK: http://www.itk.org/

• SAFIR-FLIRT:
http://www.math.mu-luebeck.de/mitarbeiter/safir/software.shtml

• Slicer: http://www.slicer.org/
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Chapter 2

FAIR Concepts

This chapter provides a brief overview on the topics to be discussed in the forth-
coming chapters. The main ingredients of image registration and a formulation
as an optimization problem are summarized in FAIR 1 (p.11). The functional or
continuous setting and a solid numerical approach based on a nested sequence of
discretizations are outlined. A few general comments on the MATLAB implemen-
tations are given.

2.1 FAIR Theory
The registration problem may be phrased as follows. Find a reasonable transforma-
tion such that a transformed version of a template image is similar to a reference
image. In this chapter, this task is formalized, and in the forthcoming chapters the
ingredients are given life. The above formulation suggests an optimization frame-
work

J [y] = D[T [y],R] + αS[y − yref ]
y−→ min, (2.1)

where T and R denote template and reference images, T [y] is the transformed tem-
plate, D measures image similarity, and S measures reasonability of the transform.
The notation used in this book is summarized in FAIR 1 (p.11).

An important FAIR feature is the use of a continuous setting; i.e., all variables
are functions. Calligraphic characters such as J and T and square brackets are used
for functionals. Figure 2.1 shows a visualization of an image and a transformation.
A major advantage of the functional setting is that it enables fast and consistent
multiscale and multilevel approaches; see Chapter 3.

There are three major reasons for using a continuous model. The first reason
is philosophical. In general, the discrete image is a measurement of a continuous
property of an object, for example, photon density. Therefore, modeling the object
rather than the discrete measurement is an attractive option. The second reason
is practical. Already a rather simple transformation such as a rotation of about
15 degrees requires a continuous image model since the transformed object does
not align with a pixel grid; see Figure 2.2. Therefore, interpolation (in other words,

9
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10 Chapter 2. FAIR Concepts

(a) 3D view (b) 2D view

(c) y1 (d) y2

Figure 2.1: Visualizations of an image and a transformation y = (y1(x1, x2),
y2(x1, x2)).

a continuous model) has to be used. Rather than mixing discrete and continuous
viewpoints, a continuous model is used throughout the book from the very begin-
ning. The third reason is efficiency. The numerical optimization schemes to be
discussed exploit sequences on nested discretization of the very same functional;
uppercase characters, such as J and T , and round brackets are used for functions.
An approximate solution from a coarse level is refined on the finer level. This pro-
cedure is repeated until the finest level or the level with the desired accuracy is
reached. Thus, on the expensive finest level, only a few correction steps are to be
expected.

2.1.1 Images and Transformations
Images are considered as continuous mappings from a domain into the real numbers;
see Chapter 3 for a detailed discussion. The domain is denoted by Ω ⊂ Rd, where d
denotes the spatial dimensionality of the given data,

T : Ω→ R, Ω ⊂ Rd, d = spatial dimension.

Typically d = 3; however, most of the visualization in this book is for d = 2. For
any spatial points, a gray value is assigned. Figure 2.1 illustrates the functional
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2.1. FAIR Theory 11

(a) T with transformed grid (b) T [y] with grid

Figure 2.2: Transforming images.

FAIR 1: Flexible Algorithms for Image Registration (FAIR)

Given two images R, T : Ω ⊂ Rd → R, find a transformation y : Rd → Rd such that

J [y] = D[T [y],R] + S[y]
y−→ min

FAIR abbreviations
d spatial dimension
Ω ⊂ Rd region of interest
T , R : Ω→ R template and reference images
y : Ω→ Rd transformation
T [y] transformed image, T [y](x) = T (y(x))
D distance measure
S regularizer
J joint functional

view with the gray value as a height as well as the image view, where the points
are colored according to the gray value. Note that the labels on the x1 and x2 axes
refer to a spatial domain Ω = (0, 50)× (0, 50) rather then to a particular resolution.

Since images are modeled continuously, image transformation can easily be
phrased. The transformed image is denoted by T [y], where y : Rd → Rd denotes
the transformation and

T [y](x) = T (y(x)).

Note that this so-called Eulerian approach transforms the domain. As a result, the
corresponding transformation of the images is counterintuitive. Figure 2.2 gives an
example of a counterclockwise rotation of 45 degrees. Note that the grid is rotated
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12 Chapter 2. FAIR Concepts

counterclockwise, which results in a transformed image which looks like a clockwise-
rotated copy of the template. More details are provided in Chapter 3. The so-called
Lagrangian framework, which is to follow tissue points, is not discussed here.

Although the power of the techniques to be discussed in this book is best visible
for nonparametric problems, they can also be used in the restricted parametric
setting. Chapter 4 explains the handling of parameterized transformations y = Qw,
where Q is a collection of basis functions and w is a collection of parameters or
coefficients. Important classes such as rigid, affine linear, and spline transformations
are covered.

2.1.2 Distances and Regularization
So far, only the so-called forward problem has been addressed: given a transfor-
mation, how to compute the transformed image? The next step is to provide a
quantitative measure for the quality of the transformation. This measure has two
ingredients. The first ingredient is related to image similarity, and the second
ingredient measures plausibility or regularity of the transformation. Feature- or
landmark-based approaches are discussed in Chapter 5, and volumetric distance
measures are the topic of Chapter 7. Figure 1.1 shows the difference image before
and after registration. Here, the sum of squared differences (SSD) (measuring the
energy of the difference image) is used as an intuitive example, where

D[T [y],R] =
1
2

∫
Ω

(T [y](x)−R(x))2 dx.

Since registration is an ill-posed problem, regularization becomes inevitable;
see [96, 162]. Chapter 8 gives more details and explores the most common regular-
ization choices such as the elastic potential of the transformation y, where

S[y] = Elastic Potential[y − yref ], where yref(x) = x.

2.2 FAIR Numerics
The numeric presented in this book is based on a discretize-then-optimize approach,
where a nested sequence of discretizations is solved using plain vanilla Newton-type
techniques.

2.2.1 Discretize-then-Optimize
Most of the registration problems do not allow for an analytic solution, and thus
numerical solutions are to be provided. A feasible approach is to solve the discretized
optimality condition for the continuous problem (2.1); see, e.g., [162]. This book,
however, focuses on numerical optimization and therefore on optimality conditions
for the discretized problem. To be more precise, a sequence {Jh} of discretizations
running from coarse to fine of the continuous functional J is considered. The idea
is to capture the important features on a coarse presentation and to solve this
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2.3. FAIR MATLAB 13

problem with relatively low computational costs. For finer representations, only
corrections based on the added information are required. A key point is that all the
discrete problems are linked by the same underlying continuous model, and thus
the sequence of solutions yh approximates the solution of the continuous problem.
Another important point is that on each discretization level an optimization problem
is to be solved. Thus, consistent line search techniques and automatic stopping
criteria can be used.

2.2.2 A Family of Nested Approximations

Being able to play with consistent approximations of the registration problem is a
major feature of FAIR. Multiscale and multilevel strategies for a particular problem
are used for many good reasons. Using a coarse representation yields a smoother
objective function, which prevents us from running into local minima, enables fast
optimization techniques, and results in fewer unknowns, which is good for memory,
computing time, and results.

Discretization is also used for approximation of integrals and derivatives. Us-
ing structured grids of cells with centers xi and volume h, roughly speaking, we
have ∫

f(x) dx = h
∑

f(xi) +O(h2) and

∂f(xi+0.5) = (f(xi+1)− f(xi))/h+O(h2),

where the Landau symbol O indicates errors of order h2.
A visualization of f can be achieved by assigning the value f(xi) to a cell of

volume h and displaying the piecewise constant. Note that in contrast to a pixel or
voxel point of view, the discretization used by FAIR results from discretizations of
(2.1) and is variable.

2.2.3 Numerical Optimization

An additional feature of FAIR is its focus on differentiable modules. Derivatives
are the most important ingredient to most of the efficient numerical optimization
techniques. Emphasis has also been given to proper line search and stopping criteria
used by optimization schemes. The numerical optimization is explained in Chapter 6
for the parametric case and in Chapter 9 for the nonparametric case. Although other
optimization techniques are discussed and considered in the exercises, the default
scheme is a Gauss–Newton-type scheme with an Armijo line search.

2.3 FAIR MATLAB
The programs are developed using MATLAB software. This is certainly a limitation
in terms of speed and memory, but MATLAB provides a fast, easy, and intuitive
access to numerical computing, and in particular to sparse matrices. It has been
chosen because it is easy to use for education and research.
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14 Chapter 2. FAIR Concepts

2.3.1 Comments on Comments
The programs and their functionality are explained and commented on primarily in
the text. To avoid confusion raised by different comments in the text and the code,
the comments in the code are kept brief.

2.3.2 Notation and Conventions
Similar quantities are collected in arrays, and data structures that are adapted to
the linear algebra are used as often as possible. For example, the size of the data is
denoted by m = [m1, . . . ,md]. Collecting grid points is slightly more evolved and is
discussed in Section 3.1 in detail. However, using vectorized data structures enables
a direct and simple access to linear algebra and numerical optimization.

The typical LATEX style (such as x or T ) is used for variables in a mathematical
context, whereas the verbatim style (such as x or T) is used for variables which
are also used in programs. For integers (and arrays of integers) variable names
are taken from {i,j,k,l,m,n,p}. Grids and transformed grids are denoted by x*

and y*, respectively; for example, a starting guess is denoted by y0, the current
iterate is denoted by yc, and the grid size is denoted by h. Matrices are denoted
by uppercase characters. Derivatives are stored as derivatives, not as gradients: for
f : Rn → R, the derivative df is 1-by-n.

2.3.3 Coordinate System
Throughout the book a geometric right-handed (x1, x2, x3) coordinate system is
used. All coordinates are absolute and physical and thus changing the discretiza-
tion does not affect positioning of data or scaling of the registration problem. For
example, the plots shown in Figure 2.1 illustrate the functions T , y1, and y2 on the
domain Ω = (0, 50)2. A point x = [x1, x2] ∈ R2 refers to a physical point in this
domain. Unfortunately, Matlab stores two-dimensional (2D) arrays in an (i, j)
coordinate systems and therefore imaging functions such as image should not be
used directly; more details are provided in Chapter 3.

2.3.4 Arguments, Parameters, and Defaults
Although the distinction of variables and parameters is somehow arbitrary, the input
list of programs is grouped into a number of variables and a number of parameters.
The variables are mandatory, while the parameters are predefined and may be
omitted in a function call.

Example 2.1 (Default Parameters)
An example is given by

plot(0,1,’color’,’r’,’marker’,’x’).

The variables are 0 and 1 and a list of parameters is {’color’,’r’,’marker’,’x’}.
Note that the parameters are predefined and need not be supplied.
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2.3. FAIR MATLAB 15

2.3.5 Overwriting Default Parameters
In FAIR, default values for parameters are assigned in the beginning of a function,
and these parameters are updated using an input list.

Example 2.2 (Overwriting Default Parameters)
A function, which is explained in detail in Chapter 6, can be called as follows:

yc = GaussNewtonArmijo(fctn,y0,’maxIter’,5).

The mandatory variables are fctn and y0, a handle to the function to be minimized
and a starting guess. In the code, defaults are assigned to the parameters, and the
following for-loop overwrites the defaults using the values from the parameter list.

function [yc,his] = GaussNewtonArmijo(fctn,yc,varargin)

% parameter initialization -----------------------------------------------
maxIter = 10; % maximum number of iterations
tolF = 1e-3; % for stopping, objective function
tolX = 1e-2; % - " - , current value
tolG = 1e-2; % - " - , norm of gradient
LSMaxIter = 10; % maximum number of line search iterations
LSreduction = 1e-4; % minimal reduction in line search
vecNorm = @norm; % norm to be used for dJ and dY
solver = regularizer; % linear solver
yStop = []; % used for stopping in multilevel framework
Fstop = []; %
Plots = @(iter,para) []; % for plots;

for k=1:2:length(varargin), % overwrites default parameter
eval([varargin{k},’=varargin{’,int2str(k+1),’};’]);

end;
% here starts the interesting stuff

If, for example, varargin={’maxIter’,5}, the statement in the for-loop
reads eval([’maxIter=5;’]) and thus overwrites the default value 10 of maxIter
by 5.

2.3.6 Using the MATLAB “@” Constructor
Sometimes, it is quite helpful to apply Occam’s razor and use the MATLAB “@”
constructor to focus on essentials. Although the usage of this option is tempting, it
is used sparsely to avoid over abstraction.

Example 2.3 (Using the MATLAB @ Constructor)
An objective function typically depends on many variables. For example, setting

objFctn = @(wc) PIRobjFctn(T,R,omega,m,beta,M,wRef,xc,wc)

enables a compact call Jc=objFctn(wc) and hides all variables not relevant for
optimization.

2.3.7 FAIR Administration
Administration is tiresome and complicated but somehow a necessary and inevitable
overhead. In FAIR, the main building blocks are administered by specific functions
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16 Chapter 2. FAIR Concepts

with standardized input and rules. An administrative function caller for a generic
task is parameterized on the basis of a list of persistent parameters OPTN. Each
administrative functions handles one of the following tasks and is configured by a
list of options (see also options in FAIR):

• caller(’reset’,’caller’,method,name1,value1,...): clears all op-
tions and sets the method to be used to method and adds variables with
name1 and value value1, etc. to the persistent list of parameters

• caller(’set’,’name1’,value1,’name2’,value2,...): adds (or over-
writes) {’name1’,value1,’name2’,value2,...} to the persistent param-
eters

• caller(’clear’): clears persistent parameters

• caller(’disp’): displays persistent parameters

• [method,optn]=caller: returns the specific methods and the persistent op-
tions

• value=caller(’get’,’name’): returns the value of name or [] if not defined

• [y1,y2,...]=caller(x1,x2,...): executes the function based on input
variables and the persistent options.

Example 2.4 (Interpolation Administration)
In FAIR, any interpolation result depends on the data, the domain, and the points at
which the interpolant is to be evaluated. A natural call thus reads
Tc= inter(T,omega,xc). Note that the current points are denoted by xc, the
coefficients for the interpolation are denoted by T, and the interpolated values are
called Tc. An initialization call defines the scheme to be used, and a check using
disp verifies that the options have been set properly:

inter(’reset’,’inter’,’linearInter3D’); inter(’disp’);

2.3.8 Memory Versus Clarity
In this book, clarity is the winner in the battle between clarity and efficiency. A
higher-dimensional formula can often be derived using an appropriate combination
of one-dimensional (1D) formulae. An important but often not very efficient tool is
the so-called Kronecker product; see FAIR 2 (p.17).

Often, these Kronecker products involve an identity matrix In of appropriate
size, where

In = speye(n,n) =

1 0
. . .

0 1

 ∈ Rn,n. (2.2)
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FAIR 2: Kronecker Products

Given two matrices A ∈ Rp1,p2 and B ∈ Rq1,q2 , the Kronecker product is defined by

A⊗B =

 a1,1B · · · a1,p2B
...

. . .
...

ap1,1B · · · ap1,q2B

 ∈ Rp
1q1,p2q2 .

Example 2.5 (Kronecker Products)
As it will be explained in Chapter 4 in more detail, a 3D affine linear transformation
y = [y1, y2, y3] can be phrased as

yi(x) = [1, x1, x2, x3] · [wi+1, wi+2, wi+3, wi+4]>,

where w ∈ R12 denotes the parameters. A compact formulation y = Q(x)w is
obtained by setting

Q(x) = I3 ⊗ [1, x1, x2, x3].

Although there are more memory-efficient ways of computing the transformed grid,
FAIR stores a discretized version Q of Q and computes Qw using a simple matrix-
vector multiplication.

2.4 FAIR Examples
The performance of the algorithm is demonstrated on academic and real-life data.
For later reference, a collection of this data is summarized below.

(a) US (b) template hand (c) reference hand

Figure 2.3: Test images: (a) ultrasound image (Vibe Heldmann), (b) template and
(c) reference data from human hands; images from S. Heldmann and Y. Amit [59]; see
Examples 2.6 and 2.7.

Example 2.6 (Ultrasound Data)
The data of sizem = [693, 385] shows Vibe Heldmann; see Figure 2.3 and setupUSdata.
This data serves as an example for noisy data.
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18 Chapter 2. FAIR Concepts

Example 2.7 (X-ray Hand Data)
The data of size m = [128, 128] has been taken from [59]; see also setupHandData

and Figure 2.3. This intuitive data provides a challenging test case and is used to
illustrate problems with local minima.

(a) template section (b) reference section

Figure 2.4: Test images: data from a histological serial section; images provided by
O. Schmitt, Institute of Anatomy, University of Rostock, Germany [180]; cf. Example 2.8.

Example 2.8 (Histological Serial Sectioning Data)
The data of size m = [512, 256] has been provided by O. Schmitt, Institute of
Anatomy, University of Rostock, Germany [180]; see also setupHNSPdata and
Figure 2.4. It is generated in the Human NeuroScanning Project (HNSP) and
serves as a prototype for a relatively easy registration problem.

(a) T1 weighted MRI (b) T2 weighted MRI (c) PET (d) CT

Figure 2.5: Test images: (a) T1 and (b) T2 weighted MRIs from BrainWeb [89], see
Example 2.9. (c) PET and (d) CT images from R. Shekhat et al. [184], see Example 2.10.

Example 2.9 (T1 and T2 Weighted MRIs)
The data of sizem = [128, 128] is taken from BrainWeb [89]; see also setupMRIData

and Figure 2.5. It serves as a prototype for a registration problem with mildly
different modalities.

Example 2.10 (CT/PET Data)
CT and PET images from the thorax serve as data for multimodal image registra-
tion; data taken from R. Shekar et al. [184]. See also Figure 2.5.

Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.

../FAIR/examples/setupHandData.m
../FAIR/examples/setupHNSPdata.m
../FAIR/examples/setupMRIData.m


F I F T H P R O O F S “FAIR” 2009/10/8 page 19i
i

i
i

i
i

i
i

Chapter 3

Image Interpolation

This chapter introduces FAIR interpolation tools. The objective is to find a func-
tion T interpolating data dataT ∈ Rn given on a grid. More precisely, for given
points xj ∈ Rd the function T is required to satisfy the interpolation condition

T (xj) = dataT(j) for j = 1, . . . , n.

As an additional convention, it is assumed that the function T vanishes outside the
domain, i.e., T (x) = 0 for x 6∈ Ω.

After introducing basic notations and conventions used for data presentation
in Section 3.1, the interpolation schemes are ready to be described. Although
commonly used in image processing and therefore briefly discussed in Section 3.2,
the next neighbor interpolation is not used in FAIR. The reason is that it results
in a function whose derivative is either zero or undefined. This causes problems
in the optimization process to be used later. Therefore, the emphasize in this
book is on linear and spline interpolations; see Sections 3.3 and 3.4. More issues
on interpolations are covered by the books listed in Section 1.4. The piecewise
linear interpolant is differentiable almost everywhere, where the spline is as smooth
as wanted. Section 3.5 illustrates how to return a derivative of an interpolation
scheme, an essential issue in optimization.

For the more experienced reader, Section 3.6 introduces a technique to repre-
sent the data on different scales. Loosely speaking, a continuous parameter controls
smoothness versus data proximity. Similar effects can be obtained by removing high
frequencies in the image presentation.

In contrast to this multiscale approach, where a continuous parameter controls
the amount of details of the data representation, the discrete multilevel approach
discussed in Section 3.7 presents data on different levels. Finally, Section 3.8 sum-
marizes the interpolation tools explained in this chapter.

Some general concepts are outlined, and details are given in the following
sections. A parameterized continuous model based on the given data and interpo-
lation or approximation preferences is generated. Note that only for very simple
interpolation techniques will the data and the parameters of the model coincide.

19
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20 Chapter 3. Image Interpolation

The continuous model
T (x) = inter(T,omega,xc)

can be evaluated not only for a particular point x but for any collection xc = [xj ]nj=1

of n points. Note that the parameters of the interpolation models are assembled
using T. As mentioned before, these parameters do not necessarily coincide with the
original data. Only for special cases such as linear interpolation are coefficients and
data equal. If in addition the interpolation points coincide with the measurement
locations, the result

T (xc) = [T (xj)]nj=1

also equals the given data, thus making the data redundant. However, more inter-
esting scenarios are to be considered and discussed in the forthcoming chapters.

3.1 Cells, Grids, and Numbering
Let d denote the spatial dimension of the given data. In practice, d = 2 or d = 3,
where for the first reading d = 1 might be helpful. It is assumed that given data
with dataT(j) ∈ R is related to points

xj = [x1
j , . . . , x

d
j ] ∈ Rd, j = 1, . . . , n,

and that these points are the cell-centers of a regular grid of a d-dimensional interval
Ω = (ω1, ω2) × · · · × (ω2d−1, ω2d) ⊂ Rd; see Figures 3.1 and 3.2 for examples.
Superscript indices are used for components of vectors, and subscript indices are
used for numbering. For the purposes of this book, it is safe to assume that ω2i−1 =
0. However, for some problems such as data fusion it is beneficial to enable a more
general description of the domain in the code.

A grid is a partitioning of the interval into a number of congruent cells or
boxes. Thus, the ith component of the difference between two grid points is a
multiple of a constant grid width hi. For example, let the data sizem = [m1, . . . ,md]
be given and let

hi = (ω2i − ω2i−1)/mi, h = [h1, . . . , hd], (3.1)

ξij = ω2i−1 + (j − 0.5)hi, ξi = [ξi1, . . . , ξ
i
mi ] ∈ Rm

i

. (3.2)

Index vectors j = [j1, . . . , jd] are used for accessing elements of higher-dimensional
arrays. Also the collection of points

xj = [ξ1
j1 , . . . , ξ

d
jd ], ji = 1, . . . ,mi, i = 1, . . . , d,

is called a cell-centered grid , and the d-dimensional intervals

cellj = {x ∈ Rd | −hi/2 < xi − ξij < hi/2}

are called cells, where the cell centers are xj .
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h
• • • •

ω1 ω2cellj

xj

Figure 3.1: Discretization of a 1D domain Ω = (ω1, ω2) ⊂ R.

Remark 3.1
The variables used in the FAIR package have similar names but a different font. For
example, d is the Matlab equivalent to spatial dimension d. The superscribed vari-
ables (like mi, hi, ωi) are assembled as row vectors (like m, h, omega). Subscripted
variables are collected as column vectors and variables with super- and subscripts
as matrices, e.g., xi(j,i) = ξij .

The variable omega can also be used to describe different domains for the tem-
plate and reference image: omega(1,:) is used for the template and omega(end,:)

is used for the reference. However, this FAIR option is not used in this book.

Example 3.1 (Cells and Grids in One Dimension)
Figure 3.1 displays a 1D example. The interval Ω = (ω1, ω2) is divided into m = 4
cells of length h = (ω2−ω1)/m, with center xj = ξ1

j . A MATLAB statement reads

h = (omega(2:2:end)-omega(1:2:end-1))./m,

x = omega(1)+h/2:h:omega(2)-h/2.

x1

x2

ω3

ω1 ω2

ω4

h1

m1 = 4

m2 = 3

h2 •

•

•

•

•

•

•

•

•

•

•

•

cellj
xj

Figure 3.2: Discretization of a 2D domain Ω = (ω1, ω2)× (ω3, ω4) ⊂ R2.

In higher dimension, there is a conflict between the physical location of the
points and their numbering. This is illustrated in the following example.

Example 3.2 (Cells and Grids in Two Dimensions)
Figure 3.2 displays a 2D example. The domain Ω = (0, 4)× (0, 3) is divided into 4-
by-3 cells; i.e., m = (4, 3) and h1 = h2 = 1, ξ1 = [0.5, 1.5, 2.5, 3.5], and ξ2 =
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[0.5, 1.5, 2.5]. The cell centers are xj = [ξ1
j1 , ξ

2
j2 ], where j = [j1, j2], j1 = 1, 2, 3, 4,

and j2 = 1, 2, 3. The components x1
j and x2

j can be arranged in m1-by-m2 arrays,

X1 =

3.5 3.5 3.5

2.5 2.5 2.5

1.5 1.5 1.5

0.5 0.5 0.5

, X2 =

0.5 1.5 2.5

0.5 1.5 2.5

0.5 1.5 2.5

0.5 1.5 2.5

.

Note that the grid point for j = [3, 2] is Xj = [X1
j , X

2
j ] = [ξ1

3 , ξ
2
2 ] = [2.5, 1.5]

and cellj is the dark gray cell as shown in Figure 3.2.

Example 3.3 (Generating Cell-Centered Grids)
The function getCenteredGrid provides a convenient way of generating arbitrary
cell-centered grids for domains of dimensions d = 1, 2, 3. As a convention, the
output xc is a column vector of length d*prod(m). If necessary, this vector can
easily be reshaped to enable access to the different coordinates:

• xc=reshape(xc,[],d) returns a prod(m)-by-d array, where the xc(j,:)

gives the jth grid point, and reshape(xc(:,j),m) returns the jth coordinate
as a d-dimensional array of size m;

• xc=reshape(xc,[m,d]) returns a m(1)-by-· · · -by-m(d)-by-d array.

This file is E3_getCenteredGrid.m
%%%
omega = [0,6,0,4,0,8], m = [3,2,2]
xc = getCenteredGrid(omega(1:2),m(1)); xc = reshape(xc,1,[])
xc = getCenteredGrid(omega(1:4),m(1:2)); xc = reshape(xc,[m(1:2),2])
xc = getCenteredGrid(omega(1:6),m(1:3)); xc = reshape(xc,[m(1:3),3])

3.1.1 Right-Handed Coordinate System
Some visualization tools, e.g., image or imagesc, assume that the data is given in a
left-handed (i, j) coordinate system, where i denotes the row (top to bottom) and j
the column (left to right). In order to get the same ordering for the data and the
cell centers, an initial conversion of the data into a right-handed format pays off.
Let Tij be the given data in (i, j) coordinate system; the reoriented data is given
by dataT:

1D: dataT=reshape(Tij,[],1),

2D: dataT=flipud(Tij)’,

3D: dataT=flipdim(flipdim(permute(Tij,[3,2,1]),3),1).
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Example 3.4 (Changing Coordinate Systems in Two Dimensions)
This example continues Example 3.2. Let Tij be 3-by-4, dataT=flipud(Tij)’,
with

Tij =

t3,1

t2,1

t1,1

t3,2

t2,2

t1,2

t3,3

t2,3

t1,3

t3,4

t2,4

t1,4

= 1

1

2

2

3

3

4

4

4 4 4 4

, dataT =

4

4

4

4

4

3

2

1

4

3

2

1

.

For example, for j = [3, 2], the data associated with xj = [X1
j , X

2
j ] = [2.5, 1.5] (dark

gray cell in Figure 3.2) is Tij(2,3)= 3. On the other hand, for any j, the data
dataT(j) is intuitively assigned to xj .

Example 3.5 (Changing Coordinate Systems in Three Dimensions)
Try the following commands. Note that for j = [1, 1, 1] (back, left, and bottom
entry) T(1)=T(j)=9 is assigned to xj = [x1

j , x
2
j , x

3
j ].

This file is E3_ij2xy3D.m
%%%
Tij=reshape(1:12,[3,2,2]),
disp(flipdim(flipdim(permute(Tij,[3,2,1]),3),1))
disp([’T(:)’’= [ 9 3 12 6 8 2 11 5 7 1 10 4]’])

3.1.2 Lexicographical Ordering
In particular for the optimization schemes to be discussed later, it is convenient to
rearrange d-dimensional arrays as long vectors. Here the lexicographical ordering
is used. For j = [j1, . . . , jd],

1D: j 7→ j1,

2D: j 7→ j1 +m1(j2 − 1),

3D: j 7→ j1 +m1(j2 − 1) +m1m2(j3 − 1).

To reduce the notational overhead, the number on the right side is again denoted
by j ∈ N. Of course, any other ordering could be used as long as it is used consis-
tently.

Example 3.6 (Lexicographical Ordering in Two Dimensions)
For the data of Examples 3.2 and 3.4 the vectorized quantities are

X1(:) = [ 0.5; 1.5; 2.5; 3.5; 0.5; 1.5; 2.5; 3.5; 0.5; 1.5; 2.5; 3.5 ],
X2(:) = [ 0.5; 0.5; 0.5; 0.5; 1.5; 1.5; 1.5; 1.5; 2.5; 2.5; 2.5; 2.5 ],

dataT(:) = [ 4; 4; 4; 4; 1; 2; 3; 4; 1; 2; 3; 4 ].

Note that if xc= getCenteredGrid(omega,m), then xc = [X1(:);X2(:)].
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24 Chapter 3. Image Interpolation

The grid points xj , j = 1, . . . , n, are collected in a vector xc of length dn.
In MATLAB, vectorized versions of arrays of size m can be obtained by setting
Tvector=Tarray(:). On the other hand, reshape(Tvector,m) returns the array
of size m. Therefore, standard procedures for visualization can be used. For example,
viewImage2D enables the graphical output of vectorized 2D data. A reasonable
visualization of 3D data is beyond the scope of this book. However, a poor man’s
version is the topic of Exercise 3.3.

3.2 Next Neighbor Interpolation
Having finished the basic notations and conventions, the interpolation schemes are
ready to be described. Although commonly used in image processing, next neighbor
interpolation is not used in FAIR. The reason is that the interpolant is not continu-
ous which causes trouble in the optimization schemes to be discussed later. However,
the procedure is defined by setting T nn(x) = 0 for x 6∈ Ω and T nn(x) := dataT(j),
where j is such that x ∈ cellj ; see Figure 3.3 for a 1D example.

• • • •
ω1 ω2

•
•

•

•

cellj

Figure 3.3: Next neighbor interpolation in one dimension (dashed line).

3.3 Linear Interpolation
The 1D case provides the necessary insight for the linear interpolation schemes.
Kronecker product techniques are used to extend the scheme to higher dimensions.

3.3.1 Linear Interpolation for 1D Data

The basic idea is to assign a function value at a certain position as a weighted sum
of the function values of the neighboring points. By using the simple linear map

x 7→ x′ = (x− ω1)/h+ 0.5, (3.3)

a domain Ω = (ω1, ω2) is mapped onto Ω′ = (0.5,m + 0.5) and, in particular,
xj = ω1 + (j − 0.5)h is mapped onto j. Thus, the neighbors and the weights for
an arbitrarily chosen point x can be easily obtained by splitting x′ into an integer
part p and a remainder ξ, where

p = bx′c := max{j ∈ Z | j ≤ x′} and ξ = x′ − p, 0 ≤ ξ < 1. (3.4)
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• • • •
0.5 m+ 0.5
| |×

×

x′

T linear(x)

p p+ 1

ξ 1− ξ•
•

•

•

Figure 3.4: Linear interpolation in one dimension.

For d = 1 one could avoid the above mapping by starting with the primed quantities
and, in particular h′ = 1. For d > 1, however, the distance of data points can vary
for different directions and the assumption h = (1, . . . , 1) can be too restrictive.

The basic formula for linear interpolation reads

T linear(x) := dataT(p) · (1− ξ) + dataT(p+ 1) · ξ; (3.5)

see also Figure 3.4. Equation (3.5) is only valid for x1 ≤ x < xm or, equivalently, 1 ≤
x′ < m. Adding the two additional artificial data points (0, 0) and (m + 1, 0)
provides a simple trick to reduce the cases to be discussed in the implementation:
For all x ∈ Ω and thus x′ ∈ [0.5,m+0.5] it then holds that 0 ≤ p ≤ m and 0 ≤ ξ < 1.
Note, however, that T linear might not be completely zero outside the domain Ω′ =
(0.5,m + 0.5); see also Figure 3.4. Fortunately, this is a minor problem: based on
the assumption that T is compactly supported, one could always choose a bigger
interval such that dataT(1) = dataT(m) = 0 (padding the data) which would
resolve this problem immediately. Note, however, that in most applications the
data is not compactly supported. See Chapter 10 for a discussion.

3.3.2 Linear Interpolation for Higher-Dimensional Data

The extension to higher dimensions is based on a Kronecker product approach; cf.
FAIR 2 (p.17). Here, the above concepts are applied to any coordinate, and T linear

is computed as a weighted sum of the data from neighboring cells,

T linear(x) =
∑

k∈{0,1}d

dataT(p+ k)
∏

i=1,...,d

(ξi)k
i

(1− ξi)(1−ki). (3.6)

For d = 2, (3.6) results in p = (p1, p2), ξ = (ξ1, ξ2), and

T linear(x) = dataT(p1, p2)(1− ξ1)(1− ξ2) + dataT(p1 + 1, p2)ξ1(1− ξ2)

+ dataT(p1, p2 + 1)(1− ξ1)ξ2 + dataT(p1 + 1, p2 + 1)ξ1ξ2.

For an implementation see also Example 3.7.
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26 Chapter 3. Image Interpolation

(a) data (b) fine grid
(c) 3D view

Figure 3.5: Linear interpolation of the data of Example 3.7 (a particular colormap has
been used for (a) and (b)).

3.3.3 Summarizing Linear Interpolation
Linear interpolation is a reasonable tool in image registration. The interpolant can
be evaluated with low computational costs and has attractive features. For example,
the values of the interpolant do not exceed the interval spanned by the data, and the
interpolation has no spurious oscillations; see, e.g, Figure 3.5. However, although
the interpolant is differentiable almost everywhere, it is not differentiable at the
grid points. Linear interpolation is thus the interpolation method of choice when
no derivatives are needed. In order to benefit from fast and efficient optimization
schemes, smoother interpolants are needed. Among the many existing techniques,
cubic spline interpolation is a reasonable compromise between differentiability and
efficiency and is thus supported by FAIR.

Example 3.7 (Linear Interpolation in Two Dimensions)
A typical linear interpolation call; see linearInter2D for an implementation.

This file is E3_linearInterpolation2D.m
%%%
dataT = flipud([1,2,3,4;1,2,3,4;4,4,4,4])’;
m = size(dataT);
omega = [0,m(1),0,m(2)];
M = {m,10*m}; % two resolutions, coarse and fine
xc = reshape(getCenteredGrid(omega,M{1}),[],2); % coarse resolution
xf = reshape(getCenteredGrid(omega,M{2}),[M{2},2]); % fine resolution
Tc = linearInter2D(dataT,omega,xc(:));
Tf = linearInter2D(dataT,omega,xf(:));
clf; ph = plot3(xc(:,1),xc(:,2),Tc(:),’ro’); hold on;
qh = surf(xf(:,:,1),xf(:,:,2),reshape(Tf,M{2}));

3.4 Spline Interpolation
While the next neighbor and linear interpolations are probably originated in graph-
ics, the spline approach has its origin in shipbuilding. The objective is to find a
function T spline interpolating the data and minimizing its bending energy. Again,
the 1D situation provides a perfect starting point for higher dimensions, where
schemes are derived from a Kronecker product approach.
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3.4.1 Spline Interpolation for 1D Data
The bending energy is approximated by an integration over the square of the second
derivative,

S[T ] =
∫

Ω

(T ′′(x))2 dx. (3.7)

The solution of the interpolation problem

S[T ] != min subject to T (xj) = dataT(j), j = 1, . . . ,m,

is a cubic spline that can be expanded in terms of some coefficients cj and basis
functions bj ; cf., e.g., [162]. One of the many outstanding properties of a spline
space is that it allows for an expansion in terms of a simple basis, where each basis
function bj is a translated version of a so-called “mother” spline b. For a more
extended introduction to spline interpolation see [53, 169, 190] and the books listed
in Section 1.4.

In order to achieve a convenient access to the indexing of the basis function, the
map introduced in (3.3) is used. The mapped cell-centered grid points are xj = j.
Figure 3.6 shows the basis function b = b0 and two arbitrarily chosen translates b2
and b7, where b j(x) = b(x− j) and

b(x) =


(x+ 2)3, −2 ≤ x < −1,
−x3 − 2(x+ 1)3 + 6(x+ 1), −1 ≤ x < 0,
x3 + 2(x− 1)3 − 6(x− 1), 0 ≤ x < 1,
(2− x)3, 1 ≤ x < 2,
0, else.

(3.8)

The goal is to expand the interpolant by

T (x) = T spline(x) =
m∑
j=1

cjb
j(x) (3.9)

and to derive fast ways for evaluating (3.9) and for computing the coefficients c =
[c1; . . . ; cm]. Expanding (3.9) at the cell centers xj = j gives the interpolation

| | |
0 2 7

b = b0 b2b2 b7

Figure 3.6: “Mother” spline b = b0 (solid) and basis functions b2 and b7.
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28 Chapter 3. Image Interpolation

Figure 3.7: Spline interpolation in one dimension; see Example 3.8.

condition

dataT(j) = T (xj) =
m∑
k=1

ckb
k(j) = [b1(j), . . . , bm(j)] c, j = 1, . . . ,m. (3.10)

Gathering all function values in T (xc) = [T (x1); . . . ; T (xm)] yields the equivalent
formula

dataT = T (xc) = [b1(xc), . . . , bm(xc)] c = Bm c (3.11)

with

Bm = [bk(xj)] =


4 1 0

1
. . . . . .
. . . . . . 1

0 1 4

 ∈ Rm,m (3.12)

and presents a convenient formula for computing the coefficients c; see also Exer-
cise 3.6.

Since b0(x) = 0 for x 6∈ (−2, 2), for any point x = p + ξ with integer part p
and remainder ξ (cf. (3.4)), at most four basis functions are nonzero and thus

T spline(x) = cp−1b(ξ + 1) + cpb(ξ) + cp+1b(ξ − 1) + cp+2b(ξ − 2),

which provides an efficient way of evaluating the spline.

Example 3.8 (Spline Interpolation in One Dimension)
The following code illustrates how to use the spline interpolation in one dimension;
see also Figure 3.7.

This file is E3_splineInterpolation1D.m
%%%
dataT = [0,2,2,2,1]; m = length(dataT); omega = [0,m];
xc = getCenteredGrid(omega,m);
B = spdiags(ones(m,1)*[1,4,1],[-1:1],m,m);
T = B\reshape(dataT,m,1);
xf = linspace(-1,6,101);
Tf = book_splineInter1D(T,omega,xf);
figure(1); clf; ph = plot(xc,dataT,’.’,xf,Tf,’g-’,’markersize’,30);
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This file is book_splineInter1D.m
%%%function Tc = splineInterpolation1D(T,omega,x);

% get data size m, cell size h, dimension d, and number n of interpolation points
m = length(T);
h = (omega(2:2:end)-omega(1:2:end))./m;
d = length(omega)/2;
n = length(x)/d;
x = reshape(x,n,d);
% map x from [h/2,omega-h/2] -> [1,m],
for i=1:d, x(:,i) = (x(:,i)-omega(2*i-1))/h(i) + 0.5; end;

Tc = zeros(n,1); % initialize output
Valid = @(j) (-1<x(:,j) & x(:,j)<m(j)+2); % determine indices of valid points
valid = find( Valid(1) );
if isempty(valid), return; end;

% pad data to reduce cases
pad = 3; TP = zeros(m+2*pad,1); TP(pad+(1:m)) = reshape(T,m,1);
P = floor(x); x = x-P; % split x into integer/remainder
p = pad + P(valid); xi = x(valid); % add the padding

b1 = @(xi) (1-xi).^3; % abbreviation for the spline segments
b2 = @(xi) -2*(1-xi).^3+xi.^3+6*(1-xi);
b3 = @(xi) (1-xi).^3-2*xi.^3+6*xi;
b4 = @(xi) xi.^3;

% compute Tc as weighted sum
Tc(valid) = TP(p-1).*b1(xi) + TP(p).*b2(xi) + TP(p+1).*b3(xi) + TP(p+2).*b4(xi);

The above example points out one of the drawbacks of the spline approach;
see also Exercise 3.8. Although the data is constant on the interval [1.5, 3.5], the
spline is not. The interpolant has an oscillatory behavior also known as ringing.
Techniques for overcoming this drawback are discussed in Section 3.6.

3.4.2 Spline Interpolation for Higher-Dimensional Data
A Kronecker product approach is used for higher dimensions. Here, (3.9) is replaced
by

T (x) = T spline(x) =
md∑
jd=1

· · ·
m1∑
j1=1

cj1,...,jdbj
1
(x1) · · · bj

d

(xd). (3.13)

Example 3.9 (Computing 2D Spline Coefficients)
For d = 2, the interpolation condition reads

dataT(j1, j2) = T (xcj1,j2) =
m2∑
k2=1

m1∑
k1=1

ck1,k2bk
1
(ξ1
j1)bk

2
(ξ2
j2),

since xcj = [ξ1
j1 , ξ

2
j2 ]. With the matrices Bmi = [bk(ξ1

j )]m
i

k,j=1 as introduced in (3.11),
this can be rewritten as

dataT(j1, j2) =
m2∑
k2=1

m1∑
k1=1

ck1,k2Bm1(k1, j1)Bm2(k2, j2).

Using the lexicographical ordering (cf. (3.6)) j = j1+(j2−1)m1, k = k1+(k2−1)m1,
j, k = 1, . . . , n = m1m2, and the Kronecker product Bm = Bm2 ⊗ Bm1 ∈ Rn,n, i.e.,
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Bm(j, k) = Bm1(j1, k1)Bm2(j2, k2), the above interpolation condition reads

dataT(j) =
n∑
k=1

Bm(j, k)ck, j = 1, . . . , n, or simply dataT = Bm c.

This formula provides a way of computing the spline coefficients c = B−1
m1 dataTB

−1
m2 ;

see, e.g., [77].

Example 3.10 (Spline Interpolation in Two Dimensions)
This example continues Example 3.7. The following code illustrates how to use the
spline interpolation in two dimensions; see also splineInter2D and Figure 3.8.

This file is E3_splineInterpolation2D.m
%%%
dataT = flipud([1,2,3,4;1,2,3,4;4,4,4,4])’;
m = size(dataT);
omega = [0,m(1),0,m(2)];
M = {m,10*m}; % two resolutions
xc = reshape(getCenteredGrid(omega,M{1}),[],2);
xf = reshape(getCenteredGrid(omega,M{2}),[M{2},2]);

B = @(i) spdiags(ones(m(i),1)*[1,4,1],[-1:1],m(i),m(i));
T = B(1)\dataT/B(2);
Tc = book_splineInter2D(T,omega,xc(:));
Tf = book_splineInter2D(T,omega,xf(:));

clf;
ph = plot3(xc(:,1),xc(:,2),Tc(:),’ro’); hold on;
qh = surf(xf(:,:,1),xf(:,:,2),reshape(Tf,M{2}));

The general case is a straightforward extension of the above example. Using
a lexicographical ordering and the matrix Bm = Bmd ⊗· · ·⊗Bm1 , the interpolation
condition yields T (xc) = Bm(xc) c.

(a) on data grid (b) on finer grid
(c) 3D view

Figure 3.8: Spline interpolation of the data of Example 3.7 (a particular colormap has
been used in (a) and (b)).

3.5 Derivatives of Interpolation Schemes
Fast optimization schemes to be discussed later rely on derivatives. Since the trans-
formed images are a central ingredient of the objective function, derivatives of the
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interpolants are inevitable. This section focuses on spline interpolation and provides
derivatives of single- and multivariate input. Moreover, a procedure for testing im-
plementations of derivatives is supplied.

3.5.1 Derivatives of Interpolants
So far, an image is a function in x ∈ Rd defined by an interpolation scheme,

T (x) = inter(T,omega,xc),

where T denotes the coefficients. All the interpolants used in FAIR are Kronecker
products of 1D basis functions,

T (x) =
md∑
jd=1

· · ·
m1∑
j1=1

cj b
j1(x1) · · · bj

q

(xq) · · · bj
d

(xd). (3.14)

Therefore

∂qT (x) =
md∑
jd=1

· · ·
m1∑
j1=1

cj b
j1(x1) · · · (bj

q

)′(xq) · · · bj
d

(xd), (3.15)

where (bq)′ can be computed from (3.8.) For an example of spline interpolation
with analytic derivatives, see splineInter2D.

3.5.2 Derivatives of Multivariate Interpolants
In the FAIR framework, the interpolation is typically evaluated for an ensemble of
points xj = [x1

j , . . . , x
d
j ], j = 1, . . . , n. Gathering these points as

xc = [x1
1; . . . ;x1

n; . . . ; xd1; . . . ;xdn],

one is interested in T : Rnd → Rn with jth component Tj(xc) = T (xj) = T (x1
j , . . . , x

d
j )

and the derivative is an n-by-nd matrix which is also known as the Jacobian of T ,
where

dT (xc) =
[
∂Tj(xc)
∂xc(k)

]
j=1,...,n, k=1,..,nd

.

Since the jth component of T depends only on xj = [x1
j , . . . , x

d
j ], the Jacobian is a

block matrix with diagonal blocks.

Example 3.11 (The Format of a 2D Interpolation Derivative)
The derivative of a 2D interpolation scheme evaluated for n points is

dT (xc) =

∂1T (x1
1, x

2
1) ∂2T (x1

1, x
2
1)

. . . . . .
∂1T (x1

n, x
2
n) ∂2T (x1

n, x
2
n)

 .
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32 Chapter 3. Image Interpolation

3.5.3 Testing Implementations of Derivatives

One of the many traps in optimization is working with an erroneous derivative. The
following test provides a simple way of checking the implementation of a derivative.
To this end, let f be a multivariate function f : Rn → R and let v ∈ Rn be an
arbitrary vector in the Taylor expansion

f(x+ hv) = f(x) + h df(x) v +O(h2).

A matrix A is the derivative of f if and only if the difference

‖f(x+ hv)− f(x)− hAv‖

is essentially quadratic in h. The function checkDerivative computes this differ-
ence and visualizes the results; see Figure 3.9 for a typical result.

Example 3.12 (Testing a Derivative Implementation)
The following call checks the derivative of the spline interpolation scheme.

This file is E3_checkDerivative.m
%%%
E3_splineInterpolation2D;
fctn = @(x) splineInter2D(T,omega,x);
[fig,ph,th] = checkDerivative(fctn,xf(:));

Figure 3.9: A typical result of checkDerivative: linear decay (solid line) for ‖f(y +
hv)−f(y)‖ and quadratic decay (dashed line) for ‖f(y+hv)−f(y)−hdf(y)‖ up to machine
precision shown on a logarithmic scale.

3.6 Multiscale Spline Interpolation
This section is intended for experienced readers and may be skipped in a first
reading.
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In practice, the data to be interpolated is contaminated by noise, and thus
it is questionable whether to ask the interpolant for a perfect fit of the data. In-
stead of concentrating on a data fit, one can compromise between data fitting and
smoothness of the interpolant. For example, the interpolant in Example 3.8 shows
unreasonable oscillations and ringing artifacts. The idea is to replace the strong
interpolation condition by a more relaxed one. A continuous parameter θ > 0 con-
trols the balance between data fitting and smoothness. This procedure is commonly
known as Tychonoff regularization. Setting θ = 0 yields the interpolation problem
(3.17), whereas setting θ = ∞ yields a very smooth solution. If the noise level of
the data is known a priori, the weighting can be chosen accordingly; see [111, 203].

The basic idea is explained for 1D data and the linearized bending energy (3.7).
Using Kronecker products, the extension to higher dimensions is straightforward.

3.6.1 Multiscale Interpolation in One Dimension

Given the measurements dataT(j) at some spatial positions xj , j = 1, . . . ,m, the
interpolation problem may be phrased in the following fashion. Find a function T :
R→ R, such that D[T ] = 0, where

D[T ] := ‖T (xc)− dataT‖2Rm =
m∑
j=1

(T (xj)− dataT(j))2. (3.16)

As already discussed, this problem has many solutions (piecewise constant, linear,
spline, etc.) and thus additional conditions are necessary to specify a particular
solution. For example, it can be meaningful to pick the solution with minimal
bending energy. Using the approximation S =

∫
Ω

(T ′′(x))2 dx (cf. (3.7)), the spline
interpolation problem can also be phrased as follows. Find a function T such that

S[T ] = min subject to D[T ] = 0, (3.17)

and the solution is a spline, i.e., permits an expansion of the type (3.9). This
approach has a strong focus on the data fitting term D which appears as a constraint
in the optimization. A more relaxed version reads

D[T ] + θS[T ] = min where T is a spline. (3.18)

Since it is known that the solutions of (3.17) and (3.18) are splines anyway, the
restriction to a spline space is not severe; see [97, 162] for a more extended dis-
cussion. The parameter θ > 0 is a weighting factor balancing between data fitting
and smoothness. Setting θ = 0 yields the interpolation problem (3.17), whereas
setting θ = ∞ yields a very smooth solution. Moreover, if the noise level of the
data is known, the weighting can be chosen accordingly; see [203].

Since the function T is parameterizable, the computations can be performed
in parameter space. The expansion T (x) =

∑m
j=1 cjb

j(x) yields

D[T ] = ‖Bc− dataT‖2Rm (3.19)
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34 Chapter 3. Image Interpolation

(cf. (3.11)) and the regularizer S results in a weighted norm

S[T ] = ‖c‖2M = c>Mc, where Mj,k =
∫

Ω

(bj)′′(bk)′′ dx. (3.20)

An even more general approach is to replaceM by an arbitrary symmetric, positive
semidefinite weighting matrix W . The unique solution for both (3.17) and (3.18) is
given by

(B>B + θW )c = B>dataT. (3.21)

The particular choice W = M is theoretically justified since the optimization
is in the spline space (function minimizing the bending energy). However, one may
argue about small coefficients (W = I, the so-called Tychonoff regularization) or
small varying coefficients (W = D>D, Tychonoff–Phillips regularization), where D
approximates a derivative,

D =

−1 1
. . . . . .
−1 1

 ∈ Rm−1,m.

Example 3.13 (Multiscale Spline Approximations in One Dimension)
This example continues Example 3.8. Results for different choices of W and θ =
1, 10, 100 are shown in Figure 3.10. A reference is the interpolant (coefficients c =
B−1dataT) with B from (3.11) and dataT denoting the data. For the computation
of M see Exercise 3.7.

(a) W = I (b) W = D>D

(c) W = M (d) truncated

Figure 3.10: Spline approximations with different regularization and varying θ’s, θ = 0
(thick solid line), θ = 1 (dashed line), θ = 10 (dashed-dotted line), and θ = 100 (dotted
line), see Example 3.13. (d) shows results for the truncated regularization; see Example
3.14.
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This file is E3_MS_splineInterpolation1D.m
%%%
function varargout = E3_MS_splineInterpolation1D(regularizer)
if nargin == 0, regularizer = ’I’; end; % default value
dataT = [0,2,2,2,1]’; m = length(dataT); omega = [0,m]; % initialize some data
xc = linspace(omega(1)-1,omega(2)+1,101); % fine discretization
Tc = @(T) book_splineInter1D(T,omega,xc); % spline interpolant
B = spdiags(ones(m,1)*[1,4,1],[-1:1],m,m); % spline basis
D = spdiags(ones(m,1)*[-1,1],[0,1],m-1,m); % derivative operation
M = toeplitz([96,-54,0,6,zeros(1,m-4)]); % second derivative
switch regularizer, % initialize regularization
case ’I’, W = speye(m,m); % identity, Tychonoff
case ’D’, W = D’*D; % derivative, Tychonoff-Phillips
case ’M’, W = M; % bending operator

end;
c = @(theta) (B’*B+theta*W)\(B’*dataT); % coefficients as function in theta
ph(1:2) = plot(getCenteredGrid(omega,m),dataT,’.k’,xc,Tc(B\dataT),’k-’); hold on;
ph(3:5) = plot(xc,Tc(c(1)),’k-.’,xc,Tc(c(19)),’k--’,xc,Tc(c(100)),’k-’); hold off;
if nargout ~= 0; varargout = {ph}; end;

From the registration perspective, the differences in the choices of W are
minor, although choosing W = I leads to a stronger reduction of the function
values. Changing θ from low to high continuously degrades the function from the
interpolant to a straight line.

3.6.2 Truncating High Frequencies

The approaches of the previous section allow a continuous smoothing of the image T ,
where the smoothing is controlled by a parameter θ ∈ R. This section discusses a
degradation by basically cutting off the highest k frequencies in the representation
of T . In contrast to smoothing with θ, a truncation of k frequencies is an intrinsically
discrete process, i.e., k ∈ N. Therefore, this is not a scale-space approach in the
classical sense. However, this approach is presented in this section since it only
modifies the coefficients in the representation of the function and does not change
the data.

The matrix B in (3.11) is diagonalized by a discrete sine transform; see, e.g.,
[162]. With

V =

√
2

m+ 1

[
sin ijπ

m+1

]m
i,j=1

∈ Rm,m, (3.22)

D = 4 + 2diag(cos(iπ/(m+ 1)), i = 1, . . . ,m) ∈ Rm,m, (3.23)

it holds that B = V DV > and V >V = I and Dĉ = V >dataT with c = V ĉ.
The coefficients c are thus a linear combination of the columns of V , which might
be viewed as oscillations where the frequency increases with the column index;
see Figure 3.11 for an example. A smooth coefficient vector and thus a smooth
approximation can be obtained by replacing coefficients of ĉ = D−1V >dataT which
belong to a higher frequency by zero; i.e.,

c = V ĉk, ĉk =
{
ĉj , j ≤ k,
0, j > k.
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36 Chapter 3. Image Interpolation

Figure 3.11: Oscillations: jth column of V (m = 8), j = 1 (solid line), j = 2 (dashed
line), and j = 8 (dashed-dotted line).

Example 3.14 (Truncated Spline Approximations in One Dimension)
This example continues Example 3.13. Figure 3.10 also shows results of the following
program.

This file is E3_truncatedSplineInterpolation1D.m
%%%
dataT = [0,2,2,2,1]’; omega = [0,5]; m = length(dataT); % initialize some data
xc = linspace(omega(1)-1,omega(2)+1,101); % fine discretization
Tc = @(T) book_splineInter1D(T,omega,xc); % spline interpolant
B = spdiags(ones(m,1)*[1,4,1],[-1:1],m,m); % spline basis
% D = spdiags(ones(m,1)*[-1,1],[0,1],m-1,m); % derivative operation
% M = toeplitz([96,-54,0,6,zeros(1,m-4)]); % second derivative

clf; ph = plot(getCenteredGrid(omega,m),dataT,’.k’,xc,Tc(B\dataT),’k-’); hold on;
d = 1./(4+2*cos((1:m)’*pi/(m+1)));
V = sqrt(2/(m+1))*sin((1:m)’*(1:m)*pi/(m+1));
style = {’-’,’--’,’-.’,’.’,’-’}; col = ’krgbmc’;
for q=2:4,
c= V’*diag([d(1:q);zeros(m-q,1)])*(V*dataT);
ph(q+1) = plot(xc,Tc(c),style{q},’color’,col(q),’linewidth’,1.5);

end;

3.6.3 Multiscale Interpolation in Higher Dimensions

Fortunately, the general case is a straightforward extension of the 1D situation
when using Kronecker products. Note that B = Bd ⊗ · · · ⊗ B1 and suppose W =
Wd ⊗ · · · ⊗W1 and θ are given. Setting

Mi = Bi and Pi = I for interpolation or
Mi = B>i Bi + θWi and Pi = Bi for the multiscale approach,

the coefficients are basically given by c = M−1
i Pi dataT. However, in order to

efficiently perform these computations in higher dimensions, some reorganization
of the data is necessary. The steps for the multiscale approach for dimensions 1, 2,
and 3 are summarized as follows:

Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.

../FAIR/examples/E3_truncatedSplineInterpolation1D.m


F I F T H P R O O F S “FAIR” 2009/10/8 page 37i
i

i
i

i
i

i
i
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1D: c = M−1
1 P1 dataT ∈ Rm1

.

2D: c = M−1
1 P1 dataT P2 M

−1
2 ∈ Rm1,m2

, note that (A⊗B) ~X = (AXB>)~.

3D: Unfortunately, there is no matrix-times-vector analogue for dimensions d > 2
in MATLAB. This inconvenience is bypassed by a tiresome reordering of the
data. Running over all three directions, the remaining two directions are
condensed. After applying the operation to the 2D presentation, the data is
retransformed. For example, let

dataT(:, :, 1) =

[
1 4
2 5
3 6

]
and dataT(:, :, 2) =

[
7 10
8 11
9 12

]
.

The operation for the first direction can be mimicked by (a) reorganizing the
data in a 3-by-4 array, (b) doing the computation as matrix-times-matrix, and
(c) reorganizing the data back to 3-by-2-by-2:

dataT = reshape(T,m(1),m(2)*m(3)) =

[
1 4 7 10
2 5 8 11
3 6 9 12

]
,

dataT = reshape(M−1
1 P1T,m).

The operation for the second direction can be mimicked by (a) making the
second direction the leading direction, (b) reorganizing the data in a 2-by-6
array, (c) doing the computation as matrix-times-matrix, and (d) reorganizing
the data back to 3-by-2-by-2:

dataT = permute(T,[2,1,3]),

dataT(:, :, 1) =
[1 2 3
4 5 6

]
, dataT(:, :, 2) =

[ 7 8 9
10 11 12

]
,

dataT = reshape(permute(T,[2,1,3]),m(2),m(1)*m(3))

=
[1 2 3 7 8 9
4 5 6 10 11 12

]
,

c = permute(reshape(M−1
2 P2 T,m([2,1,3])),[2,1,3]).

The operation for the third direction is along the same lines:

dataT = permute(T,[3,1,2]),

dataT(:, :, 1) =
[1 2 3
7 8 9

]
, dataT(:, :, 2) =

[ 4 5 6
10 11 12

]
,

dataT = reshape(permute(T,[3,1,2]),m(3),m(1)*m(2))

=
[1 2 3 4 5 6
7 8 9 10 11 12

]
,

c = permute(reshape(M−1
3 P3T,m([3,1,2])),[2,3,1]).
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38 Chapter 3. Image Interpolation

Example 3.15 (Kronecker Product in MATLAB)
The following code provides a compact, though hard to digest, alternative to the
above statements.

This file is book_kron3D.m
%%
% memory efficient implementation of
% reshape(Mx,m), Mx = kron(M{1},kron{M{2},M{3})) * x(:)

x = reshape(x,m); % make sure x is a 3d-array of size m

% given a permutation L of [1,2,3], the following function
% 1. permutes x, such that j=J(1) is the first dimension
% 2. reshapes the permuted x, such that it is m(j)-by-M(J(2))*m(J(3))
% 3. multiplies this by M which is assumed to be m(j)-by-m(j)
% 4. undoes the reshape to make the result m(j)-by-m(J(2))-ny-m(J(3))
% 5. undoes the permute

operate = @(M,x,L) ipermute( reshape( ...
M*reshape( permute(z,L), m(L(1)),[]), m(L)), L);

% run over all directions
for ell=1:3,
% make the ell-th component the first
L = [ell,setdiff(1:3,ell)];
% operate as indicated above
x = operate(M{ell},x,L);

end;

Example 3.16 (Smoothing Spline Approximation in Two Dimensions)
The 2D US image from Example 2.6 serves as data for the following experiments.
The following code shows how to use the spline approximation scheme. The main in-
gredients are getSplineCoefficients (works for d = 1, 2, 3) and splineInter2D;
see also Figure 3.12.

This file is E3_MS_splineInterpolation2D.m
%%%
setupUSData; m = 128*[3,2]; xc = getCenteredGrid(omega,m);
T = getSplineCoefficients(dataT,’dim’,2,’regularizer’,’gradient’,’theta’,50);
figure(2); clf; viewImage2D(splineInter2D(T,omega,xc),omega,m);
colormap(gray(256));

The above example affirms the observation from the 1D example: The dif-
ferences between the choices of W are minor; enlarging θ removes more and more
details.
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(a) interpolation (b) interpolation (c) W = M , θ = 102

(d) W = I, θ = 1 (e) W = I, θ = 5 (f) W = I, θ = 10

(g) W = D>D, θ = 10 (h) W = D>D, θ = 102 (i) W = D>D, θ = 103

(j) W = M , θ = 10 (k) W = M , θ = 102 (l) W = M , θ = 103

(m) truncated 50% (n) truncated 90% (o) truncated 95%

Figure 3.12: Spline approximations in two dimensions with different regularization W
and varying θ’s; (b) and (c) show 3D views of a detail in the image; image from Exam-
ple 2.6.
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3.7 Multilevel Representation of Data
A different approach to smoothing is obtained by a reinterpretation of the data
acquisition. Suppose that the measurement dataT(j) is the average light intensity
on a cell cj plus some noise. A smoothed measurement can then be obtained
by averaging adjacent cells. This results in representing the displayed object on
different levels.

Example 3.17 (Multilevel Representation of 1D Data)
Suppose thatm = 2L, L ∈ N, and dataT ∈ Rm is given. A multilevel representation
of the data is {T`, ` = 0, . . . , L}, where TL = dataT and for ` = L : −1 : 1,
T`−1 = (T`(1 : 2 : m− 1) + T`(2 : 2 : m))/2.

Example 3.18 (Multilevel Representation of 2D Data)
Suppose that m1 = m2 = 2L with L ∈ N and dataT ∈ Rm1,m2

is given. A
multilevel representation of the data is {T`, ` = 0, . . . , L}, where TL = dataT and
for ` = L : −1 : 1,

T`−1 = (T`(1 : 2 : m1 − 1, 1: 2 : m2 − 1) + T`(2 : 2 : m1, 1: 2 : m2 − 1)
+ T`(1 : 2 : m1 − 1, 2: 2 : m2) + T`(2 : 2 : m1, 2: 2 : m2))/4.

A visualization of the multilevel representation for the US image (cf. Example 2.6)
is given in Figure 3.13.

The objective of the multiscale and multilevel approaches is to derive a family
of continuous models for the data. The multiscale approach adds a new dimension

(a) level 8 (b) level 7 (c) level 6

(d) level 5 (e) level 4 (f) level 3

Figure 3.13: Multilevel representation of an ultrasound image.
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and considers the function T (x, θ), where θ is a scale parameter. For θ = 0, the
data can be recovered, i.e., T (xc, 0) = dataT, whereas choosing a large θ yields a
smooth function. In contrast to the continuous multiscale approach, the multilevel
approach is based on a finite number of interpolants T` based on data (xc`, T `),
where the discrete parameter ` ranges from a coarse to a fine level. FAIR provides
getMultilevel to compute a multilevel representation; see FAIR 3 (this page).

FAIR 3: Multilevel Generation
Given data {T,R} on a domain specified by omega, this function computes a multi-
level representation MLdata of the data. The `th component of MLdata is a structure
with fields names {’m’,’omega’,’T’,’R’}, where m is the size of the data on the
`th level, omega is the domain specification, and {T,R} are the representations of
the data on the `th level. The levels run from one to maxLevel = log2(max{m}),
with MLdata{l}=[] for l < minLevel, the default for minLevel being three.

[MLdata,minLevel,maxLevel,fig]= getMultilevel(IS,omega,m,varargin)

IS list of input data, e.g., {dataT,dataR},
omega specifies the domain Ω = (ω1, ω2)× · · · × (ω2d−1, ω2d)
m ∈ Nd number of interpolation points on the finest level
varargin optional parameters like minLevel, maxLevel;

defaults: minLevel = 3, maxLevel = log2(max{m})
MLdata array of structs representing data on levels 1 : maxLevel
minLevel first nonempty in MLdata, representing coarsest level
maxLevel length of MLdata, representing finest level
fig handle to the output figure

Example 3.19 (Creating a Multilevel Representation of the Data)
The following code illustrates how to create a multilevel representation of given
data.

This file is E3_US_getMultilevel
% Tutorial for FAIR: creating a multilevel representation
% (C) 2008/05/01, Jan Modersitzki, see FAIR and FAIRcopyright.m.
% load USfair.jpg
% creating a multilevel representation using getMultilevel.m
clear, close all, help(mfilename)

% load some data, define a doman and an initial discretization
dataT = double(imread(’USfair.jpg’));
omega = [0,size(dataT,1),0,size(dataT,2)];
m = [128,128];

% set-up image viewer
viewImage(’reset’,’viewImage’,’viewImage2D’,’colormap’,’gray(256)’);

MLdata = getMultilevel(dataT,omega,m);
disp(’MLdata{3}=’)
disp(MLdata{3})
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(a) linear, m = [32, 32] (b) linear, m = [64, 64] (c) linear, m = [128, 128]

(d) spline, m = [32, 32] (e) spline, m = [64, 64] (f) spline, m = [128, 128]

Figure 3.14: Interpolation on duty: linear and spline interpolation on a cell-centered
grid of dimension m; see Example 3.20.

3.8 Summarizing the Interpolation Toolbox
This chapter discusses the continuous viewpoint for images and explains how to de-
rive continuous models T for an image based on given discrete data [xj , dataT(j)],
j = 1, . . . , n, and xj ∈ Rd. In particular, the important linear and spline interpola-
tion schemes for dimensions d = 1, 2, 3 have been introduced and discussed.

The interpolation tools discussed in the chapter cover a multilevel approach
that can be used to reduce the data size (see Section 3.7) as well as a spline-based
multiscale approach that can be used to smooth the function T .

An administrative function inter is supplied; see FAIR 4 (p.43). For general
options see Section 2.3.7; additional options are as follows:

• [T,R]= inter(’coefficients’,dataT,dataR,omega): computes the co-
efficients for the interpolation scheme to be used; for linear interpolation
T=dataT and R=dataR ; for spline interpolation see getSplineCoefficients

• Tc= inter(T,omega,yc): returns the function values

• [Tc,dT]= inter(T,omega,yc): returns the function values and the deriva-
tive.

Example 3.20 (Linear Interpolation in Two Dimensions)
This example illustrates how the interpolation schemes can be facilitated in a uni-
form framework. The first loop calls inter(T,omega,xc), where a linear interpo-
lation scheme is used.
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FAIR 4: Interpolation Toolbox
Given the data dataT on a cell-centered grid xc on a domain Ω, this function
computes the value of the interpolant for any wanted point y ∈ Rd. For a collection
of n points yc = [y1

1 ; . . . ; y1
n; . . . ; yd1 ; . . . ; ydn] ∈ Rnd, the result is a collection of

corresponding function values Tc = T (yc) = [T (y1
j , . . . , y

d
j )]nj=1.

The Jacobian is denoted by

dT = dT (yc) =
[
∂Ti(yc)
∂yc(j)

]
i=1,...,n, j=1,...,nd

∈ Rn,nd.

[Tc,dT]= inter(T,omega,yc)

T ∈ Rm1,...,md the coefficients for a representation of T
omega specifies the domain Ω = (ω1, ω2)× · · · × (ω2d−1, ω2d)
yc ∈ Rnd interpolation points
Tc ∈ Rn value of the interpolant at certain locations yc ∈ Rnd
dT ∈ Rn,nd derivative of the interpolant

The second loop uses the same standardized call, but the method used is a
regularized spline interpolation. The regularization (W = moment matrix and θ =
100) is obtained by changing the coefficients appropriately; see also Figure 3.14.
Since the data is not used any further, this memory may also be used to store the
interpolation coefficients. Note that for linear interpolation, data and coefficients
are the same anyway.

This file is E3_interpolation2D.m
%%%
setupUSData; close all; T = dataT; xc = @(m) getCenteredGrid(omega,m);
inter(’set’,’inter’,’linearInter2D’);

for p=5:7,
m = 2^p*[1,1];
Tc = inter(T,omega,xc(m));
figure(p-4); viewImage2D(Tc,omega,m); colormap(gray(256));

end;

inter(’set’,’inter’,’splineInter2D’);
T = getSplineCoefficients(dataT,’regularizer’,’moments’,’theta’,100);
for p=5:7,
m = 2^p*[1,1];
Tc = inter(T,omega,xc(m));
figure(p-1); viewImage2D(Tc,omega,m); colormap(gray(256));

end;

3.9 FAIR Tutorials on Interpolation
FAIR contains the tutorial BigTutorialInter which summarizes a number of
smaller tutorials that provide insight into the numerical realizations of the concepts
discussed in this chapter.
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BigTutorialInter
E3_1D_basics 1D basic interpolation example
E3_1D_scale 1D multiscale example
E3_1D_derivatives 1D check the derivative example
E3_2D_basics 2D basic interpolation example
E3_Hands_ij2xy 2D data example, (i, j)↔ (x, y), multilevel
E3_viewImage 2D visualize data
E3_setupHandData load data (with landmarks) and visualize
E3_2D_scale 2D multiscale example
E3_2D_generic 2D high-res and low-res representation
E4_US_trafo 2D US, rotate image
E3_2D_derivative 2D check the derivative example

3.10 Exercises
Exercise 3.1
Replacing ξij = ω2i−1 + (j − 0.5)hi, j = 1, . . . ,mi, by ηij = ω2i−1 + (j − 1)hi, j =
1, . . . ,mi+ 1, one obtains the so-called nodal grid. Write a function getNodalGrid

with input omega and m returning a nodal grid. Start with d = 1. Extend to d = 2, 3.

Exercise 3.2
Provide functions plotCenteredGrid and plotNodalGrid for visualizing cell-centered
and nodal grids, respectively.

Exercise 3.3
Write a function visualizing linearized 3D data T=dataT; use reshape and visualize

T(:,:,1) T(:,:,2) · · · T(:,:,p)

T(:,:,p+1) T(:,:,p+2) · · · T(:,:,2p)
...

...
. . .

...
T(:,:,k*p+1) T(:,:,k*p+2) · · · T(:,:,k*p+p)

T(:,:,(k+1)*p+1) · · · T(:,:,q) 0

 .

Exercise 3.4
Write a function Tc=matlabInterpolation(dataT,omega,xc) using the MAT-
LAB built-in linear interpolation scheme. Use a finite difference scheme to ap-
proximate the derivatives. Check the approximation order of the derivative. Start
with d = 1, extend to d = 2, 3.

Exercise 3.5
Write your own function Tc=linearInterpolation1D(dataT,omega,xc). Test
with scalar input for xc. Include the derivative as output. Where is the derivative
undefined? If this works for d = 1 (use checkDerivative), extend to d = 2, 3.
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Exercise 3.6
Verify (3.11):

dataT = T spline(xc) =
m∑
j=1

cjb
j(xc) = Bc with B = [bj(xc(i))]i,j =


4 1 0

1
. . . . . .
. . . . . . 1

0 1 4

 .
What is to be expected for d = 2?

Exercise 3.7
Verify the matrix M in Example 3.13.

Exercise 3.8
Use the spline interpolation for the data given on a cell-centered grid, omega = (0, 8),
m = 8, dataT=[0;1;1;1;1;1;1;0]. Observe that the interpolant T oscillates. Use
the Tychonoff regularization to smooth T , and use W = D>D and various values
of θ.

Exercise 3.9
Compute the derivative of T (yc) = inter(T,omega,yc) for d = 3, i.e.,

Ω ⊂ R3, yc = [y1(:); . . . ; yd(:)] with yi ∈ Rq
1,q2,q3 .

Exercise 3.10
Generate a movie of smoothed US images, where the time is the regularization
parameter θ; see setupUSdata.

Exercise 3.11
Write a function getMultilevel(dataT,dataR,omega,m,`min, `max) returning
multilevel data {T`, R`,m`}, ` = `min : `max, where m`max

= m and m`−1 = m`/2.
Start with d = 1 and an m having components that are multiples of powers of 2.
Extend to arbitrary m. Extend to d = 2, 3.
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Chapter 4

Transforming Images by
Parameterized
Transformations
The objective of this chapter is to demonstrate the usage of the interpolation toolbox
as well as to introduce parametric transformations. A parametric transformation is
a function y : Rd → Rd, where the components are linear combinations of certain
basis functions q` and the coefficients are basically the parameters w`. For example,
the linear function y : R→ R with y = w1x+w2 is parameterized by the parameters
w = [w1;w2] and the basis functions q1(x) = x and q2(x) = 1. Setting Q(x) =
[q1(x), q2(x)] yields the compact description y = Q(x)w. Choosing a collection xc

of points to be mapped, the transformed points are obtained by yc = Q(xc)w or,
using FAIR notation, yc=Q*wc, where Q = Q(xc) and wc = w.

The concepts proposed in this chapter are very general and adapt to any spatial
dimension d, while the particular implementation of course does depend on d. For
ease of presentation, the implementations of different transformations are mainly
discussed for d = 2, and the extensions to d = 3 are left as exercises. Using the
interpolation framework presented in Chapter 3, the transformed image is straight-
forward to compute: Tc= inter(T,omega,yc), where T denotes the coefficient for
a linear interpolation method, and hence T = dataT.

Some of the most important parametric transformations are discussed, and im-
portant implementation issues are described in the following sections. Among these
transformations are the rigid, affine linear, and spline-based transformation, where
the latter is also known as free-form deformation; see, e.g., [176]. For a general dis-
cussion of parametric transformations in medical image registration see, e.g., [200].

The examples presented in this chapter are for the 2D ultrasound (US) im-
age introduced in Example 2.6; a cell-centered grid xc of size m is used and the
visualization is performed using viewImage2D.

4.1 Translations
One of the simplest transformations is a translation of an image. Let w = [w1;w2] ∈
R2 denote a translation vector and let

y1 = x1 + w1 and y2 = x2 + w2.

47
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(a) T (xc) with grid yc = y(xc) (b) T (yc) with grid xc

ri
gi
d

(c) T (xc) with grid yc = y(xc) (d) T (yc) with grid xc

affi
ne

(e) T (xc) with grid yc = y(xc) (f) T (yc) with grid xc

Figure 4.1: Translation of a US image, rigid, and affine linear transformations.

With

Q(x) =
[1 0
0 1

]
, it holds that y = x+Q(x)w.

Figure 4.1 shows the original image T (xc) overlaid by a part of the transformed
grid yc as indicated by the white lines. The grid has been translated to the left. The
figure also shows the transformed image T (yc) overlaid with the original grid xc.
Note that since the translation maps xc to the left, the transformed image appears
as being translated to the right.

Example 4.1 (Translations in x1 Direction)
See also Figure 4.1.
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This file is E4_Translation2Dplain.m
%%%
setupUSData;
wc = [-50;0];
xc = reshape(getCenteredGrid(omega,m),[],2);
yc = [(xc(:,1) + wc(1));(xc(:,2) + wc(2))];
Tc = linearInter2D(dataT,omega,yc);
figure(2); clf; viewImage2D(Tc,omega,m,’colormap’,’gray(256)’);

4.2 Affine Linear Transformations
In addition to translation, an affine linear transformation allows for rotation, shear-
ing, and, in particular, for individual scaling. The components of an affine linear
transformation are

y1 = w1x
1 + w2x

2 + w3,

y2 = w4x
1 + w5x

2 + w6,

where w = [w1; . . . ;w6] ∈ R6 parameterizes the transformation. With

Q(x) =
[
x1 x2 1 0 0 0
0 0 0 x1 x2 1

]
, it holds that y = Q(x)w. (4.1)

Note that for d = 3 the matrix Q(xc) may require a nonnegligible amount of
memory.

Example 4.2 (Affine Linear Transformations)
See also Figure 4.1.

This file is E4_affine2Dplain.m
%%%
setupUSData;
wc = [1 -0.2 50, 0, 0.75 50]’;
xc = getCenteredGrid(omega,m);
yc = book_affine2D(wc,xc);
Tc = linearInter2D(dataT,omega,yc);
figure(2); viewImage2D(Tc,omega,m,’colormap’,’gray(256)’);

This file is examples/book_affine2D.m
%%%function yc = affine2DBook(wc,xc)

xc = reshape(xc,[],2);
yc = [(wc(1)*xc(:,1) + wc(2)*xc(:,2) + wc(3))

(wc(4)*xc(:,1) + wc(5)*xc(:,2) + wc(6))];

4.3 Rigid Transformations
A particular affine transformation is the so-called rigid transformation, which allows
only for translations and rotations. The components of the rigid transformation are
given by

y1 = cos(w1)x1 − sin(w1)x2 + w2,

y2 = sin(w1)x1 + cos(w1)x2 + w3,
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50 Chapter 4. Transforming Images by Parameterized Transformations

where w = [w1;w2;w3] ∈ R3 parameterizes the transformation. Although this
function is nonlinear in w, it still allows an expansion y(x) = Q(x)f(w) with Q from
(4.1) and f(w) = [cosw1;− sinw1;w2; sinw1; cosw1;w3]. A particular example is
given in the next section.

4.4 Rotations About the Domain Center
As an example for a transformation with only one parameter w ∈ R, a rotation
about the center of the domain c = (ω2 − ω1, ω4 − ω3)/2 is considered. A simple
way to perform this transformation is to shift c to the origin, rotate about the origin,
and shift back. With

R =
[cosw − sinw
sinw cosw

]
,

it holds that (y − c) = R(x− c), which results in y = Rx+ (I −R)c in the original
domain.

Example 4.3 (Rotations About the Domain Center)
See also Figure 4.1.

This file is E4_rigid2Dplain.m
%%%
setupUSData; c = (omega(2:2:end)-omega(1:2:end))’/2; alpha = pi/6;
rot = [cos(alpha),-sin(alpha);sin(alpha),cos(alpha)];
wc = [alpha;(eye(2)-rot)*c];
xc = getCenteredGrid(omega,m);
yc = book_rigid2D(wc,xc);
Tc = linearInter2D(dataT,omega,yc);
figure(2); viewImage2D(Tc,omega,m,’colormap’,’gray(256)’);

This file is book_rigid2D.m
%%%function yc = rigid2Dbook(wc,xc)

xc = reshape(xc,[],2);
yc = [(cos(wc(1))*xc(:,1) - sin(wc(1))*xc(:,2) + wc(2));

(sin(wc(1))*xc(:,1) + cos(wc(1))*xc(:,2) + wc(3))];

4.5 Spline-Based Transformations
In the above examples, the degrees of freedom in the parameterized transformation
are rather small: d parameters for a translation, 2d for a rigid, and d(d+ 1) for an
affine linear transformation. As a consequence, the set of transformations is rather
small and restrictive. The example to be explained in this section allows for as
many parameters as wanted. However, the transformation is still parameterized
and not completely arbitrary. The components of the transformation are spanned
by splines and the transformation is thus called a spline transformation or free-form
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transformation,

y1 = x1 +
p1∑
j1=1

p2∑
j2=1

w1
j1,j2b

j1(x1)bj
2
(x2) and

y2 = x2 +
p1∑
j1=1

p2∑
j2=1

w2
j1,j2b

j1(x1)bj
2
(x2),

where bj denotes the splines (see Section 3.4) and w1 and w2 denote the coefficients
for the first and second component of y, respectively. For ease of presentation, it is
assumed that w1, w2 ∈ Rp with p = [p1, p2] the number of coefficients in the spline
expansion.

Using the vectorized wi, ι = j1 + p1(j2 − 1), and qι(x) = bj
1
(x1)bj

2
(x2), it

holds that yi = Q(x)wi = [q1(x), . . . , qp
1p2(x)]wi. Moreover, setting

Q1(x) = [b1(x1), . . . , bp
1
(x1)] and Q2(x) = [b1(x2), . . . , bp

2
(x2)],

it holds that Q(x) = Q2(x2)⊗Q1(x1). This compact but inefficient form is used in
the implementation shown below.

Example 4.4 (Spline-Based Transformations)
See also Figure 4.2 and splineTransformation2D.

This file is E4_splineTransformation2D.m
%%%
setupUSData; p = [5,4];
xc = getCenteredGrid(omega,m);
splineTransformation2D([],xc,’omega’,omega,’m’,m,’p’,p);
w1 = zeros(p); w2 = zeros(p); w2(3,2) = 3;
wc = [w1(:);w2(:)];
yc = splineTransformation2D(wc,xc);
Tc = linearInter2D(dataT,omega,yc);
figure(2); viewImage2D(Tc,omega,m,’colormap’,’gray(256)’);

The above examples show that transformations with many degrees of free-
dom can be utilized in this framework. For the example shown, p = [5, 4] and
thus 40 parameters can be used to tune the transformation. However, not any
choice automatically leads to reasonable transformations. For example, just chang-
ing parameter w2

3,2 from 3 to 10 results in a transformation that folds the grid; see
Figure 4.2. Avoiding unwanted solutions is one of the main problems in registration
and is discussed in more depth in Chapter 8 on regularization.

4.6 More Bizarre Transformations
Just in order to show the generality of the concept, we consider Ω = (0, ω1)×(0, ω2)
and

y1 = ω1((1− 0.9x2/ω2) cos(π(1− x1/ω1))/2 + 0.5),

y2 = ω2(1− (1− 0.9x2/ω2) sin(π(1− x1/ω1))).
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(a) T (xc) with grid yc = y(xc) (b) T (yc) with grid xc

sp
lin

e
w

2 3
,2

=
10
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(e) T (xc) with grid yc = y(xc) (f) T (yc) with grid xc

Figure 4.2: Spline-based and other nonlinear transformations of a US image.

The transformation is visualized in Figure 4.2. The transformation is simultaneously
very complex and very regular. For example, this transformation preserves angles.

4.7 Derivatives of Parameterized Transformations
For the optimization schemes to be used later, derivatives of the parametric trans-
formations are required. Note that y = y(w) is considered as a function in the
parameters w. For cases where y = Q(x)w, this derivative is simply Q(x). How-
ever, in an efficient code, the matrix Q should not be assembled every time the
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transformation is called. As already shown in the spline example, a persistent
variable can be used. The persistent variables are initialized by calling the function
without an output request.

Rigid transformations depend nonlinearly on w, and the derivative is thus
slightly more complex.

Example 4.5 (Derivative of a 2D Rigid Transformation)
Recall that a 2D rigid transformation is given by y(w, x) = Q(x)f(w) with Q from
(4.1) and

f(w) = [cosw1;− sinw1;w2; sinw1; cosw1;w3].

Therefore, dwy = Q(x)df with

df =


− sinw1 0 0
− cosw1 0 0

0 1 0
cosw1 0 0
− sinw1 0 0

0 0 1

 ;

see also rigid2D.

Example 4.6 (Derivative of a 3D Rigid Transformation)
A tremendous simplification of the formulae for the derivatives of a 3D rigid trans-
formation is achieved if the rotation matrix is considered as a product of three
individual rotation matrices R = R3R2R1, where each of the Ri describes a rota-
tion in a 2D plane. Let w ∈ R6, x = (x1, x2, x3), c = cos, s = sin,

R1 =

[
1 0 0
0 c −s
0 s c

]
, R2 =

[
c 0 s
0 1 0
−s 0 c

]
, R3 =

[
c −s 0
s c 0
0 0 1

]
.

With R(w) = R3(w3)R2(w2)R1(w1), it holds that y = R(w)x + (w4, w5, w6)>,
or y = Q(x)f(w), where

f(w) = (R1,1, R1,2, R1,3, w4, R2,1, R2,2, R2,3, w5, R3,1, R3,2, R3,3, w6)> and

Q(x) =

[
x1 x2 x3 1 0 0 0 0 0 0 0 0
0 0 0 0 x1 x2 x3 1 0 0 0 0
0 0 0 0 0 0 0 0 x1 x2 x3 1

]
.
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The partial derivatives of f with respect to w4, w5, and w6 are straightforward;
differentiating with respect to w1, w2, and w3 yields

∂w1R(w) = R3(w3)R2(w2)dR1(w1), dR1 =

[
0 0 0
0 −s −c
0 c −s

]
,

∂w2R(w) = R3(w3)dR2(w2)R1(w1), dR2 =

[
−s 0 c

0 0 0
−c 0 −s

]
,

∂w3R(w) = dR3(w3)R2(w2)R1(w1), dR3 =

[
−s −c 0
c −s 0
0 0 0

]
.

See also rigid3D.

4.8 Summarizing the Parameterized
Transformations

This chapter introduces a unified way of coding parameterized transformations yc=
trafo(wc,xc) and computing their derivatives; see FAIR 5 (this page). Particular
transformations discussed in this section are translations and rigid, affine linear,
or spline-based transformations. Using the interpolation schemes introduced in
Chapter 3, the transformed image can be computed conveniently. These techniques
also enable a solution of the so-called forward problem; i.e., given a parameter
vector w compute the transformation y = Qw and the transformed image T [y].

FAIR 5: Parametric Transformations
Given points xc in a domain Ω and parameters wc, this function computes the
location of the transformed points yc, i.e., yc=Q*f(wc), where Q and f depend on
the specific transformation.

[y,dy]= trafo(wc,xc)

wc ∈ Rp parameter of the transformation
xc ∈ Rnd grid points
yc ∈ Rp transformed grid points
dy ∈ Rnd,p derivative of transformation with respect to wc

An administrative function trafo is supplied. For general options see Sec-
tion 2.3.7; additional options are as follows:

• w0= trafo(’w0’): returns parameters of the identity, i.e., xc== trafo(w0,xc)

• [yc,dy]= trafo(wc,xc): returns the transformed points and the derivative
with respect to wc, i.e., dy=Q.

Example 4.7 (Configuring the Transformation Model)
Assuming omega,m,p are defined, the following code returns the transformed points.
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trafo(’reset’,’trafo’,’splineTransformation2D’,’omega’,omega,’m’,m,’p’,p);
w0 = trafo(’w0’); trafo(’disp’); yc = trafo(w0,xc);

A more efficient implementation which avoids the storage of Id ⊗ Q(xc) is
shown below.

Example 4.8 (3D Affine Linear Transformations, Final Version)
This example presents a more efficient implementation which avoids the storage
and repetitive computations of Id ⊗ Q(xc); see Table 4.1. For a convenient usage,
the function returns its name and location as well as a parameter vector w which
results in the identity transformation y(w, x) = x.

Table 4.1 A more efficient implementation of an affine linear transformation using
a persistent variable Q.

This file is affine3Dsparse.m
% function [y,dy] = affine3Dsparse(w,x,varargin)
% (c) Jan Modersitzki 2009/03/24, see FAIR.2 and FAIRcopyright.m.
% computes y = Qfull*w and the derivative wrt. w.
% x = reshape(x,[],3);
% Q = [x(:,1),x(:,2),x(:,3),1], Qfull = kron(I_2,Q) (not used), dy = Q
% if no arguments are given, the parameters for the identity map are returned.

function [y,dy] = affine3Dsparse(w,x,varargin)

persistent Q
y = []; dy = [];
if nargin == 0 || ischar(w), % return name and parameters of identity
y = mfilename(’fullfile’);
dy = [1;0;0;0;0;1;0;0;0;0;1;0];
if nargin>0 && ischar(w), Q = []; end;
return;

end;
if isempty(w) || (size(Q,1) ~= numel(x)), % rebuild Q
n = length(x)/3;
Q = {[reshape(x,[],3),ones(n,1)]};
if nargout == 0, return; end;

end;
w = reshape(w,4,3);
% mimicing Qfull*w as [Q*w(:,1),Q*w(:,2),Q*w(:,3)]
y = [Q{1}*w(:,1);Q{1}*w(:,2);Q{1}*w(:,3)];
dy = Q;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

4.9 FAIR Tutorials on Transformations
FAIR contains the tutorial BigTutorialTrafo which explains how to use the trans-
formation models.
BigTutorialTrafo
E4_US_trafo plain rotation of 2D US image
E4_US_rotation rotate 2D US image and grid
E4_US various transformations for 2D US image
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4.10 Exercises
Exercise 4.1
Implement a 2D translation using a persistent Q.

Exercise 4.2
Implement the affine linear transformations [y,dy]=affine2D(wc,xc).

Exercise 4.3
Implement a quadratic transformation yc=quadratic2D(wc,xc) (no derivative re-
quired!), where

yi = wi1 + wi2x
1 + wi3x

2 + wi4(x1)2 + wi5(x2)2 + wi6x
1x2, i = 1, 2.

Exercise 4.4
Implement the function yc=rigid2D(wc,xc).

Exercise 4.5
Implement a rotation about the center of the domain, yc=rotation2D(wc,xc).

Exercise 4.6
Improve the implementation of the spline transformation. For d = 1, the jth column
of Q1(X) can be computed using

Q1(:, j) = splineInter1D(ej,omega,X),

where ej ∈ Rp with ejj = 1 and eji = 0 for i 6= j. Verify that Q1 is a sparse and
structured matrix. Show that for d = 2, Q(X) = Q2(X2)⊗Q1(X1). Provide a 2D
implementation based on a persistent Q.

Exercise 4.7
Extend your implementations to d = 3.
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Chapter 5

Landmark-Based
Registration

In the previous chapter we discussed how to deal with the forward problem; i.e.,
compute the transformed image T [y] given a transformation y. Now it is time to
measure the quality of the transformation by comparing T [y] and R. Several mea-
sures are known in the literature and can be classified as feature- or intensity-based.
In this chapter, the so-called landmark-based registration schemes are discussed.
This important class can be viewed as a representative for general feature-based
schemes. Intensity-based distance measures are discussed in Chapter 7.

The concept of landmark-based registration is explained for d = 2 but can
be extended to any spatial dimension. Two X-ray images of human hands serve
as the example; see Example 2.7. Outstanding points—the so-called landmarks—
have been marked manually in the reference image and corresponding points are
manually identified in the template image. The idea is to transform the template
image such that the distance between the corresponding landmarks becomes as small
as possible. Figure 5.1 also illustrates the error (red dashed line) to be minimized.

Various attempts to automatically detect landmarks have been discussed in
the literature. However, for many medical applications this is still challenging,
and often semiautomatic or even manual detection is performed. Techniques for
automatization are not discussed in this chapter; see, e.g., [175] for details.

Let tj = [t1j , t
2
j ] denote the position of the jth landmark in the template image

and rj = [r1
j , r

2
j ] the position of the corresponding landmark in the reference image,

j = 1, . . . , n, where n is the number of the given landmarks. The goal is to find a
transformation y : R2 → R2, such that

y(rj) = tj for all j = 1, . . . , n.

A slightly more general approach is to replace these interpolation conditions by an
approximation condition; see also Section 3.6.

The parameterized transformations can be computed analytically: y(x) =
y(wc, x) is known for all x ∈ Ω. However, a discretization of the domain is used for
practical reasons and visualization purposes. This discretization xc corresponds to
the location of the given data, and T (yc) and R(xc) denote the sampled template
and the reference image, respectively.

57
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58 Chapter 5. Landmark-Based Registration

(a) R with LM (b) T with corresponding LM (c) T and difference in LM

Figure 5.1: Reference and template with corresponding landmarks rj = [r1
j , r

2
j ] (green ×)

and tj = [t1j , t
2
j ] (red +), and landmark errors (red dashes).

FAIR 6: Landmark-Based Registration

Find a reasonable y : Rd → Rd, such that

D[y] = DLM[y] =
n∑
j=1

‖y(rj)− tj‖2
!= min . (5.1)

5.1 Affine Linear Landmark-Based Registration
In this section, it is assumed that the transformation is affine linear; cf. Section 4.2.
Therefore, y is given by [

y1

y2

]
=
[
w1 w2

w4 w5

] [
x1

x2

]
+
[
w3

w6

]
. (5.2)

From

DLM[y] =
n∑
j=1

‖y(rj)− tj‖2 =
n∑
j=1

(y1(rj)− t1j )2 +
n∑
j=1

(y2(rj)− t2j )2,

it follows that the optimization problem (FAIR 6 (this page)) is decoupled. For
i = 1, 2 let

w1 = [w1;w2;w3], w2 = [w4;w5;w6], e = [1; . . . ; 1] ∈ Rn,

t = [tij ] ∈ Rn,d, r = [rij ] ∈ Rn,d, Q = [r, e] ∈ Rn,3.

The problem can then be phrased as ‖Qw1 − t(:,1)‖2 + ‖Qw2 − t(:,2)‖2 != min
and the coefficients specifying the minimizer can be computed from these least
squares problems: wi = (Q>Q)−1(Q>t(:,2)). Implicitly, it is assumed that Q>Q
has full rank, i.e., n ≥ 3 and not all reference landmarks are on a straight line; see
[162] for theoretical issues.
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5.2. Quadratic Landmark-Based Registration 59

Example 5.1 (Linear Landmark-Based Registration)
The results for the data displayed in Figure 5.1 are shown in Figure 5.2. The
left figure shows the initial hand T (xc) with landmarks tj (red +) as well as the
mapped landmarks y(rj) (green ◦). The right figure shows the transformed im-
age T (yc) with the landmarks rj (green ×) and—assuming y is invertible—the
preimage of tj , y−1(tj) (red ◦).

This file is E5_linear.m
%%%
setupHandData; xc = reshape(getCenteredGrid(omega,m),[],2);
Q = [LM(:,3:4),ones(size(LM,1),1)];
wc = (Q’*Q)\(Q’*LM(:,1:2));
yc = [(wc(1,1)*xc(:,1) + wc(2,1)*xc(:,2) + wc(3,1)),...

(wc(1,2)*xc(:,1) + wc(2,2)*xc(:,2) + wc(3,2)) ];
LM(:,[5,6]) = ...

[(wc(1,1)*LM(:,3) + wc(2,1)*LM(:,4) + wc(3,1)),...
(wc(1,2)*LM(:,3) + wc(2,2)*LM(:,4) + wc(3,2)) ];

P5_LM; % for nice plots

5.2 Quadratic Landmark-Based Registration
In the linear case, the match is not perfect. This is to be expected, since the
landmark correspondence put nd conditions for only 3d parameters. The intuitive
idea is to enlarge the transformation space, for example by choosing quadratic
transformations. Thus,

yi = wi1 + wi2x
1 + wi3x

2 + wi4(x1)2 + wi5(x2)2 + wi6x
1x2, i = 1, . . . , d.

Updating Q = [1, r(:,1), r(:,2), r(:,1).^2, r(:,2).^2, r(:,1).*r(:,2)], the
coefficients can again be obtained from wi = (Q>Q)−1(Q>t(:,i)).

Example 5.2 (Quadratic Landmark-Based Registration)
Example 5.1 is continued; results are shown in Figure 5.2. Note that the landmark
match is perfect, while the overall appearance of the transformed template is not
great as there is unnatural bending of fingers.

This file is E5_quadratic.m
%%%
setupHandData; xc = reshape(getCenteredGrid(omega,m),[],2); %LM(7,:) = [];
Q = [ones(size(LM,1),1),LM(:,[3:4]),LM(:,3).^2,LM(:,4).^2,LM(:,3).*LM(:,4)];
wc = (Q’*Q)\(Q’*LM(:,1:2));

quad = @(w,x1,x2) (w(1)+w(2)*x1+w(3)*x2+w(4)*x1.^2+w(5)*x2.^2+w(6)*x1.*x2);
yc = [quad(wc(:,1),xc(:,1),xc(:,2));quad(wc(:,2),xc(:,1),xc(:,2))];
LM(:,[5,6]) = [quad(wc(:,1),LM(:,3),LM(:,4)),quad(wc(:,2),LM(:,3),LM(:,4))];

P5_LM; % for nice plots

Example 5.3 (Quadratic Landmark-Based Interpolation)
Just removing the last landmark and taking the first 6 landmarks as input yields 12
equations for 12 unknowns, and one ends up with an interpolation problem. The
results are shown in Figure 5.2. Although a perfect match of the mapped landmarks

Copyright © by SIAM. 
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60 Chapter 5. Landmark-Based Registration

(a) linear: T (xc) (b) linear: T (yc)

(c) quadratic: T (xc) (d) quadratic: T (yc)

(e) quadratic, T (xc) (f) quadratic, T (yc)

Figure 5.2: Template and transformed template with landmarks for linear and quadratic
landmark-based registrations and a quadratic landmark interpolation.

(Figure 5.2(e)) is obtained, the transformation is invertible and thus meaningless
for registration purposes.

The previous examples indicate that not every transformation that can be
computed is reasonable in the registration context. For many applications the
transformation must be one-to-one. All rigid, almost all affine linear, and almost
none of the quadratic transformations are one-to-one. The more degrees of freedom
one has, the more likely one ends up with an unreasonable transformation. The
next section provides some ideas for bypassing this dilemma.

Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.



F I F T H P R O O F S “FAIR” 2009/10/8 page 61i
i

i
i

i
i

i
i

5.3. Thin-Plate-Spline Registration 61

5.3 Thin-Plate-Spline Registration
This is again a section for the more experienced reader. Details of the concepts
briefly discussed here can be found in [97, 73, 175, 162]. The underlying ideas
have already been discussed in Chapter 3 and can now be applied to the landmark
matching as well. A particularly parameterized transformation, such as linear or
quadratic, is replaced by the smoothed transformation fulfilling the interpolation
condition. The basic ingredient for the smoothness measure is

STPS[η] =
∫

Ω

〈
∇2η,∇2η

〉
dx, (5.3)

where the Hessian of a function η : Rd → R is denoted by ∇2η = [∂i,jη]di,j=1 and
the inner product of two matrices A and B is given by 〈A,B〉 =

∑
i,j ai,jbi,j . This

energy is a linearized version of the bending energy of a thin plate; see, e.g., [97, 73].

5.3.1 Thin-Plate-Spline Interpolation
Using the smoothness criterion (5.3) for any component of the transformation y,
the registration problem can be phrased as follows.

FAIR 7: Thin-Plate-Spline Interpolation

Find a reasonable y : Rd → Rd, such that

S[y] =
d∑
i=1

STPS[yi] != min subject to DLM[y] =
n∑
j=1

‖y(rj)− tj‖2 = 0.

Note that there is no restriction on y to belong to a certain class of trans-
formations. Fortunately, it has been shown that the components of the solution of
FAIR 7 (this page) belong to a certain space that is spanned by shifts of an a priori
known radial basis function ρ and a polynomial correction term. To be precise,

yi(x) =
n∑
j=1

cijρ(‖x− rj‖) + wi0 + wi1x
1 + · · ·+ widx

d, i = 1, . . . , d, (5.4)

where

ρ(r) =
{
r2 log r, d = 2,
r, d = 3.

With ρj,k = ρ(‖rk − rj‖), A = [ρj,k] ∈ Rn,n, and B = [e, r] ∈ Rn,d+1, the interpo-
lation condition yields

tij = yi(r1
j , . . . , r

d
j ) =

n∑
k=1

cikρj,k +B(j, :)wi

or t(:,i) = Aci + Bwi. This, together with the necessary condition B>ci = 0
for yi to belong to the spline space, results in a system of linear equations for the
coefficients in the expansion (5.4):
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62 Chapter 5. Landmark-Based Registration

[
A B
B> 0

] [
ci

wi

]
=
[
t(:,i)

0

]
.

The components of the transformation are hence thin-plate splines; which motivates
the name thin-plate-spline transformation.

5.3.2 Thin-Plate-Spline Approximation

As for the interpolation schemes discussed in Chapter 3, the interpolation condi-
tion DLM[y] = 0 can be relaxed by replacing interpolation by approximation.

FAIR 8: Thin-Plate-Spline Approximation

Find a reasonable y : Rd → Rd from a thin-plate-spline space, such that

DLM[y] + θS[y] != min,

where θ ≥ 0 is a parameter balancing mismatch of the landmark and smoothness
of the transformation.

It can be shown that the expansion (5.4) holds for the solution of FAIR 8 (this
page), where the coefficients are given by

[
A+ θI B
B> 0

] [
ci

wi

]
=
[
t(:,i)

0

]
;

see, e.g., [162, §4.3.4].

Example 5.4 (Thin-Plate-Spline Registration)
Example 5.1 is continued; results are shown in Figure 5.3. A perfect match is
obtained for θ = 0; although the transformation is one-to-one, an unnatural bending
of the fingers can be observed. Increasing θ moves the transformation more towards
an affine linear map, where the landmark misfit increases but the bending energy
decreases. See also getTPScoefficients and evalTPS.

This file is E5_TPS.m
%%%
setupHandData; xc = getCenteredGrid(omega,m);
c = getTPScoefficients(LM(:,1:4),’theta’,0);
[yc,yLM] = evalTPS(LM,c,xc);
LM(:,[5,6]) = reshape(yLM,[],2);

P5_LM; % for nice plots
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(a) T (xc), θ = 0 (b) T (yc), θ = 0

(c) T (xc), θ = 10 (d) T (yc), θ = 10

(e) T (xc), θ = 100 (f) T (yc), θ = 100

Figure 5.3: Thin-plate-spline registration with various θ’s.
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64 Chapter 5. Landmark-Based Registration

5.4 Summarizing Landmark-Based Registration
Landmark-based registration techniques provide fast and efficient tools for image
registration. Typically, the components of the transformation can be expanded in
terms of some basis functions,

yi(x) = Qi(x)wi =
n∑
k=1

wikqk(x),

where the coefficients are deduced from the interpolation condition

tij = yi(rj) =
n∑
k=1

wikqk(rj), j = 1, . . . , n, or t(:,i) = Qwi.

For the thin-plate-spline approach, additional conditions arise. The interpolation
condition can easily be replaced by an approximation condition. The transformation
to be computed is parametric and can be computed using techniques similar to the
ones presented in Chapter 4.

Drawbacks are that the transformation is completely determined by the choice
of landmarks and that the dense intensity information is used only for landmark
detection. If the transformation is not pleasing, an improvement can be achieved
only by adding more landmarks—or removing some of the landmarks. However, it
is not clear how to detect additional corresponding landmarks nor that the result is
more pleasing. In addition, the transformation is not physical. Even for the thin-
plate-spline approach, the transformation is a combination of more or less smooth
components. There is no interaction between these components and no guarantee
that the overall transformation is one-to-one.

A remedy is to use geodesic splines which are designed to guarantee a one-
to-one transformation, but this topic goes beyond the scope of this book. The
interested reader is referred to [196, 197].

5.5 FAIR Tutorials on Landmark-Based
Registration

FAIR contains the tutorial BigTutorialLandmarks which explains how to use the
approaches discussed in this chapter.
BigTutorialLandmarks
E5_2D_affine use affine transformation
E5_2D_quadratic use quadratic transformation
E5_2D_TPS use thin-plate-spline transformation

5.6 Exercises
Exercise 5.1
Provide a registration scheme based on landmarks and rigid transformations.

Exercise 5.2
Using ginput, write a tool for setting landmarks.Copyright © by SIAM. 
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Exercise 5.3
Experiment with other landmarks. Try to pick 2, 10, and 100 landmarks.

Exercise 5.4
Think about a 3D landmark setting tool for hundreds of landmarks.

Exercise 5.5
Experiment with the thin-plate-spline approach and play with θ.

Exercise 5.6
Try to choose landmarks such that the transformation cannot be one-to-one.
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Chapter 6

Parametric Image Registration

In the previous chapter we discussed how to derive registrations using a distance
measure based on image features, or, more precisely, on landmarks. Supported by a
strong theory, the transformation is basically a linear combination of a priori chosen
or implicitly defined basis functions. The coefficients of an optimal expansion can
be computed by solving least squares problems.

In this chapter, parametric image registration (PIR) for intensity-based dis-
tance measures is discussed. The L2-norm of the intensity difference serves as a
distance measure; see Section 6.2. However, the concepts are very general and will
be used for the various distance measures discussed in Chapter 7. All distance
measures to be considered can also be phrased as

D[T ,R] =
∫

Ω

φ(T ,R) dx. (6.1)

The first complication arises from the fact that the integral cannot be computed
analytically but only numerically. The midpoint quadrature rule is used here; see
Section 6.1. This method provides approximations as accurate as needed. Exploit-
ing numerical integration, a discretized analogue of the L2-norm is derived.

Finally, a joint objective function J is composed of a parametric transfor-
mation y(w) = y(w, x), the transformed template T [y], and the distance measure
D[T [y],R],

J(w) = D[T (y(w, x),R)] + S(w).

The explanation of the additional regularization S is given in Section 6.5. To begin
with S(w) = 0 in Sections 6.1–6.4.

The remainder of this chapter is devoted to a Gauss–Newton-type optimiza-
tion technique, computing a minimizer of the distance measure numerically; see
Section 6.3. For a more general approach to numerical optimization, see Section 1.4
and in particular [165]. Various examples of PIR are presented in Section 6.4. In
Section 6.5, this approach is extended to high-dimensional transformation spaces,
where an additional regularization is required. Section 6.5 may be skipped in a first
reading.

67
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68 Chapter 6. Parametric Image Registration

In Section 6.6, emphasis is given to a multilevel strategy. Running from coarse
to fine discretization, a sequence of problems is solved, where the solution of a
coarser problem serves as a starting guess for a finer problem. There are basically
two big advantages of the multilevel strategy. The first advantage is a numerical one.
The bulk of computations is performed on the cheaper coarse levels, while on the
finer, more expensive, levels, typically only a few correction steps are needed. Based
on the outstanding starting point and fast optimization schemes, the correction is
expected to be very efficient. The second advantage is based on the smoothing
strategy, which can also be seen as a kind of convexification. On a coarse level, the
objective function is replaced by a smoothed version. Therefore, the optimization is
easier and, most importantly, the chance of ending at a local minimum is reduced.
However, there is no guarantee of avoiding local minima; see also Exercise 6.5.

As always, the concepts are valid for any dimension. However, the description,
and in particular the visualization, is for d = 2. Two slices from a histological serial
sectioning serve as test data; see Example 2.8, Figure 2.4, and setupHNSPdata.

6.1 Numerical Integration—Discretizing Integrals
There exist many excellent approaches to numerical integration; see the literature
provided in Section 1.4.3. A discussion of those is far beyond the scope of this
book. Instead, insight is given into the simple and robust midpoint quadrature
which performs sufficiently for image registration purposes. To begin with, the
ideas are explained for an arbitrary integrable function ψ : [0, ω]→ R.

Suppose a function ψ : Ω → R is to be integrated; see Figure 6.1. Dividing
the interval Ω = (ω1, ω2) into m cells of width h and cell centers xj , the idea is to
evaluate the function at the cell centers, multiply these function values by the cell
width, and sum, i.e., ∫

Ω

ψ(x) dx = h
m∑
j=1

ψ(xj) +O(h2). (6.2)

Note that the meaning of m, and thus h, is not to be confused with the
data size and data grid discussed in Chapter 3. There is no relation between the

ω1 ω2

ψ

h xj
• • • • •

•

•
•

•

•

Figure 6.1: Midpoint quadrature rule in one dimension.
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6.1. Numerical Integration—Discretizing Integrals 69

quadrature rule for the continuous function ψ and the data size. For the quadrature
rule, m can be chosen arbitrarily. Since the number of cells m is an integer, it is
more convenient to present this number rather than presenting the cell width h,
which is the numerically important quantity. The error in the above formula is of
order h2. This implies that any error tolerance can be satisfied, provided h is chosen
small enough.
Example 6.1 (Numerical Quadrature of a 1D “Mother” Spline)
The first example is to numerically compute the integral of the function ψ(x) =
b3(x) = b(x − 3) on Ω = (0, 6) from (3.8), where I :=

∫
Ω
ψ(x) dx = 6. Figure 6.2

shows Q(h) = h
∑n
j=k ψ(xhk) and the error |I−Q(h)| versus h, where h(j) = 6/m(j),

m(j) = 2j , j = 1 : 10, and xh denotes a cell-centered grid of width h. Observe the
quadratic behavior of the error.

This file is E6_quadrature_Spline1D.m
%%%
omega = [0,6]; I = 1; psi = @(x) spline1D(3,x); h = []; Q = [];
for j=1:10,
m = 2^j;
h(j) = diff(omega)/m;
xc = getCenteredGrid(omega,m);
Q(j) = h(j)*sum(psi(xc));

end;
figure(1); clf; p1=semilogx(h/h(1),Q+eps,’kx’,h/h(1),Q,’k-’);
figure(2); clf; p2=loglog(h/h(1),abs(I-Q)+eps,’kx’,h/h(1),abs(I-Q),’k-’);

The extension to higher dimensions is straightforward. In fact formula (6.2)
applies if h is replaced by hd = h1 · · ·hd and O(h) by O(‖hd‖).
Example 6.2 (Numerical Quadrature of a 2D Spline)
The previous example is continued, where now d = 2, Ω = (0, 6)×(0, 8), and ψ(x) =
b3(x1)b4(x2). Note that I =

∫
Ω
ψ dx = 36. Figure 6.2 showsQ(h) = h1h2

∑n
k=1 ψ(xck)

and the error |I −Q(h)| versus h = h1 = h2. Observe again the quadratic behavior
of the error.

This file is E6_quadrature_Spline2D.m
%%%
omega = [0,6,0,8]; I = 36; T = zeros(6,8); T(3,4) = 1; h = []; Q = [];
psi = @(xc) splineInter2D(T,omega,xc);
for j=1:10,
m = 2^j*[1,1];
h(j) = prod((omega(2:2:end)-omega(1:2:end))./m);
xc = getCenteredGrid(omega,m);
Q(j) = h(j)*sum(psi(xc));

end;
figure(1); clf; p1=semilogx(h/h(1),Q+eps,’kx’,h/h(1),Q,’k-’);
figure(2); clf; p2=loglog(h/h(1),abs(I-Q)+eps,’kx’,h/h(1),abs(I-Q),’k-’);

Example 6.3 (Numerical Quadrature of a 2D Gaussian)
In this example d = 2, Ω = (0, 20)× (0, 20), and ψ is a translated Gaussian, i.e.,

ψ(x) = 0.5/π · exp
(
−0.5‖x− c‖2

)
, c = [10, 10].

Note that if Ω = R2, the integral would be one, i.e., I = 1. However, the Gaussian
is not compactly supported, and integration over Ω is more involved than in the
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Figure 6.2: Quadrature on duty for various functions ψ.
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previous examples. Figure 6.2 shows Q(h) = h1h2
∑n
k=1 ψ(xhk) and the “error” |I −

Q(h)| versus h = h1 = h2. Note that this “error” should go to a constant, as 1 is
not the value of the integral. This expectation is confirmed by this experiment.

This file is E6_quadrature_Gaussian2D.m
%%%
omega = [0,20,0,20]; h = zeros(10,1); Q = zeros(size(h));
I = 1; % Note that I=1 is just an approximation to the integral!
psi = @(x1,x2) (1/(2*pi))*exp(-0.5*((x1-10).^2+(x2-10).^2));
for j=1:length(h),
m = 2^j*[1,1];
h(j) = prod((omega(2:2:end)-omega(1:2:end))./m);
xc = reshape(getCenteredGrid(omega,m),[m,2]);
Q(j) = h(j)*sum(sum(psi(xc(:,:,1),xc(:,:,2))));

end;
figure(1); clf; p1=semilogx(h/h(1),Q+eps,’kx’,h/h(1),Q,’k-’);
figure(2); clf; p2=loglog(h/h(1),abs(I-Q)+eps,’kx’,h/h(1),abs(I-Q)+eps,’k-’);

6.2 Sum of Squared Differences
In this section, the L2-norm of the difference image or sum of squared differences
(SSD) is introduced as a prototype of a distance measure. The focus here is on
making this function accessible so that the optimization scheme to be discussed
in the next section. A discussion from an imaging point of view is presented in
Chapter 7; see also [162].

The first subsection presents the continuous formulation, while the second
addresses its discretization based on the midpoint quadrature rule. The main point
here is that instead of one particular discretization, a sequence of discretizations
ranging from coarse to fine is obtained, which approximate the continuous SSD up
to any desired accuracy. It is explained how this implementation can be combined
with the parametric transformations as introduced in Chapter 4.

6.2.1 Continuous SSD

The distance to be discussed basically measures the energy contained in the dif-
ference image T [y] −R. For this to be meaningful, it has to be assumed that the
intensities of the two images are comparable; i.e., the gray value of a particle is
more or less the same in the reference and template images. The SSD measure is
defined as follows.

FAIR 9: Sum of Squared Differences (SSD) Distance Measure
Given T and R, the SSD measure is

DSSD[T ,R] =
1
2

∫
Ω

(T (x)−R(x))2 dx.

Although a continuous setting is used, the integral cannot be computed ana-
lytically. Therefore, numerical integration or quadrature is required.
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6.2.2 Discretized SSD
A discrete analogue of the SSD is given by a numerical integration of the func-
tion ψ(x) = 1

2 (T (x)−R(x))2, where T and R are the interpolants of the template
and reference, respectively. For a particular h, let xc denote the corresponding cell-
centered grid of width h, Th = T (xc), and Rh = R(xc), respectively. A discretized
version of the SSD is defined in FAIR 10 (this page).

FAIR 10: Discretized SSD
The discretized SSD is based on a midpoint quadrature rule with an a priori chosen
cell-centered grid of width h and reads

DSSD,h(Th, Rh) =
1
2
· hd · ‖Th −Rh‖2, where hd = h1 · · ·hd.

Example 6.4 (Computing the SSD)
The examples of the previous section are continued. For the SSD, the integral I,
and hence the error, is unknown. However, the midpoint quadrature rule guarantees
a quadratic convergence to the integral. Figure 6.2 confirms this expectation.

This file is E6_quadrature_SSD2D.m
%%%
setupHNSPData; clf; h = []; Q = [];
inter(’reset’,’inter’,’splineInter2D’);
[T,R] = inter(’coefficients’,dataT,dataR,omega,’out’,0);
for j=1:10,
m = 2^j*[1,1];
h(j) = prod((omega(2:2:end)-omega(1:2:end))./m);
xc = getCenteredGrid(omega,m);
res = inter(T,omega,xc) - inter(R,omega,xc);
psi = 0.5*h(j)*res’*res;
Q(j) = psi;

end;
figure(1); clf; p1=semilogx(h/h(1),Q+eps,’kx’,h/h(1),Q,’k-’);

The bottom line of the above example is that there is absolutely no reason to
worry about the lack of an analytic expression for the integral. Numerical integra-
tion enables the computation of the integral up to any desired precision. However,
asking for high accuracy (wanted) results in small h and requires a longer computing
time (not wanted). This dilemma will be addressed in Section 6.6.

In the above code, the distance measure is coded in a two-layer fashion, i.e.,
using a residual r and an outer function ψ. Although this is certainly overkill for
the SSD, the concept serves as a template for the distance measures to be discussed
in Chapter 7.

6.2.3 SSD and Parametric Transformations
For ease of presentation, dependencies on h are neglected in this section. For exam-
ple, the objective function reads J(wc) = DSSD(T (y(wc, xc), R). In this section, the
combination of parametric transformations and the SSD distance is explained. In
particular, rotations about the center of the domain and translations are considered.
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Table 6.1 Implementations of the rotation and translation examples.

This file is E6_HNSP_SSD_rotation2D_level4.m
%%%
setupHNSPData;
inter(’set’,’inter’,’linearInter2D’);
level = 4; omega = MLdata{level}.omega; m = MLdata{level}.m;
[T,R] = inter(’coefficients’,MLdata{level}.T,MLdata{level}.R,omega);
xc = getCenteredGrid(omega,m);
Rc = inter(R,omega,xc);

center = (omega(2:2:end)-omega(1:2:end))’/2;
trafo(’set’,’trafo’,’rotation2D’,’c’,center);

wc = pi/2*linspace(-1,1,101); dc = zeros(size(wc));
figure(1); clf;
for j=1:length(wc),
yc = trafo(wc(j),xc);
Tc = inter(T,omega,yc);
dc(j) = SSD(Tc,Rc,omega,m);
viewImage(255-abs(Tc-Rc),omega,m); drawnow; pause(1/60)

end;
figure(2); clf; p1 = plot(wc,dc);

This file is E6_HNSP_SSD_translation2D_level4.m
%%%
setupHNSPData;
level = 4; m = MLdata{level}.m;
inter(’set’,’inter’,’linearInter2D’);
[T,R] = inter(’coefficients’,MLdata{level}.T,MLdata{level}.R,omega);
xc = getCenteredGrid(omega,m); Rc = inter(R,omega,xc);

trafo(’set’,’trafo’,’translation2D’);
figure(1); clf;
[w1,w2] = ndgrid(0.2*linspace(-1,1,21),0.2*linspace(-1,1,21));
dc = zeros(size(w1));
for j=1:numel(dc),
yc = trafo([w1(j);w2(j)],xc);
Tc = inter(T,omega,yc);
dc(j) = SSD(Tc,Rc,omega,m);
viewImage(Tc,omega,m); pause(1/100)

end;
figure(1); clf; surf(w1,w2,dc); hold on; grid off; contour(w1,w2,dc)
title(sprintf(’translation, m=[%d,%d]’,m)); view(-135,33);

Example 6.5 (SSD and Rotations)
The rotation is implemented in rotation2D and Table 6.1. The SSD is considered
as a function in w; see Figure 6.3. The SSD function indicates where a reasonable
match occurs; the optimal wc is a minimizer of the SSD. Comparing the results for
a coarse discretization (level 4, m = [32, 16], Figure 6.3) with the ones for a fine
discretization (level 8, m = [512, 256], Figure 6.4), we see that only minor differ-
ences. This motivates a strategy where a minimizer which is efficiently computed
on a coarse grid serves as a starting point for the finer grid. This multilevel strategy
is discussed in Section 6.6.

Example 6.6 (SSD and Translations)
The translation is implemented in translation2D; see Table 6.1. Figure 6.5 shows
the SSD as a function in w ∈ R2, where two different representations of the im-
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Figure 6.3: SSD versus rotations for m = [32, 16]; yc = y(wc,xc).
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Figure 6.4: SSD versus rotations for m = [512, 256]; yc = y(wc,xc).

ages (m = [32, 16] and m = [512, 256]) are shown and two different interpolation
schemes are used: linear interpolation (cf. Section 3.3) and spline interpolation (cf.
Section 3.4).

At first glance, the objective functions look pretty much the same and this
supports the strategy to compute a minimizer on a coarse level with low compu-
tational costs. However, a qualitative difference can be observed with respect to
the smoothness of the SSD. The linear interpolation scheme results in a nonsmooth
objective function. Thus, optimization schemes are expected to perform poorly us-
ing this approach. In contrast, the spline interpolation scheme yields an objective
function that is sufficiently smooth for fast optimization schemes.
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(a) linear, m = [32, 16] (b) spline, m = [32, 16]

(c) linear, m = [512, 256] (d) spline, m = [512, 256]

Figure 6.5: SSD versus translations for m = [32, 16] and m = [512, 256] using linear and
spline interpolations, respectively.

6.3 Numerical Optimization of Parametric Image
Registration

The goal of this section is to provide a numerical optimization scheme enabling
an automatic identification of optimal parameters. The intention is to provide
insight into a basic optimization tool rather than discussing more sophisticated
techniques. For an overview on numerical optimization techniques, see the literature
in Sections 1.4.4 and 9.6. In this section, the Gauss–Newton scheme is discussed,
and the algorithm is summarized in GaussNewtonArmijo.

The implementation needs to be flexible enough to handle different spatial
dimensions, various parametric transformations, and various distance measures.
Analogously to the transformation function trafo in FAIR 5 (p.54) a general
purpose distance function distance is used. At present, this would be the SSD
distance of FAIR 10 (p.72); other options are discussed in the next chapter. Finally,
a meaningful stopping rule has to be supplied which is compatible with a multilevel
strategy. For ease of presentation, visualization is completely neglected. However,
from an application point of view, this is probably one of the more important issues.

6.3.1 PIR Objective Function

Since the outline is already complex, an objective function J is provided. Based on
a certain discretization xc and the current parameters wc, this function computes
the transformation yc = y(wc, xc), the transformed image T (yc), and the distance
D(T (yc), R),

J(wc) = D(T (y(wc, xc)), R(xc)) + S(wc). (6.3)
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The objective function also enables an additional regularization S which is explained
and explored in Section 6.5 but disabled here by setting S(w) = 0. The objective
function is outlined as follows.

objective function
function [Jc,dJ,H] = PIRobjFctn(T,Rc,omega,m,xc,beta,wc)
[yc,dy] = trafo(wc,xc); % compute transformation
[Tc,dT] = inter(T,omega,yc); % compute transformed image
[Jc,rc,dD,dr,d2psi] = distance(Tc,Rc,omega,m); % compute distance
dJ = dD*dT*dy; dr = dr*dT*dy; % multiply outer and inner derivatives
H = dr’*d2psi*dr + beta*speye(length(wc)); % compute approximation to Hessian

A note on the approximation of the Hessian of J is in place. It is assumed
that the objective function J can be written as J(wc) = ψ(r(wc)). For example,
r = T (y(w,X))−R(X) and ψ = 1

2 r
>r for the SSD. The central idea is to replace J

by a quadratic Ĵ obtained from a Taylor expansion,

J(wc + dw) ≈ Ĵ(wc + dw) = J + dJ dw +
1
2
dw>H dw,

where the approximation of the Hessian is H = dr>d2ψ dr and thus positive
semidefinite for a convex ψ. Hence, Ĵ is convex, and a minimizer is characterized
by the following linear system:

H dw = −dJ. (6.4)

The key point of the Gauss–Newton idea is to use the second derivative of the outer
function d2ψ, but to neglect higher-order derivatives of the inner functions. This is
a perfect option for image registration, since the outer function is smooth while the
residual depends on the noisy data. Particularly for the SSD, (6.4) results in

dr> dr dw = dr>r ⇐⇒ dr>(dr dw− r) = 0,

which is also known as the normal equations for the linearized least squares prob-
lem ‖r(wc + dw)‖ dw−→ min; see, e.g., [112].

In order to avoid a singular approximation of the Hessian, it might be worth-
while to add a small part of the identity: H ← H + βI. However, in most cases H
is symmetric positive definite and this additional regularization might be skipped.

6.3.2 Practical Issues in Coding the PIR Objective Function
Although the above implementation does work in principle, a more sophisticated one
is used; see PIRobjFctn and FAIR 11 (p.77). This function has an addition output
para which basically stores intermediates used for visualization; see Section 6.3.4. It
also has two additional input arguments M and wRef which are used for the optional
Tychonoff regularization in (6.3),

S(wc) =
1
2

(wc− wRef)>M (wc− wRef).

Setting M=0 or M=[] disables this option.
The implementation of this function has two parts. The first part assumes

that wc is not an input argument, and it is only used to force a status report on
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the current setting, i.e., to show information about trafo, inter, distance,
and so forth. The second part performs the actual computation. In contrast to the
above code, a flag doDerivative based on the number of input arguments is used
to avoid unnecessary computation of derivatives.

The implementation also enables a sparse coding of dy = Id⊗Q. Note that it
is more efficient to store just the matrix Q rather than the potentially big Kronecker
product. In case of a dimension mismatch of dD and dY, the implementation thus
assumes that dY={Q} and uses an appropriate matrix-vector multiplication. In fact,
in most cases Q = Qd ⊗ · · · ⊗Q1 and setting dY={Q_1,. . . ,Q_d} provides an even
bigger option for saving memory.

FAIR 11: Objective Function for Parametric Image Registration (PIR)
The discretized objective function for PIR is

Jh(wc) = Dh(T (yc), R(xc)) + S(wc),

where yc = y(wc, xc), Dh is a distance measure, and S is a regularizer of the
coefficients. The specific transformation, interpolation, and distance measure are
supplied by trafo, inter, and distance. Note that H could be a matrix or a
function handle if a matrix-free code is used; see Section 8.5 for details.

[Jc,para,dJ,H]= PIRobjFctn(T,Rc,omega,m,beta,M,wRef,xc,wc)

T,Rc template and sampled reference Rc = R(xc)
omega, m specifying discretization of Ω
beta≥ 0, parameter for regularizing Hessian
M, wRef optional regularization (default: M=[]; wRef=[])
xc ∈ Rdn underlying grid points
wc ∈ Rp current parameters
Jc ∈ R current objective function value based on wc

para (structure) collects intermediates for visualization
para={Tc,Rc,omega,m,yc,Jc}, where
yc = y(wc, xc) and Tc = T (yc)

dJ ∈ R1,p derivative of J w.r.t. wc
H ∈ Rp,p approximation to Hessian, H ≈ d2D + d2S + βI

6.3.3 Gauss–Newton Scheme

A plain vanilla Gauss–Newton scheme is implemented; see [165] for an extended
description. The code is generic and used for other optimization tasks as well.
Thus internally, the variable is called yc. In the context of parametric registration,
wc would have been a better name. However, this is a generic optimization code and
will be used in a different context later. Thus, a typical call of the Gauss–Newton
scheme reads as follows.
fctn = @(wc) PIRobjFctn(T,Rc,omega,m,beta,M,wRef,xc,wc); % handle to objective function
w0 = trafo(’w0’); % initial guess
[wc,His] = GaussNewtonArmijo(fctn,w0); % call the optimizer
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Starting with an initial guess wc, the idea is to improve this guess by an update
dw which minimizes the quadratic model and is thus characterized by Hdw = −dJ .
Note that since the approximation H to the Hessian is symmetric positive definite,
dw is a descent direction: dJ>dw < 0. This procedure is iterated until the stopping
criteria are satisfied.

A description of the stopping criteria, the line search, and a sketch of the
implementation is given below; details are given in GaussNewtonArmijo and
FAIR 12 (p.79).

Gauss-Newton Scheme
function [wc,His] = PIRGaussNewtonArmijo(T,R,omega,m,yc)
% -- start initial phase -------------------------------------------------
[Jc,dJ,H] = fctn(yc); % compute current values
% -- start iteration phase -----------------------------------------------
while 1,
iter = iter + 1; % update iteration count
checkStoppingRules; % check the stopping rules
dy = -H\dJ; % solve Quasi-Newton’s system
[t,yt,LSiter] = Armijo(fctn,yc,dy,Jc,dJ); % perform Armijo line-search
if LSiter<0, break; end; % break if line-search fails
yc = yt; [Jc,dJ,H] =fctn(yc); % update current values

end;%while

Stopping

The following common stopping criteria for optimization are used for this iteration;
see, e.g., [109].

stopping criteria
STOP(1) = abs(Jold-Jc) <= tolJ*(1+abs(JRef));
STOP(2) = norm(yc-yold) <= tolW*(1+norm(yc));
STOP(3) = hd*norm(dJ) <= tolG*(1+abs(JRef));
STOP(4) = norm(dJ) <= eps;
STOP(5) = (iter > maxIter);
STOP = all(STOP(1:3)) | any(STOP(4:5));

The first criterion measures the relative variation in the objective function,
the second criterion measures the relative variation in the parameters, and the third
measures the norm of the gradient. If all these numbers are small, the iteration is
terminated. As safeguards serve ‖dy‖ ≤ eps and iter>maxIter, where eps denotes
the machine precision and maxIter is an a priori chosen number. See, e.g., [109]
for a detailed discussion.

Solving the Quasi-Newton System

Using the MATLAB backslash operator works fine for a moderate number of pa-
rameters. For higher-dimensional problems, iterative schemes can be used with
advantage. For example, a conjugate-gradient-type scheme can exploit the spar-
sity structure of the building blocks and does not require one to explicitly form
the Hessian [137, 69]. The FAIR implementation calls a function solveGN which
can be parameterized to use different solvers. However, the default for parametric
registration is the MATLAB backslash operation.

Armijo’s Line Search

In order to ensure a sufficient decrease in the objective function, a line search
procedure is required; see, e.g., [165]. FAIR uses a standard Armijo line search; see
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Armijo. Starting with t = 1, the candidate yt = y+ t ·dy is tested. If the reduction
of the objective function is not sufficient, the procedure is iterated, replacing t by
1
2 t. The standard sufficiency criterion J(yt) < J(y) + tol t (dJ>y) with standard
choice tol = 10−4 is used. As a safeguard, the line search as well as the iteration
are terminated if a step becomes too small. In this situation, the optimization
algorithm is declared to fail to converge; see Armijo.

FAIR 12: Gauss–Newton Optimization with Armijo’s Line Search
This is a Quasi-Newton-type optimization technique using Armijo’s line search for
numerically minimizing an objective function [J,para,dJ,H]=fctn(yc), where
yc denotes the current iterate, J and dJ denote the function value and the deriva-
tive, and H is an approximation to the Hessian. Note that dJ = ∇J(yc)>. The
structure para can be used for an efficient visualization of intermediate results; see
Section 6.3.4.

function [yc,his]= GaussNewtonArmijo(fctn,yc,varargin)

fctn handle to the objective function
yc current iterate
varargin optional parameters controlling the stopping rule, etc.
yc numerical optimizer
his (cell) iteration history

6.3.4 Brief Comments on a Visualization
Although the optimization is generic and completely decoupled from the registration
problem, it is nice to visualize some intermediate results. Unfortunately, this is not
so easy since, in contrast to the generic optimization algorithms, the visualization
very much depends on the data. FAIR provides the function FAIRplots which
compromises between convenience and simplicity. A discussion of the functionality
is beyond the scope of this book; the interested reader is referred to the source
code. Instead, the basic modes are explained. In order to produce skim calls, the
variables are collected in a structure

para = struct(...

’Tc’,Tc,’Rc’,Rc,’omega’,omega,’m’,m,’yc’,yc,’Jc’,Jc),

where yc= trafo(wc,xc), Tc= inter(T,omega,yc), Rc= inter(R,omega,xc),
and Jc = J(wc).

Setup A typical setup call reads

FAIRplots(’set’,’mode’,figureName,’fig’,figureNumber)

and produces no graphical output but initializes various persistent variables such
as, for example, the figure number, the figure name, and function handles to the
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data viewers, etc. The basic layout is a 2-by-3 array of subplots which generically
reads

R(xc) T (y0) T (yc)
T (xc)&grid T (y0)−R(xc) T (yc)−R(xc)

Initialization The initialization call reads FAIRplots(’init’,para), assuming
yc = xc. This call visualizes R(xc), T (xc), and T (xc) − R(xc) in the subplots
1, 2, 4, 5.

Stopping An import item in particular in a multilevel framework is stopping; see
Section 6.6. It is assumed that wc=wStop, yc=trafo(wc,xc), Tc=inter(T,omega,yc)
and that a call FAIRplots(’stop’,para) displays Tc and Tc − Rc in subplots 3
and 6 and visualizes the grid yc in subplot 4. A persistent variable Jstop = Jc =
J(wStop) is initialized for use in later calls.

Starting It is assumed that wc=w0, yc=trafo(wc,xc), Tc=inter(T,omega,yc)
and that a call FAIRplots(’start’,para) displays Tc and Tc− Rc in subplots 2
and 5 and visualizes the grid yc in subplot 4. The ratio Jc/JStop is displayed as
a percentage.

Iteration It is assumed that yc=trafo(wc,xc), Tc=inter(T,omega,yc) and that
a call FAIRplots(iter,para) displays Tc and Tc − Rc in subplots 3 and 6 and
visualizes the grid yc in subplot 4. The ratio Jc/JStop is displayed as a percentage.
The value of iter indicates the iteration.

6.3.5 PIR Examples
Two basic examples are presented, and more examples are provided in the next
section.

Example 6.7 (PIR: Plain and Simple)
This example illustrates how to use GaussNewtonArmijo for a particular appli-
cation; see also Table 6.2. The first lines in the following script file initializes the
data, image viewer (based on the information from the data setup), interpolator
(spline interpolation), transformation (affine), starting guess (w0=[1;0;0;0;1;0]),
and distance measure (SSD). The graphical output is prepared. A handle to the
objective function is created. Note that the interpolated reference image is used to
avoid an interpolation in every call of the objective function and that the optional
regularization has been disabled by setting M=[] and wRef=[]. Finally, the Gauss–
Newton scheme is used to compute a numerical minimizer of the objective function.
Results are shown in Table 6.3.

The above program also creates two figures, shown in Figure 6.6. One fig-
ure shows the reference R(xc), template T (xc), transformed template T (yc), the
template with the transformed grid yc, the initial difference |T (xc) − R(xc)|, and
the final difference |T (yc)−R(xc)| and reports some numerical values. The second
figure visualizes the iteration history.
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Table 6.2 Parametric image registration on a fixed level

This file is E6_HNSP_PIR_GN.m
%%%%
% set up data (MultiLevel based) and initialize image viewer
setupHNSPData;

% initialize the interpolation scheme and coefficients
inter(’set’,’inter’,’splineInter2D’);
level = 4; omega = MLdata{level}.omega; m = MLdata{level}.m;
[T,R] = inter(’coefficients’,MLdata{level}.T,MLdata{level}.R,omega);
xc = getCenteredGrid(omega,m);
Rc = inter(R,omega,xc);

% initialize distance measure
distance(’set’,’distance’,’SSD’);

% initialize the transformation and a starting guess
trafo(’reset’,’trafo’,’affine2D’);
w0 = trafo(’w0’);

% set up plots and initialize
FAIRplots(’set’,’mode’,’PIR-Gauss-Newton’,’omega’,omega,’m’,m,’fig’,1,’plots’,1);
FAIRplots(’init’,struct(’Tc’,T,’Rc’,R,’omega’,omega,’m’,m));

% build objective function
% note: T is template image
% Rc is sampled reference
% optional Tychonoff-regularization is disabled by setting m = [], wRef = []
% beta = 0 disables regularization of Hessian approximation
beta = 0; M = []; wRef = [];
fctn = @(wc) PIRobjFctn(T,Rc,omega,m,beta,M,wRef,xc,wc);
fctn([]); % report status

% -- solve the optimization problem -------------------------------------------
[wc,his] = GaussNewtonArmijo(fctn,w0,’Plots’,@FAIRplots,’solver’,[],’maxIter’,100);
plotIterationHistory(his,’J’,[1,2,5],’fig’,20+level);

(a) PIR results (b) PIR iteration history

Figure 6.6: Plots from PIR.
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Table 6.3 Parametric image registration results.
The first four lines report the data source, the initialization of the interpolation scheme
and the image viewer, and the computation of the spline coefficients. Calling the objective
function with an empty argument fctn([]) reports the current configuration. The op-
timizer reports parameter choices and the iteration history showing six columns with the
iteration number, the current improvement (difference between old and current function
values), the norm of the gradient, the norm of the update, and the number of line search
(LS) iterations. The first row (iter=-1) reports on the stopping value (which can be
different from the initial value; see Section 6.6). The last five lines report on the stopping
criteria. The first character (0/1) is a Boolean indicating the value of the expression em-
braced by square brackets. In this example, the function terminates because the maximum
number of iterations has been performed.

PIRR output
% ---------- [ setupHNSPData ] -----------------------------------------------
load(/Users/Jan/JM/SVN/FAIR_m/mfiles/examples/setupHNSPData.mat)
initialize inter and viewImage

compute 2D spline coefficients, m=[ 64 32], regularizer=[none], theta=[0]
compute 2D spline coefficients, m=[ 64 32], regularizer=[none], theta=[0]
Parametric Image Registration: J(w)=D(T(y(w)),R) + (w-wRef)’*M*(w-wRef) != min

m : [ 64 32]
omega : [ 2 1]

INTERPOLATION : splineInter2D
DISTANCE : SSD

TRAFO : affine2D
length(wc) : 6

beta : 0
% ---------- [ GaussNewtonArmijo(JM 2008/08/05) ] ----------------------------
[ maxIter=10 / tolJ=0.001 / tolY=0.01 / tolG=0.01 / length(Yc)=6 ]
iter J Jold-J |\nabla J| |dY| LS
----------------------------------------------------------------
-1 4.0560e+03 0.000e+00 0.000e+00 0.000e+00 0
0 4.0560e+03 0.000e+00 1.307e+04 0.000e+00 0
1 3.7859e+03 2.702e+02 1.597e+04 4.063e-02 1
2 3.5372e+03 2.486e+02 1.254e+04 4.419e-02 1
3 3.3229e+03 2.144e+02 1.233e+04 3.541e-02 1
4 3.0346e+03 2.883e+02 1.233e+04 4.106e-02 1
5 2.7783e+03 2.563e+02 1.358e+04 3.982e-02 1
6 2.5201e+03 2.582e+02 1.346e+04 4.219e-02 1
7 2.3077e+03 2.124e+02 1.284e+04 3.447e-02 1
8 2.0913e+03 2.164e+02 1.133e+04 3.491e-02 1
9 1.8491e+03 2.422e+02 1.203e+04 3.701e-02 1

STOPPING:
0[ (Jold-Jc) = 2.82180873e+02 <= tolJ*(1+|Jstop|) = 4.05704499e+00]
0[ |Yc-Yold| = 4.39777040e-02 <= tolY*(1+norm(Yc)) = 2.47181777e-02]
0[ |dJ| = 1.04498380e+04 <= tolG*(1+abs(Jstop) = 4.05704499e+01]
0[ norm(dJ) = 1.04498380e+04 <= eps = 2.22044605e-13]
1[ iter = 10 >= maxIter = 10 ]
% ---------- [ GaussNewtonArmijo : done ! ] ----------------------------------
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Example 6.8 (PIR: Using a Scale-Space)
This example presents a modification of the previous example that takes advantage
of the multiscale idea: starting with a very smooth representation of the data, the
optimizer serves as a starting point for a less smoothed presentation.

This file is E6_HNSP_PIR_scale.m
%%%%
setupHNSPData;
inter(’set’,’inter’,’splineInter2D’);
level = 5; omega = MLdata{level}.omega; m = MLdata{level}.m;
[T,R] = inter(’coefficients’,MLdata{level}.T,MLdata{level}.R,omega);
xc = getCenteredGrid(omega,m);
Rc = inter(R,omega,xc);

distance(’set’,’distance’,’SSD’); % initialize distance measure

trafo(’reset’,’trafo’,’affine2D’);
w0 = trafo(’w0’);

FAIRplots(’set’,’mode’,’PIR-affine’,’omega’,omega,’m’,m,’fig’,1,’plots’,1);
FAIRplots(’init’,struct(’Tc’,T,’Rc’,R,’omega’,omega,’m’,m));

% -- solve the optimization problem on different scales -----------------------

wStop = w0; % use one GLOBAL stopping criterion
theta = [1e2,1e1,1,0]; % the different scales: smooth to detailed
for j=1:length(theta),
% initilaize the data for scale theta(j)
inter(’reset’,’inter’,’splineInter2D’,’regularizer’,’moments’,’theta’,theta(j));
[T,R] = inter(’coefficients’,MLdata{level}.T,MLdata{level}.R,omega);

% set-up plots and initialize it
FAIRplots(’set’,’mode’,’PIR-Gscale’,’fig’,j,’plots’,1);
FAIRplots(’init’,struct(’Tc’,T,’Rc’,R,’omega’,omega,’m’,m));

% initialize optimizer
Rc = inter(R,omega,xc); % note Rc depends on the scale as well
fctn = @(wc) PIRobjFctn(T,Rc,omega,m,0,[],[],xc,wc);
if j ==1, fctn([]); end; % report status

% solve problem for this scale
[wc,his] = GaussNewtonArmijo(fctn,w0,’yStop’,wStop,’Plots’,@FAIRplots);
% and use solutions as starting guess for next scale
w0 = wc;

end;

6.4 PIR Experiments on Fixed Levels
The data used in this section is provided by setupHNSPdata, and the multilevel
representation is generated using getMultilevel. Here, Ω = (0, 2) × (0, 1), a
spline-based interpolation approach, the SSD distance measure, and no additional
regularization of the parameter are used. The reduction of the distance is measured
by

reduction = J(wc)/J(w0), (6.5)

where w0 is the starting guess and wc is the numerical optimizer.
The experiments are performed for different parametric transformations and

are based either on coarse level or fine level representation of the data:

` = level m`

coarse 4 [32, 16]
fine 7 [256, 128]
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For ease of presentation, the dependence of xc, yc, T , and R on ` is not indicated.
The results obtained for the coarse and fine levels are very close, although

the optimization on the fine level is much more expensive: more iterations are
needed and the computation consumes much more time. This motivates a multilevel
strategy, as discussed in the following section.

Example 6.9 (PIR: Rotations About the Center of the Domain)
The transformation is a rotation about the center of the domain and is parame-
terized by w ∈ R. This first experiment is on the coarse level; results are shown
in Figure 6.7. The numerical minimizer is obtained after 8 iterations, and the ini-
tial reduction is about 8%. The second experiment is on the finer level; results
are shown in Figure 6.8. The numerical minimizer is obtained after 81 iterations,
and the initial reduction is about 18%. The convergence history is presented in
Figure 6.9.

This file is E6_HNSP_PIR_SSD_rotation2D_level4.m
%%%%
setupHNSPData;
inter(’set’,’inter’,’splineInter2D’);
level = 4; omega = MLdata{level}.omega; m = MLdata{level}.m;
[T,R] = inter(’coefficients’,MLdata{level}.T,MLdata{level}.R,omega);
xc = getCenteredGrid(omega,m);
Rc = inter(R,omega,xc);

distance(’set’,’distance’,’SSD’); % initialize distance measure

center = (omega(2:2:end)-omega(1:2:end))’/2;
trafo(’reset’,’trafo’,’rotation2D’,’c’,center);
w0 = trafo(’w0’);

FAIRplots(’set’,’mode’,’PIR-rotation’,’omega’,omega,’m’,m,’fig’,1,’plots’,1);
FAIRplots(’init’,struct(’Tc’,T,’Rc’,R,’omega’,omega,’m’,m));

% ----- call Gauss-Newton ------------------------------------
GNoptn = {’maxIter’,500,’Plots’,@FAIRplots};
fctn = @(wc) PIRobjFctn(T,Rc,omega,m,0,[],[],xc,wc);
[wc,his] = GaussNewtonArmijo(fctn,w0,GNoptn{:});

figure(1); clf
viewImage(inter(T,omega,xc),omega,m,’axis’,’off’); hold on
ph = plotGrid(trafo(wc,xc),omega,m,’spacing’,1,’linewidth’,1,’color’,’w’);

% plot iteration history
his.str{1} = sprintf(’iteration history PIR: distance=%s, y=%s’,distance,trafo);
[ph,th] = plotIterationHistory(his,’J’,1:4,’fig’,2);

Example 6.10 (PIR: Rigid Transformations)
A rigid transformation is used in these examples, parameterized by w ∈ R3. Results
for the coarse level and the fine level are shown in Figures 6.10 and 6.11, respectively.
The convergence history is presented in Figure 6.12.

On the coarse level, the numerical minimizer is obtained after 7 iterations and
the initial reduction is about 2% (wc ≈ [−0.3119,−0.1233, 0.3534]) whereas for the
fine level, the numerical minimizer is obtained after 72 iterations and the initial
reduction is about 4% (wc ≈ [−0.3130,−0.1156, 0.3444]).
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Figure 6.7: PIR results for distance = SSD, trafo = rotation2D, and m = [32, 16];
yc = y(wc,xc), wc = w7 ≈ −0.3229, reduction ≈ 8.4%.
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Figure 6.8: PIR results for distance= SSD, trafo= rotation2D, and m = [256, 128]; wc =
w81 ≈ −0.3202, reduction ≈ 18.5%.

(a) iteration history for [32, 16] (b) iteration history for [256, 128]

Figure 6.9: Iteration history for PIR with SSD and rotation2D: coarse (left) and fine
(right) discretization; J(wk) (solid line), ‖wk − wk−1‖ (dashed line), and ‖dwJ(wk)‖
(dashed dotted line); all numbers are relative.
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Figure 6.10: PIR results for distance= SSD, trafo= rigid2D, and m = [32, 16]; wc =
w6 ≈ [−0.3119,−0.1233, 0.3534], reduction ≈ 2%.
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Figure 6.11: PIR results for distance= SSD, trafo= rigid2D, and m = [256, 128]; wc =
w72 ≈ [−0.3130,−0.1156, 0.3444], reduction ≈ 4.4%.

(a) iteration history for [32, 16] (b) iteration history for [256, 128]

Figure 6.12: Iteration history for PIR with SSD and rigid2D: coarse (left) and fine (right)
discretization; J(wk) (solid line), ‖wk − wk−1‖ (dashed line), and ‖dwJ(wk)‖ (dashed
dotted line); all numbers are relative.
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6.5 Regularized Parametric Image Registration
This section explains the needs for the additional regularization but may be skipped
in a first reading.

Additional regularization can be an interesting option for low-dimensional
transformation spaces. A regularizer can be used to create a bias towards a par-
ticular solution or prohibit an unwanted solution. However, regularization becomes
inevitable if the transformation space is high dimensional, as is indicated by the
following example.

Example 6.11 (PIR: Nonregularized Spline Transformations)
The script file listed in Table 6.4 runs a parametric spline registration; the result is
shown in Figure 6.13. Although the image distance has been reduced considerably,

Table 6.4 Parametric spline registration.

This file is E6_HNSP_PIR_spline2D_level5.m
%%%%
setupHNSPData;
inter(’set’,’inter’,’splineInter2D’);
level = 5; omega = MLdata{level}.omega; m = MLdata{level}.m;
[T,R] = inter(’coefficients’,MLdata{level}.T,MLdata{level}.R,omega);
xc = getCenteredGrid(omega,m);
Rc = inter(R,omega,xc);

distance(’set’,’distance’,’SSD’); % initialize distance measure

center = (omega(2:2:end)-omega(1:2:end))’/2;
trafo(’reset’,’trafo’,’rotation2D’,’c’,center);

% initialize transformation and starting guess;
% here: spline with 2 times [4,5] coefficients
trafo(’reset’,’trafo’,’splineTransformation2D’,’omega’,omega,’m’,m,’p’,[4,5]);
w0 = trafo(’w0’);

FAIRplots(’set’,’mode’,’PIR-spline’,’omega’,omega,’m’,m,’fig’,1,’plots’,1);
FAIRplots(’init’,struct(’Tc’,T,’Rc’,R,’omega’,omega,’m’,m));

% ----- call Gauss-Newton ------------------------------------
GNoptn = {’maxIter’,50,’Plots’,@FAIRplots};
fctn = @(wc) PIRobjFctn(T,Rc,omega,m,0,[],[],xc,wc);
[wc,his] = GaussNewtonArmijo(fctn,w0,GNoptn{:});

figure(1); clf
viewImage(inter(T,omega,xc),omega,m,’axis’,’off’); hold on
ph = plotGrid(trafo(wc,xc),omega,m,’spacing’,1,’linewidth’,1,’color’,’w’);
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(a) T (xc) & grid yc (b) |T (xc)−R(xc)| (c) |T (yc)−R(xc)|

Figure 6.13: PIR results for SSD and spline transformation, m = [32, 16] and p = [4, 5];
yc = y(wc,xc).
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the transformation does not look appealing since it is not one-to-one.

To circumvent an unwanted solution, a penalty or regularizer S is added to the
objective function. The theoretical necessity for an additional penalty is discussed
in Chapter 8 in much more detail. In this section, simple ideas which have already
been discussed in the interpolation chapter, Chapter 3, serve as a starting point; cf.
Section 3.4. To keep the discussion focused, a spline transformation is considered,

yi(x) = xi +Qi(x)wi, i = 1, . . . , d,

where the matrices Qi are generated from a spline basis as discussed in Section 4.5;
see also splineTransformation2D. Moreover, a norm of the coefficients is used
for regularization:

S(w) =
1
2
w>Mw

with a symmetric positive definite matrixM . The particular choiceM = αI results
in penalizing the displacement ui = yi(x)−xi. The regularization parameter α > 0
is integrated in M .

Remark 6.1
The above regularization is a particular specification of the more general approach

S[ui] =
∫

Ω

〈
Bui,Bui

〉
dx,

where B is some differential operator. Substituting the parametric form of ui,

S(wi) = S[Qiwi] =
∫

Ω

〈∑
j Bqjwij ,

∑
k Bqkwik

〉
dx

=
∑
j,k

wijw
i
k

∫
Ω

〈
Bqj ,Bqk

〉
dx

= (wi)>Mwi, where Mj,k =
∫

Ω

〈
Bqj ,Bqk

〉
dx.

This approach is closely related to the discussion on multiscale interpolation in
Section 3.6. The regularizer used in (3.20) is based on the second derivative:
Bqk = (qk)′′.

With a regularization parameter α > 0, compromising between similarity and
reasonability, the joint objective function is

J(w) = D[T [y(w)],R] + αS(w). (6.6)

Results for the regularized approach for three different values of α are shown in
Figure 6.14. Note that increasing α pushes the transformation towards the identity
and increases the distance.
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(a) T (xc) & grid, α = 106 (b) T (xc) & grid, α = 5 · 106 (c) T (xc) & grid, α = 107

(d) |T (yc)−R(xc)| (e) |T (yc)−R(xc)| (f) |T (yc)−R(xc)|

Figure 6.14: Regularized PIR for SSD and spline transformations;m = [64, 32], p = [8, 8],
M = αI, α = k · 106, k = 1, 5, 10, yc = y(wc,xc).

6.6 Multilevel Parametric Image Registration
The experiments of the previous sections strongly suggest using multilevel paramet-
ric image registration (MLPIR). Starting on a coarse level where computations are
cheap, a starting guess for a finer level is computed. On the fine level, only a very few
correction steps are expected. The tools needed are provided by getMultilevel

and MLPIR.
The basic idea is to obtain smoother representations of the images. Therefore,

the data on a coarser level is replaced by a mean value or an average over adjacent
cells. Figures 6.15(a)–(c) shows interpolations of the data T` for level ` = 3, 5, 7; see
also Section 3.7. Obviously, the functions T `(x) = inter(T`, omega, x) are smoother
on coarser levels. Using a multilevel approach offers three major advantages. First,
the optimization problems are easier to solve on the coarser levels, i.e., less iterations
are needed to compute a minimizer. Second, details are diminished on coarser levels
and the optimization is thus more robust, and the risk of being tracked in local
minima is reduced. Third, the quadrature rule for the smoother functions T ` can
be based on coarse discretizations, which reduces even further the computation costs
needed for one iteration on the coarse level; see Figures 6.15(d)–(f).

The stopping criteria are not yet compatible with a multilevel strategy. Sup-
plying the solution of a coarse level as a starting guess for a finer level, the initial
guesses become better and better. As a consequence, the first stopping criterion
becomes unacceptably hard. The remedy is to replace this criterion by

STOP1=(Jold-Jc)<=tolJ*(1+abs(JStop)),

where JStop is obtained from a global starting guess wStop, which stays constant
with respect to levels.

Example 6.12 (MLPIR: SSD and Rigid Transformations)
This example continues the experiments of Section 6.10. Starting on level ` = 3,
a numerical minimizer is computed in 4 iterations of PIR and serves as a starting
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guess for level ` = 4. The iteration history is summarized in Figure 6.16. As it
turns out, the starting guess on the finest level ` = 8 already satisfies the stopping
criteria. Results are shown in Figure 6.17.

This file is E6_HNSP_MLPIR_SSD_rigid2D.m
%%%%
setupHNSPData; % set up data
distance(’reset’,’distance’,’SSD’); % specify distance measure
inter(’reset’,’inter’,’splineInter2D’); % specify interpolator
trafo(’reset’,’trafo’,’rigid2D’); % specify transformation
[wc,his] = MLPIR(MLdata,’minLevel’,3,’plotMLiter’,1);

(a) ` = 3, m = [512, 256] (b) ` = 5, m = [512, 256] (c) ` = 7, m = [512, 256]

(d) ` = 3, m = [16, 8] (e) ` = 5, m = [64, 32] (f) ` = 7, m = [256, 128]

Figure 6.15: Multilevel representation of the data T` (a–c) and the functions T `(xc`), ` =
3, 5, 7 (d–f).

Figure 6.16: Iteration history for MLPIR with SSD and rigid2D, D(y(wk)) versus k:
vertical dashed lines separate different levels; reference values on the `th level are shown
as squares; iterations as crosses; on finest level (` = 8, solid line) only a comparison step
is needed.
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H
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(a) T (xc) (b) R(xc) (c) |T (xc)−R(xc)|
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(d) T (xc) & grid yc (e) T (yc) (f) |T (yc)−R(xc)|

Figure 6.17: MLPIR results for distance = SSD, trafo = rigid2D, and m = [512, 256];
yc = trafo(wc,xc), wc ≈ [−0.3128,−0.1153, 0.3440], reduction ≈ 5.8%.

Example 6.13 (MLPIR: SSD and Affine Linear Transformations)
In this example, an affine linear transformation model is considered; see affine2D.
As in the previous example, only a comparison step is required on the finest level ` =
8. Figure 6.18 shows the iteration history and Figure 6.19 shows the results.

This file is E6_HNSP_MLPIR_SSD_affine2D.m
%%%%
setupHNSPData; % set up data
distance(’reset’,’distance’,’SSD’); % specify distance measure
inter(’reset’,’inter’,’splineInter2D’); % specify interpolator
trafo(’reset’,’trafo’,’affine2D’); % specify transformation
[wc,his] = MLPIR(MLdata,’minLevel’,3,’plotMLiter’,1);

Figure 6.18: Iteration history for MLPIR with SSD and affine2D, J(wk) versus k: vertical
dashed lines separate different levels; reference values on the `th level are shown as squares;
iterations as crosses; on finest level (` = 8) only a comparison step is needed.
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H
N
SP

(a) T (xc) (b) R(xc) (c) |T (xc)−R(xc)|

M
LP

IR
/a

ffi
ne

(d) T (xc) & grid yc (e) T (yc) (f) |T (yc)−R(xc)|

Figure 6.19: MLPIR results for distance = SSD, trafo = affine2D, and m = [512, 256];
yc = trafo(wc,xc), wc ≈ [0.959, 0.305,−0.122,−0.310, 0.966, 0.339], reduction ≈
0.0314.

6.7 Summarizing Parametric Image Registration
Topics

In this chapter the workhorse for the minimization of an integral-based distance
measure has been discussed. Using a midpoint quadrature rule, it has been shown
how to discretize integrals. Based on the SSD, i.e., the energy of the difference
image between reference and transformed template, it has been shown exemplarily
how to derive a discretized distance measure. The discretized measure has been
combined with parametric transformations, and the distance can be considered as a
function in the parameters. A minimizer of this function yields optimal parameters.
The optimal parameters are computed using a Gauss–Newton-type optimization
scheme. For high-dimensional transformations, an additional regularization has
been introduced.

Emphasis has been given to the multilevel strategy. Instead of solving the op-
timization problem for an a priori fixed discretization width h, a sequence of nested
problems ranging from coarse to fine is solved. The key point is to get a smooth rep-
resentation of the images on a coarse grid. This yields a smooth objective function
which is easy to optimize and, in addition, requires only a coarse discretization. The
solution of the coarse problem serves as a perfect starting point for the fine problem.
Since the starting guess is expected to be close to the optimizer on the fine level,
the danger of being trapped by a local minima is reduced. Moreover, by exploiting
a fast optimization scheme, only a very few correction steps are expected to be nec-
essary. The procedure is stopped if the variation in the transformations is below a
prescribed tolerance, or if the discretization width is below the discretization width
of the data.
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6.8 FAIR Tutorials on Parametric Image
Registration

FAIR contains the tutorial BigTutorialPIR which provides a number of smaller
tutorials explaining how to use the PIR.
BigTutorialPIR
E7_Hands_SSDvsRotation SSD versus rotation, hands
E6_Hands_PIR_SD PIR, hands, rotations, SSD, steepest descent
E6_Hands_PIR_GN PIR, hands, rotations, SSD, Gauss–Newton
E6_Hands_MLPIR_pause MLPIR, hands, affine, SSD, including pauses
E6_Hands_MLPIR MLPIR, hands, affine, SSD
E6_HNSP_MLPIR_reg MLPIR, HNSP, splines, regularized
E6_PETCT_MLPIR MLPIR, PETCT, affine, SSD

6.9 Exercises
Exercise 6.1
Use the framework of setupHNSPdata to set up your own example.

Exercise 6.2
Use the framework of Section 6.3.5 to register your data with various transforma-
tions including rotation, rigid, affine, and spline transformations.

Exercise 6.3
Use the framework of Chapter 4 to create a quadratic transformation. Use PIR to
compute optimal parameters.

Exercise 6.4
Write a steepest descent algorithm to minimize PIRobjFctn.

Exercise 6.5
Consider a registration of the images shown in Figure 8.1 using SSD and rigid
transformation. Discuss the solutions and regularization.
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../FAIR/tutorials/BigTutorialPIR.m
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Chapter 7

Distance Measures

Chapter 5 discussed feature-based distance measure and in Chapter 6 the sum of
squared differences (SSD) as a prototype for an intensity-based measure was intro-
duced. A disadvantage of the latter measure is that it assumes a correspondence of
gray values of corresponding points. In this chapter, more powerful intensity-based
distance measures are explored. All distance measures are considered as functionals
in T and R and are phrased as

D[T ,R] =
∫

Ω

φ(T (x),R(x)) dx. (7.1)

Considering D[y] := D[T [y],R] enables a unified treatment in numerical optimiza-
tion.

In the first section the SSD is revisited from a more general point of view. In
addition to the practical issues discussed in Section 6.2, the derivative is interpreted
as a force field pushing the geometry. In the following sections, the normalized cross-
correlation, mutual information, and normalized gradient field are discussed from a
distance measure perspective. From a theoretical point of view, mutual information
is probably the most general distance measure. As a result of this generality, mutual
information can indicate a variety of possible matches, which might be undetectable
for other measures. Therefore, one may argue about the necessity of less general
measures. However, from a more global perspective on registration, ill-posedness is
the ultimate challenge. Therefore an ideal distance measure should indicate only the
desired match and should thus be as specific as possible. In this respect, mutual
information is somehow the worst distance measure. The truth is probably in
between. A coarse to fine technique concerning the choice of a distance measure
can provide an interesting option.

7.1 Sum of Squared Differences
In Section 6.2 (FAIR 9 (p.71)), SSD has been introduced as

DSSD[T ,R] =
1
2

∫
Ω

(T (x)−R(x))2 dx.

95
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96 Chapter 7. Distance Measures

(a) T (b) R (c) T −R

(d) T , ROI (e) R, ROI (f) T & ∇T , ROI

(g) ∂1T , ROI (h) ∂2T , ROI (i) forces

Figure 7.1: Forces of the SSD: (a) template T with a region of interest (ROI); (b)
reference R with ROI; (c) difference T − R; ROIs of (d) T , (e) R, (f) ∇T , (g) ∂1T , (h)
∂2T ; and the (i) force field.

Recalling J [y] = D[T [y],R] = ψ[r[y]], where ψ[r] = 1
2‖r‖

2
L2(Ω) and r[y] = T [y]−R,

the Gâteaux derivative, discretization, and the so-called force fields are discussed.

7.1.1 SSD and Forces
Since image registration is considered an optimization problem, derivatives play a
prominent role. Given a suitable perturbation v of y, the Gâteaux derivative of the
functional J is

dvJ [y] = lim
τ→0

1
τ

(J [y + τv]− J [y])

= lim
τ→0

1
2τ

∫
Ω

(T [y + τv]−R)2 − (T [y]−R)2 dx

= lim
τ→0

1
2τ

∫
Ω

2(T [y]−R)(τ∇T [y]v) +O(τ2) dx

=
∫

Ω

(T (y(x))−R(x))∇T (y(x))︸ ︷︷ ︸
=:f(x,y)

v(x) dx,


(7.2)

where f is also called a force field ; see, e.g., [162]. The force field can be viewed
as a steepest descent direction for the minimization of J in a continuous space. It
provides information on how to push points in order to reduce the distance; see
Figure 7.1.
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7.1.2 Discretized SSD
In the discrete analogue (FAIR 10 (p.72)), the integral is approximated by a mid-
point quadrature rule. Let xj = (x1

j , . . . , x
d
j ), j = 1, . . . , n, denote the cell-centered

knots of the quadrature rule, and let yj be an approximation to y(xj),

xc = [x1
1; . . . ;x1

n;x2
1; . . . ;x2

n; . . . ;xd1; . . . ;xdn],

yc = [y1
1 ; . . . ; y1

n; y2
1 ; . . . ; y2

n; . . . ; yd1 ; . . . ; ydn].

Hence, with hd the cell width, the discrete SSD is given by

J(yc) = DSSD,h(T (yc), R(xc)) =
1
2
· hd · ‖T (yc)−R(xc)‖2.

Particularly in a multilevel setting, a proper discretization of the integral and the
scaling hd are important. Note that in contrast to the discussion in Chapter 6, it
is no longer assumed that the transformation y is parameterizable. However, the
derivative of the discretized functional with respect to yc can still be computed,

dJ(yc) = hd dT (yc) · (T (yc)−R(xc)),

which is the discrete analogue of the force field f in (7.2). Figure 7.2 shows the
discrete SSD as a function versus rotations around the center of the domain and
versus translations.

7.2 Cross-Correlation
A problem of the SSD distance measure is that it directly compares T (y(x)) with
R(x), implicitly assuming that gray values of corresponding points x and y(x) do
also correspond. Ideally, it is assumed that T [y] = R. This can be a drawback for
multimodal images such as shown in Figure 7.3; for results, see Figure 7.4. The
extension presented in this section aims for only a linear dependence of T [y] and R,
i.e., with two scalars λ, µ ∈ R, only λT [y] = µR is assumed.

7.2.1 Continuous Normalized Cross-Correlation
The cross-correlation has its origin in a comparison of the reference image and a
translated version of the template image. Expanding

(T (x)−R(x))2 = T 2(x)− 2T (x)R(x) +R2(x)

and ignoring the squares on the right-hand side, the cross-correlation is given by

〈T ,R〉 =
∫

Rd

T (x) R(x) dx.

In combination with a rigid transformation, this measure could be used di-
rectly. However, if the transformation also enables a scaling of the template image,

Copyright © by SIAM. 
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rotation translation (mesh) translation (contour)

SS
D

N
C
C

M
I

N
G
F

Figure 7.2: Distance measures for the monomodal images shown in Figure 7.1. Left
column: distance versus rotations around the domain center, middle/right columns:
mesh/contour plots of distance versus translation.

the situation becomes more complex. A standard remedy is to maximize the nor-
malized cross-correlation (NCC),

NCC[T ,R] =
〈T ,R〉
‖T ‖ ‖R‖

, (7.3)

where ‖T ‖ =
√
〈T , T 〉 and it is assumed that T and R are not completely zero.

FAIR 13 presents an even more relaxed version which is suitable for minimization.
The square in formula (7.4) focuses on the linear dependency of T and R.

Thus, both choices T = ±R are equally fine. The minus sign converts a maximiza-
tion problem into the standard minimization problem, and the 1 has been added
only to ensure that 0 ≤ NCC[T ,R] ≤ 1. An implementation is provided in the next
subsection. Copyright © by SIAM. 
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FAIR 13: Normalized Cross-Correlation (NCC) Distance Measure
Given T and R, the NCC distance measure is defined by

DNCC[T ,R] = 1−NCC[T ,R]2 = 1−
〈T ,R〉2

‖T ‖2 ‖R‖2
. (7.4)

7.2.2 Discretized Normalized Cross-Correlation
Using the framework presented in Chapter 6, the discretization of the NCC is
straightforward. Let Rc = R(xc) be the discretized reference and let Tc = T (yc)
be the discretized transformed image; (7.3) translates into

NCCh(Tc, Rc) =
〈Tc, Rc〉
‖Tc‖ ‖Rc‖

, with ‖Tc‖ =
√
Tc>Tc and ‖Rc‖ =

√
Rc>Rc.

(7.5)
Note that the factor hd in the integration shows up in the numerator and denomi-
nator and hence cancels out. The algorithm is summarized in NCC. The NCC can
be rephrased as a composition of Tc and ψ:

DNCC(Tc) = ψ(Tc) = 1− (Rc>Tc)2

(Rc>Rc) (Tc>Tc)
.

Figure 7.2 also shows the discrete NCC as a function versus a rotation around
the center of the domain and versus translations for images of the same modality.
As expected, NCC yields results similar to those of the SSD.

(a) template T (b) T , ROI (c) reference R (d) R, ROI

Figure 7.3: MRI sections of a head. ROI; cf. Example 2.9.

Another example with images of different modalities is shown in Figure 7.3.
Two 2D sections of T1 and T2 weighted MRIs of a human head serve as a test case;
cf. Example 2.9. As a matter of fact, the differences between SSD and NCC appear
to be very small. In particular, SSD gives unexpectedly good results.

7.3 Mutual Information
Probably the most commonly used distance measure for registration is mutual in-
formation, which has been introduced independently by Collignon et al. [90] and

Copyright © by SIAM. 
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rotation translation (mesh) translation (contour)
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Figure 7.4: Distance measures for T1-T2 MRIs; see Figure 7.3. Left column: distance
versus rotations around the domain center; middle/right columns: mesh/contour plots of
distance versus translation.

Viola [202]. The concept originated in information theory. Given two sequences [Tj ]
and [Rj ], j = 1, . . . , n, the underlying idea is to measure the mutual information
of T and R, i.e., a normalized entropy of the joint density.

Example 7.1 (Histogram)
Let two sequences [Tj ] and [Rj ] be as follows:

T 4 � � 4 � 4 F F F
R A C C A C A G G G

The first step is to produce a histogram, summarizing the coincidences of all possi-
ble n pairs in the sequence,

ρhist(t, r) = #{(Ti, Rj) | Ti = t ∧Rj = r}/n.
Copyright © by SIAM. 
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In this example, ρhist takes the following values.

ρhist A C G

4 1/3 0 0
� 0 1/3 0
F 0 0 1/3

If ρhist has at most one nonzero entry per row and column, say at position (i, ji),
a one-to-one correspondence between Ti and Rji can be assumed. In this example,
this is the case and one may conclude that A , 4, C , �, and G , F. Thus,
knowing the sequence T is as good as knowing the sequence R.

The entropy H is a common measure for quantifying the “sharpness” of a
histogram ρhist,

H[ρhist] = −
∑
t,r

ρhist(t, r) log ρhist(t, r) = − 1
n

∑
i,j

log ρhist(Ti, Rj). (7.6)

Example 7.2 (Mutual Information)
Suppose that the sequences are completely arbitrary and ρhist(t, r) = 1/n. Hence
H[ρhist] = log n. On the other hand, if ρhist has only one nonzero entry per row
and column (say ρhist(Ti, Rji) = 1/

√
n for all i) as in the above example, then

H[ρhist] = 0.5 logn, which basically claims that the latter situation is much more
organized than the first one. For the extreme case ρhist(T1, Rj1) = 1 and zero
elsewhere, the entropy takes its minimal value: H[ρhist] = 0.

The computation of the mutual information involves an additional normaliza-
tion step and is defined by

M̂I[ρhist] = H[ρhist
T ] +H[ρhist

R ]−H[ρhist],

where ρhist
T (t) =

∑
r ρ

hist(t, r) and ρhist
R (r) =

∑
t ρ

hist(t, r) are the marginal densi-
ties. For the case where all occurrences are equally likely, M̂I[ρhist] = 0, whereas for
the one-to-one case, M̂I[ρhist] = 0.5 log n.

Although this measure seems to be quite intuitive for discrete sequences [Tj ],
[Rj ], the extension to the continuous framework is not straightforward; see, e.g.,
[172, 171, 170, 173, 135, 126]. All extensions to the continuous case are based
on estimations for the generally unknown joined gray value distribution ρ of the
continuous images T and R.

7.3.1 Estimating the Joint Density, Principles
The key quantity is the joint density ρ. Unfortunately, it is generally unknown
and can only be estimated. In image registration, two approaches are popular.
Both approaches are based on a discretization T of the continuous function T .

Copyright © by SIAM. 
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The first approach is based on histograms and the second is based on Parzen-
window estimators. Histogram-based estimators are commonly used in registration
and are therefore briefly described in the next section. However, histogram-based
approaches are known to be inferior to Parzen-window-based estimators [185] and
are thus not considered in FAIR.

Histogram-Based Density Estimators

A seemingly simple approach is to basically use a histogram with certain bin sizes;
see Example 7.3.

Example 7.3 (Density Estimation Based on Histograms)
The function T : [0, 2π] → R with T (x) = 0.5(sin(x) + 1) is explored. The dis-
cretization is based on n samples, n = 10, 100, 1000. Figure 7.5 shows the histogram
for g = numberBins bins of equal width.

This file is E7_Histogram1D.m
%%%
n = 1000;
x = linspace(0,2*pi,n); T = 0.5*(sin(x)+1); % discretized function
minT = 0; maxT = 1; % bounds for the bins
numberBins = 5; % number of bins
binWidth = (maxT-minT)/numberBins; % bin width
bins = 0:binWidth:maxT; % the bins
binsExt = [-inf,bins(2:end-1),inf]; % don’t miss anything

rhoHat = histc(T,binsExt); % compute the histogram and plot it
bar(bins+binWidth/2,rhoHat,0.99,’edgecolor’,’w’,’facecolor’,0.8*[1,1,1]);
axis([minT,maxT,0,inf])

This approach has several drawbacks: The histogram-based estimator has
inferior approximation properties (see, e.g., [185]); the particular estimator strongly
depends on several parameter (such as number of bins and the bin width); and the
histogram is based on rounding and thus leads to a nondifferential function which
is not suitable for optimization. Therefore, histogram-based density estimators are
not supported by FAIR.

Parzen-Window-Based Density Estimators

The basic idea of a Parzen-window estimator is to work with a smooth kernel
function which basically spreads out sampled data. The Parzen-window estimator
has better approximation properties and can give a smooth estimator which is
much better suited for optimization purposes. From a theoretical point of view,
the particular kernel function is not very important. However, for registration
purposes, a smooth, compactly supported function is preferred; see Example 7.4
and Figure 7.6. In FAIR, a cubic spline serves as a kernel.

Example 7.4 (Parzen-Window Kernel Function)
The basic ingredient is a bell-shaped function, smooth, compactly supported, and of
integral one. In FAIR, a spline function is used; see Section 3.4.1 and in

Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.

../FAIR/examples/E7_Histogram1D.m


F I F T H P R O O F S “FAIR” 2009/10/8 page 103i
i

i
i

i
i

i
i

7.3. Mutual Information 103

(a) n = 10, g = 5 (b) n = 10, g = 10 (c) n = 10, g = 100

(d) n = 100, g = 5 (e) n = 100, g = 10 (f) n = 100, g = 100

(g) n = 500, g = 5 (h) n = 500, g = 10 (i) n = 500, g = 100

Figure 7.5: Histograms of discretizations from n samples of a univariate function based
on g equally spaced bins, n = 10, 100, 1000, g = 5, 10, 100.

(a) k(·, σ) for σ = 2, 1, 0.5 (b) Parzen-window based density estimator

Figure 7.6: (a) Spline-based Parzen-window kernel k(·, σ) for σ = 2, 1, 0.5; (b) Parzen-
window estimator based on three samples.

particular (3.8) and Figure 7.6. The width of the spline-based kernel k is controlled
by a dilatation factor σ,

k(t, σ) = k(t/σ)/σ.

Since the integral of the dilated spline is one, dilation also affects the height of the
function.

Copyright © by SIAM. 
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(a) m = 10, n = 2 (b) m = 10, n = 6 (c) m = 10, n = 16

(d) m = 100, n = 4 (e) m = 100, n = 10 (f) m = 100, n = 40

(g) m = 1000, n = 10 (h) m = 1000, n = 100 (i) m = 1000, n = 400

Figure 7.7: Parzen-window density estimators based on different samples of T (top,
middle, bottom for n = 10, 100, 1000) with different choices for the window width σ ∼ 1/n;
see Example 7.5.

The idea of a Parzen-window estimator is illustrated in Figure 7.6. Copies of
the kernel are placed at the positions tj = T (xcj) in the gray value space, j = 1, 2, 3.
The estimator is obtained by summing these shifted copies and dividing the sum
by the number of copies:

ρ(t;σ) = ρ(t; T , xc, σ) =
1
m

m∑
j=1

k(t− tj , σ). (7.7)

The Parzen-window estimator depends on the choice of σ. Here, we assume
the gray values to be in an interval [t0, tn], and we set σ = (tn − t0)/n. The
window width σ can be considered as an analogue of the bin width in the histogram
approach.

Example 7.5 (Parzen-Window Estimation)
Parzen-window estimators for the density of the modified sine function introduced
in Example 7.3 and various choices of m and n are presented. Here, xc is a cell-
centered grid of m points, t0 = min{T (t), t ∈ R} = 0, tn = max{T (t), t ∈ R} = 1,

σ =
1
n

=
tn − t0
n

, Tj = T (xcj), j = 1, . . . ,m.

As the results presented in Figure 7.7 indicate, the choices ofm and n are crucial. A
large window size σ (small n) results in oversmoothing, and a very small window size
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(n > m) results in a spiky density. Even for a relative large sample size (m = 1000)
different results are obtained.

The problem is that the derivative of the modified sin function vanishes, in-
troducing singularities in the density: the spikes at 0 and 1 get higher with increas-
ing m. Note that similar problems arise for piecewise constant functions, such as
images. For a more detailed analysis, see [126].

Although this estimator is smooth, the previous example indicates that it does
depend on the sample size n and the window width σ. For image registration, where
a multilevel approach is inevitable to avoid suboptimal results, this is bad news.
For a fixed σ, the estimator, and hence the objective function, becomes rougher
the smaller the sample size is drawn. A remedy is to adapt the window width to
the sample size automatically. The leaving-one-out or Generalized Cross-Validation
are state-of-the-art techniques for an automatic adaption. However, changing σ
while moving from one discretization to another also changes the objective function.
Moreover, the optimal value of σ for the continuous case is generally unknown.

7.3.2 Estimating the Joint Density of Two Images

The above Parzen-window estimator can be extended to any dimension. For two
images T andR, let xc denote anm point discretization of the underlying domain Ω.

FAIR 14: Parzen-Window Estimator
In analogy to (7.7), a 2D Parzen-window estimator for the joint gray value distri-
bution of T and R is given by

ρ(t, r) = ρ(t, r; T ,R, xc, σ) =
1
m

m∑
j=1

k(t− T (xcj), σ)k(r −R(xcj), σ). (7.8)

Of course, different kernel functions could be used as well but this is beyond
the scope of this book. Since the computation time using MATLAB is already
considerable, FAIR provides a C implementation; see rhoSplineC.

7.3.3 Mutual Information

The computation of the mutual information is based on the joint density of the
images

ρ[T ,R](t, r) = ρ(t, r; T ,R, σ, xc);

cf. FAIR 14 (this page). The marginal densities ρ[T ] and ρ[R] are

ρ[T ](t) =
∫

R
ρ[T ,R](t, r) dr and ρ[R](r) =

∫
R
ρ[T ,R](t, r) dt.
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FAIR 15: Mutual Information (MI) Distance Measure
Given T and R, a discretized MI distance measure is given by

MI[T ,R] =
∫

R
ρ[T ] log ρ[T ]dt+

∫
R
ρ[R] log ρ[R]dr−

∫
R2
ρ[T ,R] log ρ[T ,R]d(t, r). (7.9)

7.3.4 Discretizing Mutual Information
The main task is the computation of the integral

I =
∫

R2
ρ[T ,R] log ρ[T ,R] d(t, r).

It is assumed that the values of the functions T and R are within a known range
[t0, tn] and [r0, rn], respectively, where typical values are t0 = r0 = 0 and tn = rn =
255. The integrals can thus be approximated by a midpoint quadrature rule using
an nt-by-nr grid. Let ηt = (tn − t0)/nt, ηr = (rn − r0)/nr,

ti = t0 + (i− 0.5)ηt, rj = r0 + (j − 0.5)ηr, i = 1, . . . , nt, j = 1, . . . , nr.

Adding a small tolerance to the argument of the logarithm prevents extra consid-
erations for “0 log 0.” Thus, with ρi = ρi1,i2 = ρ[T ,R](ti1 , ri2),

I = ηtηr ρ
> log(ρ+ ε) = ηtηr

nt∑
i=1

nr∑
j=1

ρi,j log (ρi,j + ε) .

Reformatting ρ to be an nt-by-nt array, the discretized marginal densities can
be computed as

ρT (tk) = ηr

nr∑
i=1

ρk,i and ρR(rk) = ηt

nt∑
i=1

ρi,k,

or, using the two matrices ST and SR, as ρT = ST ρ and ρR = SRρ, where

ST = [1, . . . , 1]︸ ︷︷ ︸
nr

⊗Int
, SR = Inr

⊗ [1, . . . , 1]︸ ︷︷ ︸
nt

.

Although building and storing these matrices can be avoided for the computation
of MI, they provide a convenient tool for the computation of the derivative.

The MI for the rotation and translation of the test cases are presented in
Figures 7.2 and 7.4.

Remark 7.1
From a multiscale point of view, a major problem arises from the fact that MI is
defined in the gray value space rather than in the geometrical space. Improving
the spacial resolution does not necessarily improve the resolution in the gray value
space and vice versa. A proper match of the discretization of the distance measure
and the discretization of the regularizer is, however, a central question in multilevel
approaches.
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7.4 Normalized Gradient Fields
A compromise between the more restricted SSD (aiming for correspondences of
gray values) and the very general (and hence highly nonconvex) MI is based on
normalized image intensity gradients [123].

This distance measure is based on the observation that the contents of the
image T is also displayed by intensity changes and therefore indicated by the im-
age gradient ∇T . The image gradient thus plays a dominant role in registration
schemes. This can also be seen by looking at the steepest descent direction of a
generic distance measure D[y] = D[T [y],R]. The chain rule yields

dyD = dT D dyT ,

indicating that ∇T = (dyT )> is indeed a very important ingredient. In the SSD
example, the force is a product of the difference image T − R (which might be
viewed as a switch, telling in which direction to go) and the gradient ∇T . For
regions where T is constant, the forces are zero and the registration is completely
governed by the regularization (which is discussed in the next chapter). Since
the gradient is orthogonal to the level set L(c) = {x : T (x) = c}, an alternative
interpretation or intuition can be gained from the alignment of level sets.

7.4.1 Continuous Normalized Gradient Fields
The assumption is that even for images of different modalities, intensity changes
appear at corresponding positions. Since intensity changes are indicated by the
image gradient, this is a quantity to look at. However, the gradient also measures the
strength of the change which is unwanted information for multimodal registration.
Therefore, the gradient ∇T is replaced by ∇T /|∇T | (assuming ∇T 6= 0). This
normalization removes unwanted information and focuses on locations of changes
rather than on the strength. Figure 7.8 shows a region of interest in the template
image (a) and a corresponding region in the reference image (b) overlaid by the
image gradients and the normalized gradient field (c),(d). The normalized gradient
field is defined by

n[T ] = n[T , η] =
∇T√

|∇T |2 + η2
, (7.10)

where η is an important edge parameter. The edge parameter determines what
is to be considered as an edge (|∇T | > η) and what is considered to be within
the noise level (|∇T | < η). Without this parameter, image noise blown up by the
normalization step would corrupt the valuable information given by the normalized
gradient field; see [123] for an extended discussion.

Figure 7.8 shows the gradient and normalized gradient fields for the two MRIs
introduced in Figure 7.3. It is obvious that the normalized gradient field indicates
intensity change and directions but does not indicate the strength of the change.

The final step is to measure the alignment of the two gradient fields for T
and R. Since there should be no bias in the direction of the intensity change, the
ideal situation is t = ±r, where t := n[T ](x) and r = n[R](x). Therefore, the area
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(a) T & ∇T (b) T & ∇T , ROI (c) T & NGF (d) T & NGF, ROI

(e) R & ∇R (f) R & ∇R, ROI (g) R & NGF (h) R & NGF, ROI

Figure 7.8: Normalized Gradient Fields (NGF) for T1/T2 weighted MRIs; cf. Example
2.9.

spanned by the two vectors t and r could be used as a measure for linear dependency.
However, minimizing this area also indicates a perfect match if t or r is zero, which
is generally unwanted. Therefore, rather than minimizing the area, we maximize
the linear dependency of t and r. Normalization steps such as introducing a minus
sign (transforming a maximization into a minimization problem) and adding a 1
(giving nonnegative values) lead to

d(t, r) = 1− (t>r)2.

Note that this measure gives minimal value zero for t = ±r and gives maximal value
one if t is orthogonal to r, including t = 0 or r = 0.

FAIR 16: Normalized Gradient Field (NGF) Distance Measure
Given T and R, the NGF distance measure is defined by

DNGF[T ,R] = NGF[T ,R] =
∫

Ω

1− (n[T (x)]>n[R(x)])2 dx. (7.11)

7.4.2 Discretized Normalized Gradient Fields
The NGF distance measure is basically an L2-norm of a residual r, where r measures
the alignment of the normalized gradients of two given images at a position x. The
discretization steps are described for T , the discretization of R is along the same
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lines. Let xc denote a cell-centered grid and yc = y(xc). The gradients ∇T are
approximated by finite differences,

∂jT [y](xc) ≈ ∂hj T (yc),

where with the Kronecker product ⊗,

∂h1 = Im3 ⊗ Im2 ⊗D1,

∂h2 = Im3 ⊗D2 ⊗ Im1 ,

∂h3 = D3 ⊗ Im2 ⊗ Im1 ,

Dj =
1

2hj


−1 1
−1 0 1

. . . . . . . . .
−1 0 1
−1 1

 ∈ Rm
j ,mj

.


(7.12)

Since T [y] changes with y, the derivatives have to be recomputed. An alternative
way is to use the chain rule. The derivatives of T are then to be multiplied with
the Jacobian ∇y, which is the drawback of this alternative.

Once the gradients have been computed, all computations are pointwise. To
this end, let Tc = T (yc) ∈ Rn, Rc = R(xc) ∈ Rn,

gradTi = [(∂h1 Tc)i, (∂h2 Tc)i, (∂h3 Tc)i]>, gradRi = [(∂h1 Rc)i, (∂h2 Rc)i, (∂h3 Rc)i]>.
(7.13)

Hence, with

n[T [y](xi)]>n[R(xi)] ≈ rci :=
gradT>i gradRi√

||gradTi||2 + η2
√
||gradRi||2 + η2

,

hd = h1 · · ·hd, and ω̂ =
∏d
i=1(ω2i−1 − ω2d), the discretized NGF is

NGF(yc) = hd

m∑
i=1

(1− rc2
i ) = ω̂ − hd · rc>rc.

7.5 Derivatives of Distance Measures
The computation of derivatives for the distance measures has already been discussed
for the SSD in Chapter 6. Now we are ready to discuss the general case. The basic
idea is to decompose the distance measure into elementary building blocks,

D(yc) = D(T (yc), Rc) = ψ(r(yc)),

and to approximate the Hessian by first order information, neglecting the second
order derivative of the residual r:

dD(yc) = dψ(r(yc)) dr(yc), d2D(yc) ≈ dr(yc)>d2ψ(r(yc)) dr(yc).
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Example 7.6 (Derivative of Discrete NGF)
Let Tc ∈ Rn with n = m1 · · ·md be the discrete transformed image and ∂h` ∈ Rn,n
the discrete gradient operators as in (7.12). In NGF, the gradients and regularized
lengths are computed:

gradT = [∂h1 Tc, ∂
h
2 Tc, ∂

h
2 Tc] ∈ Rn,3, lengthGTi =

√
||gradTi||2 + η2,

gradR = [∂h1 Rc, ∂
h
2 Rc, ∂

h
2 Rc] ∈ Rn,3, lengthGRi =

√
||gradRi||2 + η2.

For convenience, the residual is written as r = r1r2, where

r1
i = gradT>i gradRi, r2

i = 1/(lengthGTilengthGRi).

A sparse matrix multiplication is used as a compromise between efficient and con-
venient computation of the Hadamard or pointwise product:

r1 � r2 = [r1
i r

2
i ]i = diag[r1]r2.

Thus,

dr1 = diag[gradR1] ∂h1 + diag[gradR2] ∂h2 + diag[gradR3] ∂h3
dr2 = −diag[1/((lengthGTi)3 · lengthGRi), i]

·(diag[gradT1] ∂h1 + diag[gradT2] ∂h2 + diag[gradT3] ∂h3 ),
dr = diag[r2] dr1 + diag[r1] dr2

and the derivatives of the NGF are

dD = −2 hd r> dr dTc, d2ψ = 2 hd.

7.6 Summarizing the Distance Measures
The most commonly used distance measures SSD, NCC, MI, and NGF have been
introduced and discussed. FAIR enables a convenient use of different measures
including their analytical derivatives. As for the interpolation and transformation
modules, a generic distance measure module distance is provided. On the basis
of a persistent parameter OPTN, this function allows a convenient integration of the
various measures; see also Section 2.3.7 and options.

For the following examples, CT and PET images from the thorax serve as data;
cf. Example 2.10. The first example illustrates how to explore different distance
measures, and the last example shows how different distance measures can be used
within FAIR’s MLPIR.

Example 7.7 (Exploring Distance Measures)
In this example, distances of a CT and a rotated PET images are computed; see
Table 7.1. Figure 7.9 present some results for different multiscale parameters θ; see
Section 3.6. Note that optimizing the smoothed problem is much simpler.
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FAIR 17: Distance Measure Toolbox
This function computes an integral-based distance measure by approximating the
integral using a midpoint quadrature rule based on a cell-centered grid xc of m
points for the domain Ω. The distance measure D(Tc) = ψ(r(Tc)) is coded as a
composition of an outer function ψ and the residual r to enable a Gauss–Newton-
type optimization scheme; see Chapter 6. The input and output of the function
are summarized in the following table. The function returns its derivative and an
approximation to the Hessian given is by ∇2D ≈ H = dr> d2ψ dr.

[Dc,rc,dD,dr,d2psi]= distance(Tc,Rc,omega,m)

Tc ∈ Rn sampled transformed template Tc = T (yc)
Rc ∈ Rn sampled reference Rc = R(xc)
omega,m specify domain and discretization
Dc ∈ R distance of Tc and Rc

rc ∈ Rp residual r, e.g., r = Tc− Rc for SSD
or r = ρT,R = joint density estimator for MI

dD ∈ Rnd derivative of D w.r.t. Tc
dr ∈ Rp,nd derivative of rc w.r.t. Tc
d2psi ∈ Rq,q second derivative of the outerfunction ψ w.r.t. r

Table 7.1 Using different distance measures.

This file is E7_Hands_distance_rotation.m
%%%
% set up some data
setupHandData; close all;
level = 6; omega = MLdata{level}.omega; m = MLdata{level}.m;

DM = {’SSD’,’NCC’,’MI’,’NGF’}; % the distance measures
str = @(w) sprintf(’T(y(%s^o))’,num2str(w*180/pi)); % used in plots for titles

% initialize interpolation, here spline interpolation with various theta’s
theta= 0; % play with theta!
inter(’reset’,’inter’,’splineInter2D’,’regularizer’,’moments’,’theta’,theta);
[T,R] = inter(’coefficients’,MLdata{level}.T,MLdata{level}.R,omega);

% initialize a grid xc and compute Rc = R(xc)
xc = getCenteredGrid(omega,m);
Rc = inter(R,omega,xc);

% initialize the transformation, here rotation in 2D
center = (omega(2:2:end)-omega(1:2:end))’/2;
trafo(’reset’,’trafo’,’rotation2D’,’c’,center);

% parameter runs in [-pi/2,pi/2]
wc = pi/2*linspace(-1,1,101)’;

% run loop over the following distance measures

for k=1:length(DM),
fprintf(’============== %s ========================\n’,DM{k})
dc = zeros(size(wc)); % allocate memory for D(w(j))
for j=1:length(wc), % loop over all parameters w(j)

yc = trafo(wc(j),xc(:)); % compute the transformation
Tc = inter(T,omega,yc); % compute transformed template
dc(j) = feval(DM{k},Tc,Rc,omega,m); % evaluate distance measure

% do some plots
if j == 1, % initialize the plot
figure(k); clf;
subplot(1,3,1); viewImage(Rc,omega,m); title(’reference’);
subplot(1,3,2); ph = viewImage(Tc,omega,m); th = title(str(wc(j)));
subplot(1,3,3); rh = plot(wc(j),dc(j),’r.’,’markersize’,20);
axis([wc(1),wc(end),-inf,inf]); hold on; title(DM{k})

else % update the plot
set(ph,’cdata’,reshape(Tc,m)’); set(th,’string’,str(wc(j)));
subplot(1,3,3); set(rh,’visible’,’off’);
plot(wc(1:j),dc(1:j),’k-’,’linewidth’,2);
rh = plot(wc(j),dc(j),’r.’,’markersize’,20); pause(1/100)

end;
fprintf(’.’); if ~rem(j,50) || j==length(wc), fprintf(’\n’); end;

end;
fprintf(’============== %s done ===================\n’,DM{k})

end;
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θ = 0 θ = 10
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Figure 7.9: Distance measures versus rotation angle for PET/CT images; see Exam-
ple 7.8. Left/right columns: using scale parameters θ = 0, 10.
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Example 7.8 (MLPIR Using Various Distances)
This example shows how to incorporate different distance measures into the frame-
work of the multilevel parametric registration discussed in Section 6.6. In addition,
multiscale solutions are used. The goal is to find the best affine linear registration
using the distance measures presented in this chapter. Results are presented in
Figure 7.10.

It appears that the optimal parameters for the transformation do depend
on the distance measure. Choosing a proper distance measure for a particular
application is thus very important. However, a discussion of distance measure for
PET/CT registration is beyond the scope of the book; see, e.g., [184] and the
references therein.

This file is E7_PETCT_MLPIR.m
%%%
setupPETCTData; % load data

% a list of distance measures to be used
DM = {’SSD’,’NCC’,’MI’,’NGF’};

for dm = 1:length(DM), % run over all distance measures

% initialize interpolation, using a smooth representation (theta=1e0)
inter(’reset’,’inter’,’splineInter2D’,’regularizer’,’moments’,’theta’,1e0);

% initialize transformation, create initial guess and reference for stopping
trafo(’reset’,’trafo’,’affine2D’); wStop = trafo(’w0’); w0 = wStop;

% initialize distance and display options
distance(’reset’,’distance’,DM{dm}); distance(’disp’)

% run MLPIR using sufficient amount of details (level=5)
wSmooth = MLPIR(MLdata,’minLevel’,5,’plotIter’,0,’plotMLiter’,0);

% refine interpolation (theta=1e-3)
inter(’reset’,’inter’,’splineInter2D’,’regularizer’,’moments’,’theta’,1e-3);
level = length(MLdata); omega = MLdata{level}.omega; m = MLdata{level}.m;
[T,R] = inter(’coefficients’,MLdata{level}.T,MLdata{level}.R,omega);

% start PIR, using the result from the smooth problem as starting guess

% initialize plots
FAIRplots(’set’,’mode’,’PIR’);
FAIRplots(’init’,struct(’Tc’,T,’Rc’,R,’omega’,omega,’m’,m));

% optimize
xc = getCenteredGrid(omega,m);
Rc = inter(R,omega,xc);
fctn = @(wc) PIRobjFctn(T,Rc,omega,m,0,[],[],xc,wc); fctn([]);
[wc,his] = GaussNewtonArmijo(fctn,w0,’Plots’,@FAIRplots);

% visualize results
yc = trafo(wc,xc);
R0 = inter(R,omega,xc);
T0 = inter(T,omega,xc);
Tc = inter(T,omega,yc);

figure(11); clf;
viewImage(T0,omega,m,’axis’,’off’); hold on;
plotGrid(yc,omega,m,’spacing’,ceil(m/32),’linewidth’,2,’color’,’w’);

figure(12); clf;
overlayImage2D(Tc,R0,omega,m); axis off;

end;
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da

ta

(a) T (xc) (b) R(xc) (c) T (xc) & R(xc)

T (xc) & grid T (yc) T (yc) & R(xc)
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Figure 7.10: Distance measures for PET/CT data; images from [184]; see Example 7.8.
First row: (a) reference, (b) template, and (c) image “fusion”; following rows: template
with overlaid grid for yc (left column), transformed template (middle column), and “fusion”
of reference and transformed template (right column). The affine transformations yc are
based on MLPIR results.
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Some Guidelines
Providing several distance measures immediately raises the question of which one
to be used in a particular application. From an imaging point of view, MI seems
to be the most general measure but may causes trouble in identifying a meaningful
optimizer. On the other hand, the SSD is well suited for optimization but too
narrow for many applications. A practical guideline for a particular application
is to choose the distance measure to be as restrictive as possible. In other words,
rather than searching for a universal measure, designing a more restrictive and
application-specific measure might be the better choice.

7.7 FAIR Tutorials on Distance Measures
FAIR contains the tutorial BigTutorialDistance which summarizes a number of
smaller tutorials that provide insight into the handling of the tools. Note that some
of the more advance tutorials use techniques which are not yet explained.
BigTutorialDistance
E7_Hands_SSDvsRotation SSD versus rotation (hands)
E7_PETCT_SSDvsRotation SSD versus rotation (PET/CT)
E7_PETCT_MIvsRotation MI versus rotation (PET/CT)
E7_US_MIvsRotation MI versus rotation (US/US)
E7_basic distances versus rotation
E7_extended distances versus rotation (ext)
E7_SSDforces show SSD forces
E6_PETCT_MLPIR MLPIR, PETCT, affine, SSD
E9_PETCT_MLIR_NGF_mbElas MLIR, PETCT, NGF, elastic, matrix-based
E9_HNSP_MLIR_TR MLIR, HNSP, elastic, matrix free

7.8 Exercises
Exercise 7.1
Modify the SSD distance measure such that the outer function D[r] = 1

2

∫
rs dx is

replaced by D[r] =
∫

log(1 + r2) dx. Discuss pros and cons. Implement the new
distance measure and its derivative and compare it to SSD and NCC.

Exercise 7.2
An interesting alternative to the NCC discussed in this chapter is the localized cross-
correlation. The idea is to consider correlation pointwise and to convolve it with a
window function, for example a Gaussian. Thus, points further away have smaller
weight in the computation of the correlation. Explore this idea and implement the
localized cross-correlation and its derivatives.

Exercise 7.3
Compute the force fields for NCC, MI, and NGF. Visualize the force fields for the
HNSP data of Example 2.8 analogously to Figure 7.1.
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Chapter 8

Regularization

The most puzzling point in registration is probably ill-posedness of the problem.
To clarify the notation, a problem is well-posed in the sense of Hadamard if it has a
solution, the solution is unique and depends continuously on the data; otherwise it
is called ill-posed [124]. Section 8.1 provides a small example giving some intuition.

This chapter discusses approaches to address ill-posedness by adding a so-
called regularizer S. The idea is to measure quality of candidates and to choose the
best candidate with respect to the measure of choice. For image registration, the
joint objective functional reads

J [y] = D[T [y],R] + S[y]. (8.1)

Here, D is a distance measure as discussed in Chapter 7, and the regularizer S is
the topic of this chapter.

From a mathematical point of view, the regularizer should make the registra-
tion problem well-posed, i.e., lead to a unique minimizer and preferably to a convex
objective function. However, for most practical applications this is probably illusive.
The objective function will allow for many local and even global minima, and the
results will depend on the starting point, the algorithm, and the implementation.

There is a strong and intended analogue of the spline interpolation discussed
in Section 3.4 and to the landmark-based registration of Chapter 5. For spline
interpolation or approximation, the problem can be phrased in three variants:

D[y] != min s.t. S[y] = 0, (8.2)

S[y] != min s.t. D[y] = 0, (8.3)

D[y] + S[y] != min, (8.4)

where D[y] =
∑m
i=1(y(xi) − di)2 is the data fitting term and S is the bending

energy (3.7). Problem (8.2) asks for the best data fit requiring y to be linear. The
solution is the regression line. Problem (8.3) asks for the smoothest function fitting
the given data and returns a spline function as the solution. Problem (8.4) finally
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118 Chapter 8. Regularization

results in the multiscale approach discussed in Section 3.6. The thin-plate-spline
registration presented in Section 5.3.1 is along the same lines. The only differences
as compared to the scalar-valued spline approach are that now the objective y is
a vector field and the regularizer S is different compared to (5.3). However, the
problem was treated componentwise, and analytic solutions are known in terms of
linear combinations of radial basis functions. For more complex distance measures
such as MI, asking for an analytic solution is probably too ambitious. Therefore,
numerical solutions become important.

This chapter is organized as follows. Section 8.1 provides a brief introduction
to ill-posedness in image registration. Section 8.2 introduces the most commonly
used regularizer in image registration such as the elastic, diffusion, and curvature
regularizer. Section 8.3 addresses discretization issues and Section 8.5 comments on
matrix-free implementations.

8.1 Ill-Posedness
Some small examples might give some intuition into why the registration problem
is so hard to solve.

Example 8.1 (Forward and Backward Problems)
Suppose three numbers y1 = 1, y2 = 2, and y3 = 2 are given and the problem is to
find the sum T = T (y) = y1 + y2 + y3. In this example the answer can easily be
computed to be five. Now suppose the result is known to be six; then the inverse
or backward problem is to find values for y. It is obvious that many solutions exist,
so talking about the solution is not meaningful.

One could make the assumption that y is constant, i.e., a multiple of Q =
[1, 1, 1]. Based on this assumption, the solution y = 2 · [1, 1, 1] is uniquely defined.

Example 8.2 (Ill-Posedness)
Another important issue is related to perturbation of the data. Suppose e = 10−16

and

A =

[
1 1
1 1 + e

]
.

The forward problem is to compute T = T (y) = Ay. For y = [2; 0], it holds that
T = [2; 2]. The inverse problem is to compute y given T . Since A is invertible, this
problem has the unique solution y = A−1[2; 2] = [2; 0]. Perturbing T slightly, say
T̃ = [2; 2 − e], the solution of the inverse problem is ỹ = [3;−1]. This solution is
quite different from y in terms of magnitude and because the components change
signs, which can be a serious issue in imaging.

Image registration is inherently ill-posed: For every spatial location x ∈ Ω ⊂
Rd, one is asking for a vector y(x) ∈ Rd, but generally only a scalar information T (y)
is provided. Since there is no meaningful way to address an ill-posed problem, the
standard approach is to regularize, i.e., to modify the problem such that it becomes
solvable.
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8.1. Ill-Posedness 119

(a) template (b) reference

Figure 8.1: Ambiguity example: squares with texture.

The analogue for image registration is to restrict the transformation to a
certain space, such as the space of rigid transformations. Thus y = Q(x)w, and the
problem is to find proper coefficients w. A common assumption is that a unique
transformation exists in this parameterized space. However, this assumption does
not hold, as the following example demonstrates.

Example 8.3 (Ambiguity in PIR)
A more subtle point is emphasized in Figure 8.1, showing a textured square on a
background. The ill-posedness of image registration is demonstrated for the very
limited set of rigid transformations. One obvious solution to the registration prob-
lem is a translation aligning the bottom left corner of the inner square in the tem-
plate with the bottom left corner in the reference. However, a rotation about 90
degrees of the template image followed by the previous translation yields another
perfect match, where now the top left corner matches the bottom left corner in the
reference; other solutions can be obtained similarly by rotating the template about
180 or 270 degrees.

Example 8.3 also demonstrates that the ill-posedness of image registration is
not related to discretization, local minima of an objective function, the particular
algorithmic approach, implementation details, etc. Even for the outstanding human
visual system it is impossible to provide the solution. The only way to resolve
this uncertainty is by providing additional information. The idea is to introduce
an additional measure of quality of candidates and to choose the best candidate
according to this measure.

Example 8.4 (Simple Regularization)
For the problem in Example 8.1, one may argue for a solution with balanced com-
ponents. Making the assumption that the components are balanced is precisely how
preknowledge enters. One approach would be to model y = y(w) = [1, 1, 1]w and
to solve the data fitting term D(y) = (T (y(w))− 6)2 = 0 for w. Other options are
to measure variations of y, for example, with the regularizer

S(y) = (y1 − y2)2 + (y2 − y3)2.
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120 Chapter 8. Regularization

Then, alternative problems are to minimize the data fit subject to S(y) = 0 (which
results in the first approach), to minimize S subject to data fit (which picks a
solution with minimal variation), or to compromise between data fitting and regu-
larization, i.e., solving

D(y) + αS(y) != min .

This regularization parameter α can be used to put more emphasis on the data
fitting or on the preknowledge. In this simple example, all three approaches result
in the same solution y = [2, 2, 2].

8.2 L2-Norm–Based Regularizers
Most regularizers used in current image registration schemes are variants of L2-
norms of derivatives of the displacement u = y − yref , where yref allows a bias to
a particular solution, e.g., yref(x) = x or the result of a parametric preregistra-
tion. The purpose of this section is to provide insight into the general concept and
to introduce and summarize the most commonly used regularizer such as elastic,
diffusion, or curvature.

FAIR 18: L2-Norm–Based Continuous Regularizers
Regularization considered in FAIR is based on L2-norms of derivatives of the dis-
placement u = y − yref :

S[u] =
α

2

∫
Ω

|B[u]|2 dx, (8.5)

where B is a differential operator, | · | is a Euclidian norm, and α > 0 is a regular-
ization parameter.

The discussion of the regularization parameter α is postponed to the next
chapter, where in this chapter α = 1 for ease of presentation. Moreover, setting
yref = 0 results in u = y.

8.2.1 Examples in One Dimension
Example 8.5 (Norm of y in One Dimension)
Let d = 1 and B[y] = y; hence

S[y] =
1
2

∫ ω2

ω1
(y(x))2 dx.

This regularizer is strictly convex and is minimized by y = 0.

Example 8.6 (Norm of the Derivative in One Dimension)
Let d = 1 and B = ∂, hence B[y](x) = ∂y(x) = y′(x) and

S[y] =
1
2

∫ ω2

ω1
(y′(x))2 dx.

This regularizer is convex and is minimized by any constant y(x) = c.
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8.2. L2-Norm–Based Regularizers 121

8.2.2 Examples in Two Dimensions
Example 8.7 (Norm of y in Two Dimensions)
Let d = 2 and B[y] = y; hence

S[y] =
1
2

∫
Ω

(y1(x))2 + (y2(x))2 dx.

This regularizer is strictly convex and is minimized by y = 0.

Example 8.8 (Diffusion Operator in Two Dimensions)
The diffusion regularizer basically measures variations of y. This regularizer has
been proposed for optical flow problems by Horn and Schunk [140]; for image reg-
istration and the connection to Thirion’s demons algorithm see [194, 102].

Let d = 2, y = [y1; y2]. The operator B is a collection of partial derivatives

B =
[∇ 0

0 ∇
]

=

∂1 0
∂2 0
0 ∂1
0 ∂2

 .
Hence

S[y] =
1
2

∫
Ω

|B[y]|2 dx =
1
2

∫
Ω

∑
i

|∇yi|2 dx

=
1
2

∫
Ω

(∂1y
1)2 + (∂2y

1)2 + (∂1y
2)2 + (∂2y

2)2 dx.

This regularizer is convex and is minimized by any constant y(x) = [c1; c2].

Example 8.9 (Elastic Operator in Two Dimensions)
The elastic regularizer is the elastic potential measuring the energy introduced by
deforming an elastic material. It has been introduced to image registration by
Broit [80] and is probably the most commonly used regularizer in image registration.

Let d = 2 and y = [y1; y2]. In the diffusion example (Example 8.8), the norms
of the gradients ∇yi are used for regularization. Another important differential
operator indicating a change of volume is the divergence ∇ · y = ∂1y

1 + ∂2y
2. The

choice

B =

 √
µ ∇ 0
0

√
µ ∇√

λ+ µ ∂1

√
λ+ µ ∂2

 ,
where λ and µ are the so-called Lamé constants. This choice of S leads to the elastic
potential

S[y] =
1
2

∫
Ω

|B[y]|2 dx

=
1
2

∫
Ω

µ 〈∇y,∇y〉 + (λ+ µ)(∇ · y)2 dx.

For a physical interpretation see, e.g., [113, 162] and the references therein.
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122 Chapter 8. Regularization

Example 8.10 (Curvature Operator in Two Dimensions)
The curvature regularizer is based on second order derivatives. Let d = 2 and
y = [y1; y2]. The choice

B =
[∆ 0

0 ∆

]
with ∆yi = ∂1,1y

i + ∂2,2y
i

results in the curvature regularizer [101, 103],

S[y] =
1
2

∫
Ω

|B[y]|2 dx =
1
2

∫
Ω

(∆y1)2 + (∆y2)2 dx.

While the diffusion and elastic operators have a finite-dimensional nullspace, the
nullspace of the curvature operator has infinite dimension and contains all har-
monic vector fields, i.e., vector fields for which ∆yi = 0. The curvature regularizer
results in a smoother transformation, which is important when adding additional
constraints such as points correspondences; see [103].

8.2.3 Extensions to Higher Dimensions
All of the previously discussed examples naturally extend to higher dimensions d.
Here |x| =

√
x>x =

√
(x1)2 + · · ·+ (xd)2 is the Euclidian norm of a vector, Id

denotes the identity matrix in Rd, and ⊗ the Kronecker product.

Example 8.11 (Norm of y in Higher Dimensions)
Let B[y] = y; hence

S[y] =
1
2

∫
Ω

|y|2 dx.

This regularizer is strictly convex and is minimized by y = 0.

Example 8.12 (Diffusion Operator in Higher Dimensions)
The operator B is a collection of all partial derivatives

B = Id ⊗∇.

Hence

S[y] =
1
2

∫
Ω

|B[y]|2 dx =
1
2

∫
Ω

∑
i

|∇yi|2 dx.

This regularizer is convex and is minimized by any constant y(x) = c ∈ Rd.

Example 8.13 (Elastic Operator in Higher Dimensions)
With the so-called Lamé constants µ, λ, and

B =
[ √

µId ⊗∇√
λ+ µ ∇·

]
,
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the elastic potential is

S[y] =
1
2

∫
Ω

|B[y]|2 dx =
1
2

∫
Ω

µ 〈∇y,∇y〉 + (λ+ µ)(∇ · y)2 dx.

Example 8.14 (Curvature Operator in Higher Dimensions)
The curvature regularizer is based on second order derivatives. Choosing

B = Id ⊗∆

results in the curvature regularizer

S[y] =
1
2

∫
Ω

|B[y]|2 dx =
1
2

∑
i

∫
Ω

(∆yi)2 dx.

The remarks from Example 8.10 do apply to the general case.

8.2.4 Thin-Plate-Spline and Curvature Regularizers

Another example for a second order regularizer is the energy of a thin-plate spline,
which has been used in many applications; see, e.g., [97, 73, 175, 162]. This section
describes the relation between the curvature and the thin-plate-spline regularizers.
As the analysis shows, the difference is mainly in the boundary conditions.

Thin-Plate-Spline Energy for d = 2

The thin-plate-spline regularizer was introduced in Section 5.3.1 but can also be
defined via the inner bilinear form of the univariate functions f, g : R2 → R,

〈f, g〉TPS =
∫

Ω

∂2
1f∂

2
1f + 2∂1∂2f∂1∂2g + ∂2

2f∂
2
2g dx,

considered on the whole space, i.e., Ω = Rd. The energy E [f ] = 1
2 〈f, f〉TPS mea-

sures the bending energy of a thin plate. This bilinear form makes the functional
rotationally invariant, an important feature in image processing. In contrast to
the curvature regularizer where the energy is obtained from ∇>∇ = ∂2

1 + ∂2
2 , as

discussed above, the energy is obtained from

B = I2 ⊗ B1 with B1 =

 ∂2
1√

2∂1∂2

∂2
2


and is given by

S[y] =
∫

R2
|By|2 dx.
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124 Chapter 8. Regularization

Variation of the Thin-Plate-Spline Energy

Assuming that the domain Ω is finite and that f and g are appropriate, the first
variation of S can be computed with the help of the divergence theorem (n denoting
the outer normal on the boundary and d2f the Hessian of f) as follows:

〈f, g〉TPS = 〈Bf,Bg〉L2(R2)

=
∫

Ω

(∂1∇f)>(∇[∂1g]) + (∂2∇f)>(∇[∂2g]) dx

=
∫
∂Ω

n>(∂1∇f) ∂1g + n>(∂2∇f) ∂2g dA

−
∫

Ω

∂1∆f, [∂1g] + ∂2∆f, [∂2g] dx

=
∫
∂Ω

n>(d2f)∇g dA−
∫

Ω

(∇∆f)>∇g dx

=
∫
∂Ω

n>(d2f)∇g dA−
∫
∂Ω

n>(∇∆f)g dA+
∫

Ω

(∆2f) g dx.

It is well known that a function of finite energy needs to be asymptotically linear
for x→∞. For those functions the boundary integrals vanish and the derivative of
S in direction g is given by dgS[f ] =

∫
Ω

(∆2f) g dx.

Curvature versus Thin-Plate-Spline Energy

For d = 2, the curvature energy can be obtained via a bilinear form of the compo-
nents of the vector field y. Analogously to the above computations,

〈f, g〉curvature = 〈∆f,∆g〉L2(Ω) =
∫

Ω

(∆f) (∆g) dx

=
∫
∂Ω

(∆f) (n>∇g) dA−
∫

Ω

(∇∆f)>(∇g) dx

=
∫
∂Ω

(∆f) (n>∇g)− n>(∇∆f) g dA+
∫

Ω

(∆2f) g dx.

Interestingly, this integral has the very same main part as the form for the thin-
plate-spline integral. However, while the spline counterpart is designed to give linear
behavior at infinity, the curvature form is not. Note, however, that if Ω −→ R2,
the integrability condition still yields a linear behavior. The original paper [103]
suggests choosing ∆f = n>∇∆f = 0 on the boundary, which yields a simple
implementation. A proper treatment of the boundary conditions is presented in
[132].

The difference between the curvature and thin-plate-spline approaches is thus
in the boundary conditions. Practically, the appropriate boundary conditions are
unknown and thus both approaches are likewise questionable.
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8.3 Discretizing L2-Norm–Based Regularizers
In contrast to the landmark-based registration schemes discussed in Chapter 5, no
closed form solution is to be expected for the more general approach discussed in
this chapter. Therefore, numerical solutions and thus discretizations of the contin-
uous model become important. Three steps are to be discussed. The numerical
computation of the integral which is performed straightforwardly by a midpoint
quadrature rule on a cell-centered grid xc, the computation of B[u](xc) which is
performed by concatenating the components of B[u], and the discretization of the
derivatives ∂kui.

For the description and interpretation of the various operators, a matrix repre-
sentation is convenient. For example, if g = ∂f denotes the derivative of a function
f , a discrete analogue reads gh = ∂hfh, where fh and gh are discretizations of the
functions f and g, respectively, and ∂h is a discrete version of the derivative operator
∂. Of course, fh and gh are to be vectors (though perhaps of different lengths) and,
since ∂ is a linear operator, ∂h is a matrix. However, it is important to understand
that this is only a descriptive tool. For large image sizes storage become prohibited,
even though these matrices can be stored efficiently using a sparse matrix format.
Section 8.5 gives a brief overview on operator-based techniques which avoid storing
the operator and only require the implementation of the action of an operator.

8.3.1 Discretizing First Order Derivatives
1D Case

The central ingredient for computing an approximation of the derivative of a func-
tion u : R→ R at a cell-centered grid point is a central finite difference

∂u(xcj) =
u(xcj + 0.5h)− u(xcj − 0.5h)

h
+O(h2),

where h = (ω2 − ω1)/m denotes the cell size. The cell-centered difference yields
order h2 accuracy. A drawback is that the function u has to be known on the nodal
grid xcn, whereas the derivative is approximated on the cell-centered grid xcc,

xnj = ω1 + jh, j = 0, . . . , n, and xcj = ω1 + (j − 0.5)h, j = 1, . . . , n;

see also Figure 8.2. With uj = u(jh) it holds that

∂u(xcj) ≈ (uj − uj−1)/h, j = 1, . . . , n. (8.6)

Introducing the discrete 1D derivative operator

∂hm =
1
h

−1 1
. . . . . .
−1 1

 ∈ Rm,m+1,

we see that (8.6) can be summarized conveniently by ∂u(xcc) = ∂hmu(xcn)+O(h2).
Note that the alternative long stencil ∂u(ih) ≈ (ui+1 − ui−1)/(2h) returns

a zero derivative for the high oscillatory input [0; 1; 0; 1; . . . ; 1; 0] and in addition
requires a particular handling of boundary points. Therefore it is not recommended.

Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.



F I F T H P R O O F S “FAIR” 2009/10/8 page 126i
i

i
i

i
i

i
i

126 Chapter 8. Regularization

0 ω

• •
h

uj−1
uj

• • • • • •
xnj−1 xnj+1xcj

Figure 8.2: Cell-centered finite difference approximation of a derivative.

2D Case

The goal is to provide approximations to the derivative at cell-centered grid points
for u = [u1, u2]. Unfortunately, this is impossible. A trade-off is to discretize the
functions u1 and u2 on the staggered grids xcs,1 and xcs,2, respectively; see also
Figure 8.3. The grids are defined by xj = [j1h1, j2h2] and

xs,1j = xj1,j2−0.5, j1 = 0, . . . ,m1, j2 = 1, . . . ,m2,

xs,2j = xj1−0.5,j2 , j1 = 1, . . . ,m1, j2 = 0, . . . ,m2.
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(a) staggered grid xcs,1 (I) for u1
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(b) staggered grid xcs,2 (I) for u2

Figure 8.3: Grids for d = 2: cell-centered xcc (•), nodal xcn (�), and staggered grids
xcs,1 (I) and xcs,2 (N).

Setting uij = ui(xj) it holds that

∂1u
1(xj1−0.5,j2−0.5) ≈ (u1

j1,j2−0.5 − u1
j1−1,j2−0.5)/h1,

∂2u
2(xj1−0.5,j2−0.5) ≈ (u2

j1−0.5,j2 − u2
j1−0.5,j2−1)/h2.

The computation of ∂2u
1 and ∂1u

2 is along the same lines:

∂2u
1(xj1,j2) ≈ (u1

j1,j2+0.5 − u1
j1,j2−0.5)/h2,

∂1u
2(xj1,j2) ≈ (u2

j1+0.5,j2 − u2
j1−0.5,j2)/h1.
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Note, however, that these derivatives are located on a subset of the nodal grid; see
� in Figure 8.3.

The higher-dimensional operators can be summarized using these discrete ap-
proximations and Kronecker products:

∂h,11 = Im2 ⊗ ∂h
1

m1 ∈ Rm1m2,(m1+1)m2
,

∂h,12 = ∂h
2

m2−1 ⊗ Im1+1 ∈ R(m1+1)(m2−1),(m1+1)m2
,

∂h,21 = Im2+1 ⊗ ∂hm1−1 ∈ R(m1−1)(m2+1),m1(m2+1),

∂h,22 = ∂hm2 ⊗ Im1 ∈ Rm1m2,m1(m2+1).

Since different grids were used for the discretization of u1 and u2, we also use two
different discrete gradients:

∇h,1 =

[
∂h,11

∂h,12

]
and ∇h,2 =

[
∂h,21

∂h,22

]
.

3D Case

The 3D case is along the same lines. For u = [u1, u2, u3], staggered grids xcs,1,
xcs,2, and xcs,3 are introduced; see also Figure 8.4. With xj = xj1,j2,j3 =
[j1h1, j2h2, j3h3] and uij = uij1,j2,j3 = ui(xj),

xs,1j = xj1,j2−0.5,j3−0.5, j1 = 0, . . . ,m1, j2 = 1, . . . ,m2, j3 = 1, . . . ,m3,

xs,2j = xj1−0.5,j2,j3−0.5, j1 = 1, . . . ,m1, j2 = 0, . . . ,m2, j3 = 1, . . . ,m3,

xs,3j = xj1−0.5,j2−0.5,j3 , j1 = 1, . . . ,m1, j2 = 1, . . . ,m2, j3 = 0, . . . ,m3.

The discrete derivatives are summarized in Table 8.1. The higher-dimensional
operators ∂h,ik ∈ Rpi,k,ni are Kronecker products of identity matrices and the discrete
1D derivative operator ∂hk

mk ; see Table 8.2.
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Figure 8.4: Grids for d = 3 on a cell: cell-centered xcc (•), nodal xcn (�), and staggered
grids xcs,1 (I), xcs,2 (N), and xcs,3 (�).
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Table 8.1 Staggered grid-based discrete derivatives in three dimensions; the sym-
bols in the last column refer to the location of the output as shown in Figure 8.4.

∂1u
1(xj1−0.5,j2−0.5,j3−0.5) ≈ (u1

j1,j2−0.5,j3−0.5 − u1
j1−1,j2−0.5,j3−0.5)/h1, (a, •)

∂2u
2(xj1−0.5,j2−0.5,j3−0.5) ≈ (u2

j1−0.5,j2,j3−0.5 − u2
j1−0.5,j2−1,j3−0.5)/h2, (b, •)

∂3u
3(xj1−0.5,j2−0.5,j3−0.5) ≈ (u3

j1−0.5,j2−0.5,j3 − u3
j1−0.5,j2−0.5,j3−1)/h3, (c, •)

∂2u
1(xj1,j2,j3−0.5) ≈ (u1

j1,j2+0.5,j3−0.5 − u1
j1,j2−0.5,j3−0.5)/h2, (a,4)

∂3u
1(xj1,j2−0.5,j3) ≈ (u1

j1,j2−0.5,j3+0.5 − u1
j1,j2−0.5,j3−0.5)/h3, (a,♦)

∂1u
2(xj1,j2,j3−0.5) ≈ (u2

j1+0.5,j2,j3−0.5 − u2
j1−0.5,j2,j3−0.5)/h1, (b, .)

∂3u
2(xj1−0.5,j2,j3) ≈ (u2

j1−0.5,j2,j3+0.5 − u2
j1−0.5,j2,j3−0.5)/h3, (b,♦)

∂1u
3(xj1,j2−0.5,j3) ≈ (u3

j1+0.5,j2−0.5,j3 − u3
j1−0.5,j2−0.5,j3)/h1, (c,4)

∂2u
3(xj1−0.5,j2,j3) ≈ (u3

j1−0.5,j2+0.5,j3 − u3
j1−0.5,j2−0.5,j3)/h2, (c, .).

Table 8.2 Staggered grid-based discrete derivative operators in three dimensions.

∂h,11 = Im3 ⊗ Im2 ⊗ ∂h1

m1 , p1,1 = m1m2m3, n1 = (m1 + 1)m2m3,

∂h,22 = Im3 ⊗ ∂h2

m2 ⊗ Im1 , p2,2 = m1m2m3, n2 = m1(m2 + 1)m3,

∂h,33 = ∂h
3

m3 ⊗ Im2 ⊗ Im1 p3,3 = m1m2m3, n3 = m1m2(m3 + 1),

∂h,12 = Im3 ⊗ ∂h2

m2−1 ⊗ Im1+1, p1,2 = (m1 + 1)(m2 − 1)m3,

∂h,12 = ∂h
3

m3−1 ⊗ Im2 ⊗ Im1+1, p1,3 = (m1 + 1)m2(m3 − 1),

∂h,21 = Im3 ⊗ Im2+1 ⊗ ∂h
1

m1−1, p2,1 = (m1 − 1)(m2 + 1)m3,

∂h,23 = ∂h
3

m3−1 ⊗ Im2+1 ⊗ Im1 p2,3 = m1(m2 + 1)(m3 − 1),

∂h,31 = Im3+1 ⊗ Im2 ⊗ ∂h1

m1−1, p3,1 = (m1 − 1)m2(m3 + 1),

∂h,32 = Im3+1 ⊗ ∂h
2

m2−1 ⊗ Im1 , p3,2 = m1(m2 − 1)(m3 + 1).

8.3.2 Discretized Diffusion and Elastic Operators
With the discretized first order differential operators ∂h,ik on the staggered grid xcs =
[xcs,1; xcs,2; xcs,3], the discretization of the diffusion and the elastic operators is
straightforward. This is shown for the elastic operator for d = 3 in Table 8.3. With
the nonphysical setting λ = −µ, the diffusion operator follows as a special case.
The code is summarized in getElasticMatrixStg.

Although the matrix B can be quite large, it has a very small number of
nonzero elements. The main building block is the discrete 1D derivative which has
two nonzeros per row. For d = 2 it is thus possible to operate this matrix with
Matlab. However, for d = 3, storing the matrix can be too expensive. An efficient
implementation therefore relies on matrix-free operations, where only the action
of B on a vector u has to be implemented. Efficient O(n) multigrid-based solutions
techniques are discussed in the literature; see [133, 122] and the references therein.
The matrix-free code is more evolved and discussed briefly in Section 8.5.
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Table 8.3 Discretized 3D elastic operator in matrix form and a plot of the 540
nonzero entries using spy; m = [2, 3, 4].

B =



√
µ ∂h,11 0 0
√
µ ∂h,12 0 0
√
µ ∂h,13 0 0

0
√
µ ∂h,21 0

0
√
µ ∂h,22 0

0
√
µ ∂h,23 0

0 0
√
µ ∂h,31

0 0
√
µ ∂h,32

0 0
√
µ ∂h,33√

µ+ λ∂h,11

√
µ+ λ∂h,22

√
µ+ λ∂h,33


Table 8.4 Discretized 2D curvature operator in matrix form and a plot of the 204
nonzero entries using spy; m = [5, 6].

B =


∂h1,1 0 0 0

0 ∂h2,2 0 0
0 0 ∂h1,1 0
0 0 0 ∂h2,2



8.3.3 Discretized Curvature Operator
Since the curvature operator is based on second order derivatives, the situation is
slightly different. This discussion is for d = 2; the extension to d = 3 is left as an
exercise. Let xcc denote a cell-centered grid with xcj =

[
(j1 − 0.5)h1, (j2 − 0.5)h2

]
and uij = ui(xcj). Up to boundary points it holds that

∂1,1u
i(xcj) ≈

uij1−1,j2 − 2uij1,j2 + uij1+1,j2

(h1)2
,

∂2,2u
i(xcj) ≈

uij1,j2−1 − 2uij1,j2 + uij1,j2+1

(h2)2
.

Since both components of u are discretized on the same grid and in addition are
treated analogously, coding is much easier, as for the elastic operator. However, the
incorporation of the appropriate boundary conditions defeats this advantage; see
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[132] for an appropriate approach. For ease of presentation, Dirichlet zero boundary
conditions on u = y−yref are assumed in this section: u(∂Ω) = 0. Hence the discrete
operators are

∂h1,1 = Im2 ⊗ ∂2,h1

m1 and ∂h2,2 = ∂2,h1

m2 ⊗ Im1

with

∂2,h
m =

1
(h1)2


−2 1

1
. . . . . .
. . . −2 1
−1 2

 ∈ Rm,m.

Thus, it holds that ∂k,kui(xcc) ≈ ∂hk,kuc
i, where uci = ui(xcc); see also Table 8.4.

The code is summarized in getCurvatureMatrix.

8.3.4 Discretized L2-Norm–Based Regularizers
The final step is to approximate the integral

S[u] =
∫

Ω

〈Bu,Bu〉 dx = hd ‖B uc‖2 +O(hd2), (8.7)

where uc is a discretization of u = y − yref and hd = h1 · · ·hd.
Example 8.15 (Discretized Diffusion Operator in Two Dimensions)
Let m = [4, 3]; hence xs,i ∈ Rmi

s with m1
s = (4 + 1)3 = 15 and m2

s = 4(3 + 1) =
16, uc = u(xs) ∈ R31. The matrix B is a 4-by-2 block matrix, where the first column
acts on uc1 = u1(xs,1) ∈ R15 and the second column acts on uc2 = u2(xs,2) ∈ R16.
Suppose that the output z = B uc is decomposed into z1, . . . , z4 according to the
block structure of B and assume for simplicity that the lengths of the pieces are
equal. With f := (∂1u

1)2+(∂2u
1)2+(∂1u

2)2+(∂2u
2)2 and the above approximation,

S(u) =
∫

Ω

f(x) dx ≈ hd
∑
j

f(xj)

≈ ĥ
∑
j

{(z1
j )2 + (z2

j )2 + (z3
j )2 + (z4

j )2} = hd z>z = hd‖B uc‖2.

8.4 Summarizing the Regularization
Regularization is an important and inevitable part of image registration. The reg-
ularizers presented in this chapter are based on L2-norms of derivatives of the
displacement u = y − yref , which are assembled in a differential operator B. The
discretizations uc of u and B of B are used to derive the discretized regularizer. For
the first order diffusion and elastic regularizers staggered grids are used, and for the
second order curvature regularizer cell-centered grids are used. A reference yref can
be used to shift the nullspace of the regularizer. Practical choices are yref(x) = x
(update is penalized) or the result of a preregistration.
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FAIR enables a convenient use of different regularizers like elastic, diffusion,
and curvature. As for the interpolation and distance modules, a unified regulariza-
tion module regularizer is provided and is configured using a persistent param-
eter OPTN; see Section 2.3.7 and options.

FAIR 19: Regularization Toolbox
This module computes the function value, the gradient, and the Hessian of an `2
norm–based regularizer

S(uc) =
α

2
hd ‖B uc‖2, dS(uc) = α hd B>B uc, d2S(uc) = α hd B>B, (8.8)

where uc is a discretization of the displacement y − yref on a cell-centered or stag-
gered grid and hd = h1 · · ·hd.

[Sc,dS,d2S]= regularizer(yc,omega,m)

yc ∈ Rn transformation
omega,m specify the domain
Sc ∈ R function value
dS ∈ Rn derivative w.r.t. uc
d2S ∈ Rn,n second derivative w.r.t. uc

A simple example indicating the usage of module regularizer is presented.
More examples and discussions are postponed to the next chapter, where the overall
optimization approach is explained.

Example 8.16 (Regularization in Two and Three Dimensions)
This example indicates how to use regularizer and checks the implementation
of the derivative.

This file is E8_regularizationMF.m
%%%%%%%%%%%%%%%%%
% initialize the regularization and create a starting point
regularizer(’reset’,’regularizer’,’mfElastic’,’alpha’,1,’mu’,1,’lambda’,0);
y0 = @(omega,m) randn(size(getStaggeredGrid(omega,m)));

% 2D example, initialize physical domain and number of discretization points
omega = [0,1,0,1]; m = [16,12]; %

% test derivative of 2D implementation
fctn = @(yc) regularizer(yc,omega,m); checkDerivative(fctn,y0(omega,m));

% 3D example, initialize physical domain and number of discretization points
omega = [0,1,0,1,0,1]; m = [16,12,8];

% test derivative of 3D implementation
fctn = @(yc) regularizer(yc,omega,m); checkDerivative(fctn,y0(omega,m));

8.5 Matrix-Free Operations
This is a technical section that is not necessary for a general understanding of the
registration problem and thus may be skipped in a first reading. However, prac-
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tically, the techniques to be explained in this section make the difference between
doable and undoable.

Particularly for analysis purposes, it can be advantageous to have access to
the discrete operator B in matrix form. However, storing the matrices is a waste
of memory, even when using a sparse format. Fortunately, storing can be avoided.
A matrix-free implementation of the operations is the topic of this section. Note
that S(y) = 1

2 hd y>B>By and thus both the action of B and the adjoint B> are
needed.

The key ingredient are the multiplications by the discrete derivative operator
∂hm and its transpose, where

∂hm =
1
h

−1 1
. . . . . .
−1 1

 ∈ Rm,m+1.

This task is being accomplished using the matrix-free computations

∂hm yc = [yc(2:m+1)-yc(1:m)]/h,

(∂hm)> zc = [(-zc(1);zc(2:m+1)-zc(1:m);zc(m+1)]/h.

Note that both operations are of order m and require no intermediate memory.
In the following sections, the operations are outlined for dimension two, the

extension to dimension three is straightforward but lengthy.
An implementation of the matrix-free operations is given in mfBy. The ad-

ministrative function regularizer is used to control whether the matrix-based
or matrix-free version is to be used; see Examples 8.16 and 8.17. In the matrix-
based code, the matrix B is generated and stored as a persistent variable. In the
matrix-free version, the operations By and B>z are performed using mfBy.

Example 8.17 (Matrix-Free Regularization)
Replacing mbElastic by mfElastic in Example 8.16 enables the usage of the
matrix-free implementation.

8.5.1 Matrix-Free Elastic Operator

The 2D elastic operator can be decomposed into five components: the four partial
derivatives ∂h,ij of the components of the transformation and the divergence. To
enable easy access to these components, yc is decomposed and reshaped:

y1 = reshape(Y(1:n),m(1)+1,m(2)),

y2 = reshape(Y(n+1:end),m(1),m(2)+1).

The shortcut [x]=reshape(X,p) with p chosen accordingly is used to keep the
following formulae short. Note that xc = [xc](:). Ignoring the Lamé constants, it
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holds that

[B1 yc] = [∂h,11 y1(:)] = [Im2 ⊗ ∂h1

m1 y1(:)] = ∂h
1

m1 y1

= [y1(2:m(1)+1,:)-y1(1:m(1),:)]/h(1),

[B2 yc] = [∂h,12 y1(:)] = [∂h
2

m2−1 ⊗ Im1+1 y1(:)] = y1 (∂h
2

m2−1)>

= [y1(:,2:m(2))-y1(:,1:m(2)-1)]/h(2),

[B3 yc] = [∂h,21 y2(:)] = [Im2+1 ⊗ ∂h
2

m1−1 y2(:)] = ∂h
1

m1−1 y2

= [y2(2:m(1),:)-y2(1:m(1)-1,:)]/h(1),

[B4 yc] = [∂h,22 y2(:)] = [∂h
2

m2 ⊗ Im1 y2(:)] = y2(∂h
2

m2−1)>

= [y2(:,2:m(2)+1)-y2(:,1:m(2))]/h(2),

B5 yc = B1 yc +B3 yc,

B yc = [B1 yc;B2 yc;B3 yc;B4 yc;B5 yc].

For the adjoint, yc = B> zc, the input is decomposed into five components
representing Bi yc and the output is decomposed into two components, respectively.
Thus

B> zc =

[
(∂h,11 )>z1 + (∂h,12 )>z2 + (∂h,11 )>z5

(∂h,21 )>z3 + (∂h,22 )>z4 + (∂h,22 )>z5

]
.

The computation of (∂h,ij )> zi is analogous to the computation of ∂h,ij yi and thus
omitted.

8.5.2 Matrix-Free Curvature Operator
The curvature approach is easier to implement since a cell-centered grid is used, the
operator is self-adjoint, and the boundary conditions are simplified. The 2D case is
straightforward, while the 3D case requires some extra remarks.

Efficient 2D Implementation

The curvature operator is much more structured than the elastic operator. A
tremendous simplification can be achieved by exploiting the Kronecker calculus,
and in particular an identity

[A⊗B x] = A[x]B>,

where again [x] = reshape(x,p). The 2D curvature operator is essentially a sum
of two products, where one factor is an identity,

B = I2 ⊗ (Im2 ⊗ ∂2,h1

m1 + ∂2,h2

m2 ⊗ Im2)

and

∂2,h
m =

1
h2


−2 1

1
. . . . . .
. . . −2 1
−1 2

 ∈ Rm,m.
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Thus,

B yc =

[
∂2,h1

m1 y1 + y1 (∂2,h2

m2 )

∂2,h1

m1 y2 + y2 (∂2,h2

m2 )

]
,

and since B is self-adjoint, this also gives the multiplication with B>.
The above formulae are not precisely matrix free since they involve the multi-

plications by ∂2,hi

and its transpose. However, since these sparse matrices are only
of sizes mi-by-mi, building and storing may not be an issue.

Efficient 3D Implementation

Unfortunately, the 3D extension is not that simple. The following procedure illus-
trates how to efficiently compute

[A3 ⊗A2 ⊗A1 x], where Ai = Im1 for i 6= k

for a fixed given k.
The idea is to permute the 3D array [xc] such as to put the kth dimension

in the first position, to reshape the data to make it two dimensional, to multiply
this representation by Ak, and to invert the previous steps; see Example 3.15 in
Section 3.6.3.

8.5.3 Matrix-Free Solver for the Linear Systems
The numerical optimization scheme requires the solution of a quasi-Newton system

Hdy = −∇J,

where ∇J denotes the current gradient of the joint objective function, dy an update
for the current iterate, and H an approximation to the Hessian which could be
either a matrix or a structure assembling the necessary information for a matrix-
free operation.

There is a huge variety of solvers for linear systems which do not require
building and storing the coefficient matrix [69]. A discussion of those is far beyond
the scope of this book.

GaussNewtonArmijo uses a nested function solveGN which computes the so-
lution of the quasi-Newton scheme, where a parameter solver controls the method
to be used. The default (solver=[]) is to use the MATLAB backslash operation.
However, a multigrid scheme is implemented for the matrix-free elastic regularizer
and a preconditioned conjugate gradient scheme for the matrix-free curvature reg-
ularizer; see [207, 78, 195] for multigrid techniques, [122] for details on the specific
implementation, and [69] for an introduction to Krylov subspace methods.

8.6 FAIR Tutorials on Regularization
FAIR contains the tutorial BigTutorialRegularizer which summarizes a number
of smaller tutorials that provide insight into the handling of the tools.
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BigTutorialRegularizer
E8_forces elastic response to a force field
E8_matrices creating operator B, matrix based and matrix free
E8_setup regularizer setup
E8_checkOperations regularizer: multigrid example

8.7 Exercises
Exercise 8.1
Verify that a necessary condition for a minimizer of the discrete registration problem
J(y) = min is characterized by αB>B y = f with appropriate f(y). Assuming that
f is given (for example, as one of the force fields from Exercise 7.3) compute and
visualize the corresponding transformation.

Exercise 8.2
Extend the regularizer as follows and discuss restriction on α, and the pros and
cons of a spatially dependent α:

S[u] =
1
2

∫
Ω

α(x)B[u]>B[u] dx.

Exercise 8.3
Implement another second order regularizer.
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Chapter 9

Nonparametric
Image Registration

All ingredients for the nonparametric image registration (NPIR) have been prepared
and are ready for use. Chapter 3 addressed solutions to the forward problem: com-
puting the transformed template image T [y] for a given transformation y. Chapter 7
provided a general framework for distance measures D, quantifying the similarity of
the transformed template and reference images. Moreover, examples for commonly
used distance measures are provided. Chapter 8 explained the necessity of regu-
larization, introduced a general framework for L2-norm based regularization, and
provided examples for commonly used regularizers. Using the optimization frame-
work discussed in Section 2.1, the registration problem becomes one of minimizing
the joint functional

J [y] = D[T [y],R] + S[y − yref ], (9.1)

where yref enables a bias towards a particular solution, for example yref(x) = x.
The obvious difference between the parametric case y(x) = y(w, x), as discussed
in Chapter 6, and the nonparametric case is that the transformation is no longer
parameterized.

Numerical schemes are required to solve both the parametric and the non-
parametric problem, and a discretization of the domain is a first step. The reg-
ularization for the parametric case can be either neglected (for low-dimensional
transformation spaces and at one’s own risk; see Example 8.3 as a warning) or
transferred to the coefficient space cf. Section 6.5. In contrast, the discretization
for NPIR depends on the chosen regularizer. For example, the elastic regularizer is
discretized on staggered grids and the curvature regularizer is discretized on cell-
centered grids. To bypass this ambiguity and to enable a unified treatment of
various grids, a cell-centered grid interpolation P is introduced in Section 9.1.1. Let
xc = xch denote a certain discretization of the domain and let yc ≈ y(xc). The
discrete version of (9.1) reads

J(yc) = D(T (P · yc), R(P · xc)) + S(yc− yRef); (9.2)

the discretizations of D and S have been discussed in Chapters 7 and 8, respectively.

137
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138 Chapter 9. Nonparametric Image Registration

Note that all ingredients depend on the discretization h. However, for ease of
presentation, this dependence is not explicitly indicated.

The overall goal of this chapter is to derive a multilevel minimization scheme,
where a coarse to fine sequence of discretizations of (9.1) is attacked. A major point
is that on a coarse discretization, the focus is on coarse and important features such
that the scheme is not fooled by local features and trapped by local minima. The
next step is to lift or prolongate the coarse solution to a finer discretization, where
it serves as a perfect starting point. The computations on the finer discretization
can be interpreted as a correction step and should yield a minimizer in proximity of
the coarse solution. The continuous problem (9.1) links the different discretizations.

Section 9.1 introduces the objective function for NPIR. As it turns out, the ob-
jective function can easily be assembled from the templates provided in the previous
chapters. A minor difficulty arises from the fact that the components of the trans-
formation may be discretized on different grids. More specifically, the computations
are to be performed on a certain grid, which depends on the regularization and can
be cell centered, nodal, or staggered. Since the interpolation requires cell-centered
points, a grid interpolation operator P to a cell-centered grid becomes necessary; see
Section 9.1.1. The reference image on the computational grid is constant and for
efficiency reasons computed only once as Rc = R(P ·xc). The section also comments
on matrix-free computations, which turns out to be essential for the 3D examples
presented later.

As pointed out, major difficulties in image registration are ill-posedness and
the handling of a variety of local or even global minima. Multilevel and/or multiscale
techniques are thus essential and it is not recommended to solve a problem using
one fixed scale or level. However, for illustration purposes, Section 9.2 shows how
to use the nonparametric framework on one fixed level using the sum of squared
differences (SSD) distance and an elastic regularizer. A further drawback of the
presented approach is that it does ignore characteristics of the elastic regularizer.
The linear elasticity theory is based on relations of points and is thus blind to rigid
transformations. Example 9.3 shows how to take advantage of a preregistration.
More examples are provided in the following sections.

Section 9.3 illustrates how to use a multiscale approach. A numerical solution
is computed on a coarse scale, where the optimization process is not trapped by
local minima. This solution then serves as a starting point for a finer presentation
of the data. Details are added and the current solution is refined. Thus, going from
one scale to another can also be interpreted as a correction step.

The next and final step is to also use a multilevel strategy, which is the topic
of Section 9.4. Representations of the template and reference images are given for a
certain level; see getMultilevel for the generation of a multilevel representation.
The section describes the outline of the multilevel approach and the missing details
such as the prolongation operation, i.e., the transfer from coarse to fine grid based
on interpolation. Experiments are presented in Section 9.5.

Numerical optimization of nonconvex functions is a complex problem and the
tools to be used depend on characteristics of the registration problems. For the L2-
norm–based distance measures and regularizers, a Gauss–Newton-type technique is
expected to perform reasonably well. However, for more nonlinear distances such
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as MI, alternatives may result in better performance. Section 9.6 thus presents the
`-BFGS and trust-region methods [165].

Finally, Section 9.7 presents some results for 3D registration problems. All
computations are performed using Mac OS 10.5.5 (2.5 GHz Intel Core 2 Duo, 2 GB
667 MHz DDR2 SDRAM) and Matlab 7.6.0.324 (R2008a). The computation time
(including all graphical output) is given in seconds.

9.1 Numerical Optimization of Nonparametric
Image Registration

This section shows how to use the optimization framework from Section 6.3 for
NPIR. A key ingredient is the objective function which needs to be flexible enough
to handle different distance measures, regularizations, and discretizations. A grid
interpolation operator P is introduced to transfer the problem discretization to cell
centers as required for the interpolation schemes; see Section 9.1.1. Section 9.1.2
summarizes the coding of the NPIR objective function from a general perspective,
and Section 9.1.3 unveils some implementation details.

9.1.1 Grid to Grid Interpolation
The image interpolation schemes assume that all components of y are given for the
same spatial location x. This assumption is fulfilled for a cell-centered or nodal dis-
cretization. However, for a staggered discretization, the components are discretized
on different grids and an additional interpolation step becomes necessary. Using
the averaging operator

P` =
1
2

1 1
. . . . . .

1 1

 ∈ Rm
`,m`+1

for a nodal direction and the identities Iq for the cell-centered directions, the formula
for dimensions two and three reads ycc = P · ycs, where

P2D =
[
I2 ⊗ P1 0

0 P2 ⊗ I1
]
and P3D =

[
I3 ⊗ I2 ⊗ P1 0 0

0 I3 ⊗ P2 ⊗ I1 0
0 0 P3 ⊗ I2 ⊗ I1

]
.

The function stg2center provides this operation in three different ways as
matrix-based, matrix-free action of P, and matrix-free action of the transpose P>:

• P=stg2center(m) builds and stores the matrix P explicitly;

• assuming yc is staggered, yc=stg2center(yc,m) computes P*yc;

• assuming yc is cell centered, yc=stg2center(yc,m) computes P’*yc.

Example 9.1 (Matrix-Free Grid Transfer)
Assuming that yc is a 2D staggered grid discretization of y, the following code
illustrates how to compute P*yc without building P.
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MATLAB fragment for matrix free P*yc
% extracts the components of Y and reformats to 2d arrays
n = (m(1)+1)*m(2);
y1 = reshape(yc(1:n), [m(1)+1,m(2)]); % the first component of yc is m(1)+1-by-m(2)
y2 = reshape(yc(n+1:end),[m(1),m(2)+1]); % the second component of yc is m(1)-by-m(2)+1
% average the j-th component in j-th direction
y1 = (y1(1:end-1,:)+y1(2:end,:))/2;
y2 = (y2(:,1:end-1)+y2(:,2:end))/2;
% return the results
yc = [y1(:);y2(:)];

In order to provide the same implementation of the objective function for
all potential grids, the superfluous setting P = 1 is used in case of a cell-centered
discretization. Moreover, the function center summarizes the various cases and
enables a convenient and unified call. Table 9.1 summarizes these operations and
their matrix-based and matrix-free usage.

Table 9.1 Grid interpolation operators for matrix-based and matrix-free imple-
mentations.

Grid Matrix-based Matrix-free
cell-centered P = 1 P = @(y)y

staggered P = stg2center(m) P = @(y)stg2center(y,m)

nodal P = nodal2center(m) P = @(y)nodal2center(y,m)

operation yc = P*yc yc = P(yc)

9.1.2 NPIR Objective Function
This section presents the implementation of (9.2). It is assumed that a spatial
discretization xc is chosen according to the regularization; see Chapter 8 for de-
tails. The goal is to compute a discrete approximation yc to the transformation y:
yc ≈ y(xc). As specified in Chapter 7, the discretized distance measure depends
on samples T (P · yc) and R(P · xc), where the projection operator P is used to in-
terpolated an arbitrary grid on cell centers. The discretization of the regularizer as
summarized in Section 8.3 and FAIR 19 (p.131) is used.

The following code presents a simplified version of the objective function for a
Gauss–Newton-type implementation. A more sophisticated code which also enables
matrix-free computations is provided by NPIRobjFctn; see also FAIR 20 (p.141).

NPIRobjFctn
function [Jc,dJ,H] = NPIRobjFctn(T,Rc,omega,m,yRef,yc)

% initialize P based on the spatial discretization
P = gridInterpolation(regularizer,omega,m);

% compute transformed template image and derivative
[Tc,dT] = inter(T,omega,P*yc);

% compute distance measure, residual and derivative
[Dc,rc,dD,dr,d2psi] = distance(Tc,Rc,omega,m);

% compute regularizer and derivative
[Sc,dS,d2S] = regularizer(yc-yRef,omega,m);

% evaluate joint function, gradient, and approximation to Hessian
Jc = Dc + Sc;

% derivatives
dT = dT*P; dr = dr*dT; dD = dD*dT; dJ = dD + dS;
H = dr’*d2psi*dr + d2S;
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FAIR 20: Objective Function for Nonparametric Image Registration (NPIR)
The discretized objective function for NPIR is

Jh(yc) = Dh(T (P · yc), R(P · xc)) + Sh(yc− yRef),

where yc is the current transformed grid, Dh is the discretized distance measure, Sh
is a discretized regularizer, and yRef is a discretization of yref . The specific inter-
polation, distance measure, and regularization are supplied by inter, distance,
and regularizer. A grid projection operator P is used to transfer the current grid
to a cell-centered grid; cf. Table 9.1.

[Jc,para,dJ,H]= NPIRobjFctn(T,Rc,omega,m,yRef,yc)

T,Rc coefficients of template image and discretized refer-
ence Rc = R(P · xc)

omega, m define domain Ω and discretization
yRef ∈ Rn reference for regularization, e.g., yRef = xc

yc ∈ Rn current discrete transformation, yc ≈ y(xc)
Jc ∈ R current objective function value
para a structure collecting variables for visualization
dJ ∈ R1,n derivative of J w.r.t. yc
H approximation to the Hessian

9.1.3 Practical Issues in Coding the NPIR Objective Function

Although the above implementation works in principle, a more sophisticated one
is used in FAIR; see NPIRobjFctn and FAIR 20 (this page). The function has
an additional output which is used to store intermediates for later visualization;
see Section 6.3.4 for details on visualization. If the objective function is called
with an empty transformation yc=[], it reports the current configuration of the
interpolation, distance measure, and regularization. The input Rc = R(P · xc) for
the reference is sampled and computed outside and only once. To avoid an inefficient
recomputing of the cell-centered grid interpolation operator, a persistent variable P
is used which is only updated if the grid changes. Moreover, a function center is
used to interpolate yc on a cell-centered grid and to avoid a case statement handling
the matrix-based and matrix-free codes. Finally, a flag doDerivatives is used to
avoid unnecessary computations of derivatives.

The computation of the discretized regularization is described in Section 8.3
and the computation of the transformed image and the distance is along the same
lines as described for the parametric setting; see Section 6.3.

All ingredients optionally return the derivative with respect to the input. In
order to compute the derivative of the objective function, it thus remains to apply
the chain rule and to add:

dD = dyD = dTD · dxT · P and dJ = dyJ = dD + dS.
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A note on the approximation to the Hessian is in place. For the regularization
part, the analytic derivative of the discretized regularizer d2S is used, whereas for
the distance measure part, the Gauss–Newton-type approximation introduced in
Chapter 7 is used: the distance is phrased as a composition D(y) = ψ(r(y)) and the
approximation d2D ≈ dr>d2ψ dr is used. For the matrix-based Hessian version,
the approximative Hessian is thus simply

H = dr>d2ψ dr + d2S.

The matrix-free Hessian code is slightly more complicated. Since P is an
operator and not a matrix, the computation of dD has to be modified. Taking
advantage of the equality AB = (B>A>)> and the implementation of the transpose
P>, the computation of the derivative is replaced by

dD = P((∂TD · ∂xT )>)>.

Using the same approximation to d2D as for the matrix-based scheme can become
expensive and is thus replaced by the diagonal matrix M = 1

2 diag[P>M̂ ], where
M̂ = diag[dr d2ψ dr]. All information about the action of the approximative Hessian
is assembled in a structure H and is ready for use in the linear solver within the
optimizer, for example a Gauss–Newton scheme; cf. Section 6.3.3. Ignoring some
constants, the action of the approximative Hessian on a vector, for example, is given
by

H*yc=M*yc+mfBy(mfBy(yc,m,’By’),m,’BTy’),

where the matrix-free operations z = B · yc and B> · z are used; see Section 8.5
for details. Note that only the second derivative of the distance measure D is
approximated; the regularization part is exact.

BFGS-type methods as explained in Section 9.6 estimate the Hessian on the
fly. FAIR thus also provides an objective function NPIRBFGSobjFctn, which does
not compute an approximation to the Hessian of D. However, d2S is the metric of
the regularizer and therefore important to the registration problem; see Section 9.6
for details.

9.2 NPIR Experiments on Fixed Level
As pointed out in Chapter 8, major difficulties in image registration are ill-posedness
and the handling of a variety of local or even global minimizers. Multilevel and/or
multiscale techniques are thus essential and it is not recommended to solve a prob-
lem using one fixed scale or level. However, for illustration purposes, this section
shows how to use the nonparametric framework on one fixed level using the SSD
distance and an elastic regularizer. A further drawback of the approach presented
in this section is that it does ignore characteristics of the elastic regularizer. The
linear elasticity theory is based on relations of points and thus is blind to rigid
transformations. Example 9.3 shows how to take advantage of a preregistration
and to compensate for rigid components of the transformation.
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The following examples use the visualization as introduced in Section 6.3.4 and
the Gauss–Newton optimization scheme as introduced in Section 6.3. The reduction
is defined by

reduction = J(yc)/J(yStop), (9.3)
where yStop enables a fixed global stopping criterion; here yStop = xc. The
regularization is biased towards the identity, e.g., yRef = xc.

Example 9.2 (NPIR of HNSP Data on Fixed Level)
The code in Table 9.2 illustrates how to run the NPIR for the configuration described
in Figure 9.1. The driver initializes the building blocks such as data, interpolation,
distance, and regularizer. Note that the sampled reference Rc = R(P·xc) is supplied
to the objective function to avoid repetitive computations. The objective function
is assembled as discussed in the previous section. The results are shown in Fig-
ure 9.1. Since the problem is rather easy, the results are visually pleasing. Note that

Table 9.2 Driver for Example 9.2; see Figure 9.1 for results.

This file is E9_HNSP_NPIR.m
% ===============================================================================
% Example for NPIR, Nonparametric Image Registration
% (c) Jan Modersitzki 2009/04/06, see FAIR.2 and FAIRcopyright.m.
% \url{http://www.cas.mcmaster.ca/~fair/index.shtml}
%
% - data HNSP, Omega=(0,2)x(0,1), level=4, m=[32,16]
% - viewer viewImage2D
% - interpolation linearInter2D
% - distance SSD
% - regularizer mbElastic
% - optimizer Gauss-Newton
% ===============================================================================

% set up data and initialize image viewer
setupHNSPData; FAIRdiary; level = 4; omega = MLdata{level}.omega; m = MLdata{level}.m;

% initialize the interpolation scheme and coefficients
inter(’reset’,’inter’,’splineInter2D’);
[T,R] = inter(’coefficients’,MLdata{level}.T,MLdata{level}.R,omega,’out’,0);
xc = getCenteredGrid(omega,m);
Rc = inter(R,omega,xc);

% initialize distance measure
distance(’set’,’distance’,’SSD’);

% initialize regularization, note: yc-yRef is regularized, elastic is staggered
regularizer(’reset’,’regularizer’,’mbElastic’,’alpha’,1e4,’mu’,1,’lambda’,0);
y0 = getStaggeredGrid(omega,m); yRef = y0; yStop = y0;

% set up and initialize plots
FAIRplots(’reset’,’mode’,’NPIR-Gauss-Newton’,’omega’,omega,’m’,m,’fig’,1,’plots’,1);
FAIRplots(’init’,struct(’Tc’,T,’Rc’,R,’omega’,omega,’m’,m));

% build objective function, note: T coefficients of template, Rc sampled reference
fctn = @(yc) NPIRobjFctn(T,Rc,omega,m,yRef,yc); fctn([]); % report status

% -- solve the optimization problem -------------------------------------------
[yc,his] = GaussNewtonArmijo(fctn,y0,’maxIter’,500,’Plots’,@FAIRplots,’yStop’,yStop);
% report results
iter = size(his.his,1)-2; reduction = 100*fctn(yc)/fctn(y0);
fprintf(’reduction = %s%% after %d iterations\n’,num2str(reduction),iter);
diary off
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Figure 9.1: NPIR results for HNSP data; cf. Example 2.8: splineInter2D, SSD,
mbElastic/staggered, [α, µ, λ] = [10000, 1, 0], Ω = (0, 2) × (0, 1), level = 4, m =
[32, 16], #iter = 16, reduction = 25.45%.

(a) T (ycplain) (b) T (ycaffine) (c) T (ycpre)

(d) T (ycplain) (e) T (ycaffine) (f) T (ycpre)

Figure 9.2: NPIR results for hand data; cf. Example 2.7: plain NPIR (left), affine
linear (middle), and combined approaches (right); the configuration for the plain approach:
splineInter2D, SSD, mbElastic/staggered, [α, µ, λ] = [10000, 1, 0], Ω = (0, 20) ×
(0, 25), level = 5, m = [32, 32], #iter = 12, reduction ≈ 47.31%.

the transformed image T (yc) is very similar to the one obtained for a regularized
spline transformation (α = 106); cf. Figure 6.14. The transformations, however, are
different. In particular, the elastic transformation appears to be one-to-one while
the spline transformation is not.
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The next example illustrates how to take advantage of a preregistration. Note
that the linear elasticity model assumes that the transformation has no rigid parts.
Therefore, it is advised to always use a preregistration.

Example 9.3 (NPIR of Hand Data on Fixed Level)
This example explores the more challenging hand data; cf. Example 2.7. Local min-
ima are to be expected whenever “fingers” meet each other during transformation.
The results are shown in Figure 9.2.

As to be expected, the nonparametric registration yields unreasonable results.
An affine linear registration gives a better overall impression but does not resolve the
nonlinear challenges presented in this example. Finally, a combination of an affine
linear preregistration followed by the nonparametric registration yields acceptable
though still unsatisfying results. Here, the result of the affine preregistration is
used as a starting point and also as a reference for regularization. Note that the
stopping is not based on the initial guess yAffine but on the global stopping point
yStop=xc.

9.3 Multiscale Image Registration
Local minima present a serious problem for image registration. An interesting
option to reduce the risk of being trapped by local minima is to use a multiscale
representation of the data. Let θ ∈ R denote a scale parameter. Starting with
a large θ and representations T (θ) and R(θ) showing only global and important
features, a numerical solution y(θ) is computed. This solution then serves as a
starting guess for a representation with smaller θ presenting more details. The
following example presents results for a multiscale registration of the hand data.

Example 9.4 (Multiscale Image Registration of Hand Data)
In this example, the hand data is represented on a coarse scale θ = 103; see Fig-
ure 9.3 and Table 9.3. The left column in Figure 9.3 shows the reference and the
transformed template after a two-phase affine linear and elastic registration, both
based on the representation of the data on this scale. The numerical minimizer for
this scale serves as a starting point for an elastic registration of a finer scale. This
procedure is repeated for θ = 100, 10, 1, 0. Note that only a small number of correc-
tion steps (#iter ≈ 2) are needed on each scale. The computations are performed
for a fixed discretization m = [128, 128] and the numerical solution of the coarser
scale is used for regularization on the finer scale.

9.4 Multilevel Image Registration
This section presents the handling of multilevel image registration (MLIR). The
first examples presented in Section 9.2 were performed on a fixed and coarse level.
Section 9.3 introduced a multiscale approach. There, a solution of a smooth repre-
sentation of the problem serves as a starting point for a representation with more
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Figure 9.3: Multiscale image registration results for hand data; cf. Example 2.7; scale
θ = 103, 102, 10, 1, 0; visualization of reference image on different scales (top row) and
transformed template (bottom row): splineInter2D, regularized by moments and
θ = 103, 102, 10, 1, 0, SSD, mbElastic/staggered, [α, µ, λ] = [10000, 1, 0], Ω = (0, 20)×
(0, 25), level = 7, m = [128, 128], #iter = [6, 2, 2, 4, 2, 2], reduction ≈ 2.36%.

details. Starting with a very smooth representation, this procedure is iterated until
all details provided by the initial data are resolved. From an optimization point of
view, it is all about smoothing the objective function. A smooth problem is sup-
posed to be easy and based on the good starting point, the more detailed problem
can be solved quickly and efficiently. In contrast to this multiscale approach which
uses the same discretization on each scale, a multilevel approach also represents the
smoother function using a coarser discretization. Note that a multilevel strategy
can be the key to a successful registration for many applications.

The FAIR multilevel approach is based on a family of discretizations for the
continuous optimization problem (9.1):

Jh(yh) = D(Th, Rh; yh) + Sh(yh − yref ,h), (9.4)

where—at least in theory—h goes to zero.
The ideal situation is outlined as follows. Starting with a coarse and thus

smooth discretization JH of the objective function, a numerical optimizer yH is
computed quickly and efficiently: the coarse problem is very small and, on top of
that, the objective function is smooth. A starting guess for a finer level is obtained
by propagating the current solution, yh0 = PHh y

H ; the prolongation operator PHh
is the topic of Section 9.4.2. Since this initial guess is supposed to be in a close
neighborhood of a minimizer for the fine problem, only a few steps of a fast conver-
gent optimization scheme should be needed to compute the numerical solution yh.
These steps are iterated until the finest level is reached, the accuracy is within the
desired tolerance, or the machine runs out of memory.
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Table 9.3 Driver for Example 9.4; see Figure 9.3 for results.

This file is E9_Hands_MSIR.m
% ===============================================================================
% Example for MLSIR, Multiscale Image Registration
% (c) Jan Modersitzki 2009/04/06, see FAIR.2 and FAIRcopyright.m.
% \url{http://www.cas.mcmaster.ca/~fair/index.shtml}
%
% - data Hands, Omega=(0,20)x(0,25), level=7, m=[128,128]
% - viewer viewImage2D
% - interpolation splineInter2D
% - distance SSD
% - pre-registration affine2D
% - regularizer mbCurvature
% - optimization Gauss-Newton
% ===============================================================================

% Example for Multiscale Nonparametric Image Registration with preregistration
% (c) Jan Modersitzki 2008/12/30, see FAIRcopyright.m.

% set-up data and image viewer, distance, regularizer, preregistration
setupHandData; FAIRdiary;
level = 7; omega = MLdata{level}.omega; m = MLdata{level}.m;
distance(’set’,’distance’,’SSD’);
regularizer(’reset’,’regularizer’,’mbElastic’,’alpha’,1e4,’mu’,1,’lambda’,0);
trafo(’reset’,’trafo’,’affine2D’); w0 = trafo(’w0’);

% the y’s are used for: y0/initial guess, yRef/regularization, yStop/stopping
y0 = getStaggeredGrid(omega,m); yRef = y0; yStop = y0;

% discretization of scale space
theta = [logspace(3,0,4),0];

% initialize the interpolation scheme and coefficients
inter(’set’,’inter’,’splineInter2D’,’regularizer’,’moments’);
[T,R] = inter(’coefficients’,MLdata{level}.T,MLdata{level}.R,omega,’theta’,theta(1));
xc = getCenteredGrid(omega,m);
Rc = inter(R,omega,xc);

% -- the PIR preregistration -------------------------
beta = 0; M = []; wRef = []; xc = getCenteredGrid(omega,m);
fctn = @(wc) PIRobjFctn(T,Rc,omega,m,beta,M,wRef,xc,wc);
[wc,his] = GaussNewtonArmijo(fctn,w0,’maxIter’,500);
reduction = fctn(wc)/fctn(w0);
yc = grid2grid(trafo(wc,getNodalGrid(omega,m)),m,’nodal’,’staggered’);
Yc = {yc}; ITER = max(his.his(:,1)); REDUCTION = reduction;
% parameter for NPIR
NPIRpara = {’maxIter’,500,’Plots’,@FAIRplots,’yStop’,yStop}

% loop over scales
for j=1:length(theta),

% compute representation of data on j’th scale
[T,R] = inter(’coefficients’,MLdata{level}.T,MLdata{level}.R,omega,’theta’,theta(j));
xc = getCenteredGrid(omega,m);
Rc = inter(R,omega,xc);

% build objective function and regularizer
yRef = yc;
fctn = @(yc) NPIRobjFctn(T,Rc,omega,m,yRef,yc);

% -- solve the optimization problem -------------------------------------------
FAIRplots(’set’,’mode’,’NPIR-GN-elastic’,’omega’,omega,’m’,m,’fig’,j+3,’plots’,1);
FAIRplots(’init’,struct(’Tc’,T,’Rc’,R,’omega’,omega,’m’,m));
[yc,his] = GaussNewtonArmijo(fctn,yc,NPIRpara{:});
reduction = fctn(yc)/fctn(yStop);
Yc{end+1} = yc; ITER(end+1) = max(his.his(:,1)); REDUCTION(end+1) = reduction;

end;
diary off
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9.4.1 Outline of MLIR
This section presents a summary of the code; see also Table 9.4. Implementation
details are provided in FAIR 21 (this page) and MLIR. The first phase is the ini-
tialization of parameters such as a flag for performing a parametric preregistration,
maximum number of iterations, or optimization schemes to be used. The interest-
ing part is the loop over the different levels running from coarse to fine, which is
explained next.

The loop over the different levels can be divided into four steps. The first step
is the initialization of the current grid xc and the coefficients for T and R and the
computation of Rc = R(P · xc), where P denotes a cell-centered grid interpolator;
cf. Section 9.1.1. On the coarsest level, an optional parametric preregistration is
performed, which returns optimal parameters wc for the parametric model. The
second step is to initialize the reference transformation yRef used for regularization
and as an initial guess on the coarsest level. If no preregistration is performed,
yRef = xc, where xc denotes the current grid. Otherwise, yRef = y(wc, xc).
Note that the optimal parameters do not depend on the discretization (though the
numerical approximation does), but the representation of the transformation does.
Note also that the transformation model requires the same discretization for all
components of the grid. Therefore, the code computes yRef as an interpolation
of a transformed nodal grid on the current grid. The third step is to initialize a
good starting guess. The preregistration result yRef is used on the coarsest level
and on finer levels, a prolongated version of the solution from the previous level
is used; details are provided in the next section. The fourth and final step is the
computation of a numerical optimizer on the current level.

FAIR 21: Multilevel Image Registration (MLIR)

This function minimizes J [y] (cf. (9.1)) using a sequence of discretizations Jh for
h = hcoarse : hfine.

[yc,wc,his] = MLIR(MLdata,varargin)

MLdata multilevel presentation of the data; see getMultilevel

varargin optional list of input parameters, e.g., {’plots’,0}
yc numerical optimizer
wc parameters of optional preregistration
his structure collecting the iteration history

9.4.2 Prolongation Operator
A simple interpolation could be used for the prolongation operator. However, par-
ticularly for the staggered grid, boundary conditions for the transformation enter
into play. A simplified approach in terms of coding is based on the interpolation
of the displacement u(x) = y(x)− x and the assumption that u is zero outside the
domain Ω.
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Table 9.4 Code fragment for MLIR; see FAIR 21 (p. 148) and MLIR for details.

function [yc,wc,his] = MLIR(MLdata,varargin)

% set up default parameter
[not presented here, see code for details]

% initialization
[not presented here, see code for details]

for level=minLevel:maxLevel,

message(sprintf(’%s: level %d from %d to %d, %s’,...
mfilename,level,minLevel,maxLevel,dimstr(MLdata{level}.m)));

% STEP 1: store old grid, update m, initialize grid and data coefficients
[not presented here, see code for details]

if level == minLevel && parametric,
wc = PIR(fctn,w0);

elseif level == minLevel, % no pre-registration
wc = [];

end;

% STEP 2: compute yRef = xc or yc = trafo(wc,xc) on the appropriate grid
[not presented here, see code for details]

% STEP 3: initialize starting guess y0
if level == minLevel,

y0 = yRef; % best known so far
else

y0 = xc + mfPu(yc - xOld,omega,m/2); % prolongate yc (coarse) to y0 (current)
end;

% STEP 4: call NPIR
[yc,his] = NPIR(fctn,y0);

% update iteration history
[not presented here, see code for details]

end;%For level

The displacement field u is known on a coarse grid xcH and to be interpolated
on a finer grid xch, where it is assumed thatH = 2h. Fixing the ith component of u,
v = ui, the values are expanded in each direction using linear interpolation. FAIR
supplies the function mfPu which enables a matrix-free computation of PHh ucH

and (PHh )>uch. With xOld = xch, the computation of the initial guess thus reads

y0 = xc + mfPu(yc - xOld,omega,m/2).

Details of the grid-dependent prolongation operator are given in the following sec-
tions.

Nodal Grid

The situation is illustrated in Figure 9.4. Let v be given on the coarse grid xcH

(big open squares). Intermediate values (×) are computed for a finer discretization
in the x1 direction,

Vi1,i2 = vi1,i2 and Vi1+0.5,i2 = 0.5vi1,i2 + 0.5vi1+1,i2 . (9.5)
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Figure 9.4: Prolongation of 2D grids.

Finally, the h discretization (small black squares) is then obtained by expanding
the intermediates in the x2 direction,

Wi1,i2 = Vi1,i2 and Wi1,i2+0.5 = 0.5Vi1,i2 + 0.5Vi1,i2+1. (9.6)

Note that the coarse grid is part of the fine grid; no boundary conditions are re-
quired.

Cell-Centered Grid

The situation is illustrated in Figure 9.4. Let v be given on the coarse grid xcH

(big black dots). Intermediate values are computed for a finer discretization in x1

direction (⊕ and 	):

Vi1−0.25,i2 = 0.75vi1−0.5,i2 + 0.25vi1+0.5,i2 ,
Vi1+0.25,i2 = 0.25vi1−0.5,i2 + 0.75vi1+0.5,i2 .

}
(9.7)

The h discretization (small black dots) is obtained by expanding the intermediates
in the x2 direction. The formulae read

Wi1,i2−0.25 = 0.75Vi1,i2−0.5 + 0.25Vi1,i2+0.5,
Wi1,i2+0.25 = 0.25Vi1,i2−0.5 + 0.75Vi1,i2+0.5,

}
(9.8)

where the displacement is assumed to be zero outside the domain Ω. Note that the
set of fine grid points does not contain the coarse grid points.

Staggered Grids

The situations are illustrated in Figure 9.4. For u1, intermediates are computed in
the x1 direction using the nodal interpolation, (9.5) (×). The h discretization (small
black left-right triangles) is obtained from (9.8). For u2, intermediates are computed
in the x2 direction using the nodal interpolation (×). The final h discretization
(small black bottom-top triangles) is obtained using the cell-centered interpolation
for the intermediates.
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9.5 MLIR Experiments
The examples from Sections 9.2 and 9.3 are continued. The reduction in the objec-
tive function is measured by (9.3) and the number of iterations is listed as a vector,
where the ith component lists the number of iterations performed on the ith level.

Example 9.5 (MLIR: HNSP, SSD, Elastic)
The driver initializes the building blocks and calls MLIR for registration. Results
and configuration are shown in Figure 9.5. As mentioned before, the data is well
suited for registration, and the impressive results are thus not surprising.

This file is E9_HNSP_MLIR_SSD_mbElas.m
% ===============================================================================
% Example for MLIR, MultiLevel Image Registration
% (c) Jan Modersitzki 2009/04/04, see FAIR.2 and FAIRcopyright.m.
% \url{http://www.cas.mcmaster.ca/~fair/index.shtml}
%
% - data HNSP, Omega=(0,2)x(0,1), m=[ 512 256]
% - viewer viewImage2D
% - interpolation splineInter2D
% - distance SSD
% - pre-registration affine2D
% - regularizer mbElastic
% ===============================================================================

close all, help(mfilename);

setupHNSPData
inter(’reset’,’inter’,’splineInter2D’,’regularizer’,’moments’,’theta’,1e-2);
distance(’reset’,’distance’,’SSD’);
trafo(’reset’,’trafo’,’affine2D’);
regularizer(’reset’,’regularizer’,’mbElastic’,’alpha’,5e2,’mu’,1,’lambda’,0);

[yc,wc,his] = MLIR(MLdata,’maxLevel’,8);

H
N
SP

(a) T (xc) (b) R(xc) (c) |T (xc)−R(xc)|
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D
/e
la
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(d) T (xc) & grid yc (e) T (yc) (f) |T (yc)−R(xc)|

Figure 9.5: MLIR results for HNSP data; cf. Example 2.8: splineInter2D, SSD,
pre: affine2D, mbElastic/staggered, [α, µ, λ] = [500, 1, 0], Ω = (0, 2)× (0, 1), level
` = 3 : 8, m = [512, 256], #iter = [2, 2, 5, 2, 2, 2], reduction = 1.04%, time = 36 s.
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Example 9.6 (MLIR: Hands, SSD, Elastic and Curvature)
This example is along the same lines as the previous one; results and configuration
for an elastic and curvature registration are shown in Figure 9.6. In contrast to the
previous example, the registration task is nontrivial and the results are impressive.

Although the transformed images T (yelas) and T (ycurv) are very close and also
Jelas(yelas) ≈ Jcurv(ycurv), the transformation appears to be different: yelas 6≈ ycurv.
The elastic transformation is closer to the affine preregistration and more rough,
i.e., it shows greater local variation, while the curvature transformation is smoother.

The previous two examples illustrate how to run FAIR with two different
regularizations and also demonstrate an important point in image registration: Al-
hough the transformation can differ significantly, the observable output, i.e., the
transformed images, look very similar. As discussed in Chapter 8, without addi-
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Figure 9.6: MLIR results for hand data (cf. Example 2.7,) elastic and curvature:
splineInter2D, SSD, preregistration: affine2D, mbElastic/staggered,
[α, µ, λ] = [1000, 1, 0], Ω = (0, 20) × (0, 25), level ` = 3 : 7, m = [128, 128], #iter =
[2, 3, 4, 2, 2], reduction = 4.55%, time = 12 s; for mbCurvature/cell centered: α =
1000, #iter = [4, 4, 3, 2, 2], reduction = 4.51%, time = 18 s.
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tional assumptions or knowledge, it is impossible to decide which transformation is
“the best.” From a modeling point of view, the regularizer quantifies the meaning
of “best.” In the previous example, the elastic transformation is optimal (assuming
that the data was deformed elastically) and the curvature is best (assuming that
the data has been deformed by a curvature-type energy); see Chapter 10 for a more
detailed discussion.

9.6 Alternative Numerical Optimizers
This section briefly sketches some alternatives to the Gauss–Newton-type optimiza-
tion used in the previous sections. For a more detailed description of these and other
methods on numerical optimization, see the literature summarized in Section 1.4.4
and in particular [165].

Especially when using an MI-based distance measure, the Gauss–Newton
approximation of the Hessian can become computationally expensive. A BFGS
method provides an interesting option, as it estimates the Hessian on the fly and
does not require explicit computations. The next sections provide some details and
implementations of a limit memory BFGS method (`-BFGS) and a trust-region
method.

9.6.1 l-BFGS
An excellent overview on BFGS method is provided in [165, §8.1]. The central idea
is to approximate the inverse of the Hessian by an update obtained from an initial
approximation H0 and a sequence of differences of search directions and gradients;
see [165] for details and lBFGS for an implementation.

The central idea is to replace the objective function by a quadratic model

J(y + s) ≈ q(s) := J(y) + dJ(y) s+
1
2
s>Hs

and to continue with an updated iterate y ← y+ tz, where t is determined by a line
search. An obvious though possibly expensive choice for H would be the Hessian
d2J or a Gauss–Newton-type approximation. The BFGS idea is to replace this
operator by an approximation which is obtained by using only gradient information.
A reasonable choice yielding fast convergence is given by the Broyden family. This
is a class of operators satisfying the secant equation

Hksk = zk, zk = ∇J(yk+1)−∇J(yk),

where yk denotes the kth iterate; see, e.g., [95, 145].
In order to take full advantage of this option, only a small modification of the

objective function is necessary: Obviously, the Gauss–Newton approximation is no
longer needed. Thus, the call of the distance function simplifies to

[Dc,rc,dD] = distance(Tc,Rc,omega,m).

Since the Hessian of the regularizer d2S is used as an initial approximationH0 to the
Hessian, the regularization part stays unchanged. In both the matrix-based and the
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matrix-free implementation, the operator d2S is computed only once on each level.
Thus, the output of the objective function does not change but the interpretation of
the approximative Hessian does. In the Gauss–Newton version, this approximation
is H = dr>d2ψ dr + d2S, whereas in the BFGS version H = d2S + βI. Here, a
scaled identity is added to enforce a positive definite approximative Hessian. Note
that the scheme used in FAIR updates approximations of the inverse Hessian, and
the formulae are thus presented for Ĥ ≈ H−1, Ĥ0 = H−1

0 .
Following [165, §8.1], the BFGS search direction is computed from

dyk = −Ĥk∇J(yk) (9.9)

and the new approximation to the inverse Hessian is

Ĥk+1 = (I − ρkskz>k )Ĥk(I − ρkzks>k ) + ρksks
>
k , (9.10)

where sk = yk+1 − yk, zk = ∇J(yk+1) − ∇J(yk), ρk = 1/(z>k sk), and it assumed
that z>k sk 6= 0.

FAIR uses an implementation of a limited memory BFGS (`-BFGS) scheme [156]
and a recursive implementation of Ĥk+1. During iteration, the differences s =
yc − yOld and z = dJ − dJold are computed. If z>s > 0, these vectors provide
valuable information on the Hessian and are added to the list of BFGS vectors,
which stores at most the last L vectors. The new search direction is computed in
three steps based on (9.9) and (9.10). Let d0 = −dJ> denote the current gradient
and α = (s>d0)/(z>s). Thus, d1 = (I − ρkzks

>
k )d0 = d0 − αz. The next step

is to compute d2 = Ĥk−1d1 using only the previous BFGS vectors or by solving
Ĥd2 = d1 in case the list of BFGS vectors is empty. The final step is to compute

dy = (I − ρkskz>k )d2 + ρksks
>
k d0 = d2 + (α− (z>d2)/(z>s))s.

The code is presented in lBFGS.

9.6.2 MLIR Using an `-BFGS Scheme
The next examples illustrate how to use different distance measures combined with
elastic and curvature regularizations and the `-BFGS scheme within FAIR.

Example 9.7 (MLIR: MRIs Using `-BFGS, MI and NGF, Elastic)
The data is taken from the T1 and T2 weighted MRIs of Example 2.9. MI and
NGF are used as distance measures. Note that the negative MI is implemented for
minimization. Thus, the reduction measure (9.3) becomes meaningless and is not
presented in this example. The parameterization of MI is presented in the code
below and the parameters for NGF are η = 50 for the edge parameter and moment
regularized spline approximation with θ = 0.1 for the image representation; cf.
Section 3.6.

The result for MI and NGF are comparable both in terms of transformation
and performance; see Figure 9.7. As is typical for multimodal registration, the
problem is highly nonlinear, and as a result many iterations are required to satisfy
the stopping criteria.
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Figure 9.7: MLIR results for MRI data (cf. Example 2.9) using MI and NGF dis-
tances, elastic regularization, and `-BFGS optimizer: splineInter2D, preregistration:
rigid2D, mbElastic/staggered, Ω = (0, 128)×(0, 128), level ` = 4 : 7, m = [128, 128];
for MI: [α, µ, λ] = [0.0001, 1, 0], time = 35 s; for NGF: [α, µ, λ] = [0.1, 1, 0], time = 35 s.

This file is E9_MRIhead_MLIRlBFGS_MI_mfElas.m
% ===============================================================================
% Example for MLIR, MultiLevel Image Registration
% (c) Jan Modersitzki 2009/04/06, see FAIR.2 and FAIRcopyright.m.
% \url{http://www.cas.mcmaster.ca/~fair/index.shtml}
%
% - data MRI (head), Omega=(0,128)x(0,128), level=4:7, m=[128,128]
% - viewer viewImage2D
% - interpolation splineInter2D
% - distance MI
% - pre-registration rigid2D
% - regularizer mbElastic
% - optimization lBFGS
% ===============================================================================

close all, help(mfilename);

setupMRIData
inter(’reset’,’inter’,’splineInter2D’,’regularizer’,’none’,’theta’,1e-3);
distance(’reset’,’distance’,’MI’,’nT’,8,’nR’,8);
trafo(’reset’,’trafo’,’rigid2D’);
regularizer(’reset’,’regularizer’,’mfElastic’,’alpha’,1e-4,’mu’,1,’lambda’,0);
[yc,wc,his] = MLIR(MLdata,...
’PIR’,@lBFGS,’PIRobj’,@PIRBFGSobjFctn,...
’NPIR’,@lBFGS,’NPIRobj’,@NPIRBFGSobjFctn,...
’minLevel’,4,’maxLevel’,7,’parametric’,1,’plotMLiter’,0);
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Example 9.8 (MLIR: PET/CT Using `-BFGS)
The data is taken from 2D cross sections of PET and CT images; cf. Example 2.10.
MI and NGF are used as distance measures combined with elastic and curvature
regularizations.

All techniques are combined with a multilevel spline representation for the
images, Ω = (0, 140) × (0, 151), level ` = 4 : 7, thus m = [128, 128] on the finest
level. A rigid preregistration and the elasticity parameters µ = 1 and λ = 0 are
used in all cases. A staggered grid discretization is used for the elastic regularizer
and a cell-centered discretization for the curvature regularizer.

The MI examples use a spline-based interpolation scheme and a 32-by-32 spline
grid for the Parzen-window estimator. The NGF examples are based on the edge
parameter η = 25 and a moment regularized spline approximation of the data with
θ = 0.01; see Chapter 7 for details. The choices of the regularization parameter α,
the numbers of iterations spent on the four levels, and the overall time are presented
in the next table; see Figure 9.8 for visualization.

Distance/regularizer α #iterations Time
MI/elastic 10−4 [25, 25, 4, 25] 79 s
MI/curvature 10−1 [25, 8, 8, 25] 64 s

NGF/elastic 0.5 [1, 2, 3, 2] 21 s
NGF/curvature 10 [1, 2, 8, 1] 28 s

The parameters are hand picked and the choices lead to comparable results for
the MI and NGF pairings. The MI approaches have a tendency to match the outer
contours of the PET to the outer contour of the CT, while the NGF approaches aim
to match the outer contour of PET to the contour of the inner part of the body.
As to be expected, the elastic approaches stay closer to the rigid preregistration,
as the elasticity regularizer also penalizes linear transformations. In contrast, the
curvature regularizer is smoother but more aggressive in terms of the boundary
conditions.

A typical driver function reads as follows.

This file is E9_PETCT_MLIRlBFGS_NGF_mbCurv.m
% ===============================================================================
% Example for MLIR, MultiLevel Image Registration
% (c) Jan Modersitzki 2009/04/06, see FAIR.2 and FAIRcopyright.m.
% \url{http://www.cas.mcmaster.ca/~fair/index.shtml}
%
% - data PETCT, Omega=(0,140)x(0,151), level=4:7, m=[128,128]
% - viewer viewImage2D
% - interpolation splineInter2D
% - distance NGF
% - pre-registration rigid2D
% - regularizer mbCurvature
% - optimization lBFGS
% ===============================================================================

close all, help(mfilename);

setupPETCTdata
inter(’reset’,’inter’,’splineInter2D’,’regularizer’,’moments’,’theta’,1e-2);
distance(’reset’,’distance’,’NGF’,’edge’,25);
trafo(’reset’,’trafo’,’rigid2D’);
regularizer(’reset’,’regularizer’,’mbCurvature’,’alpha’,10);
[yc,wc,his] = MLIR(MLdata,...
’NPIR’,@lBFGS,’NPIRobj’,@NPIRBFGSobjFctn,...
’minLevel’,4,’maxIterNPIR’,25,’parametric’,1,’plotMLiter’,0);
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Figure 9.8: MLIR results for PET/CT data (cf. Example 2.10) using MI and NGF
distances combined with elastic and curvature regularization and `-BFGS optimizer; see
Example 9.8 for details.
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9.6.3 Trust-Region Methods
A trust-region (TR) method presents another exciting option for numerical opti-
mization. As for the `-BFGS method discussed in the previous section, only the
basic ideas are outlined; details can be found, for example, in [165, §4] or any good
book on numerical optimization; see Section 1.4.4.

The basic idea of a Newton-type method is to approximate the objective func-
tion in a neighborhood of the current iterate y by a quadratic polynomial

q(z) = J(y) + dJ(y)z +
1
2
z>Hz, (9.11)

where H is an approximation to the Hessian, and to minimize this quadratic. This
works terrifically, provided the function is well behaved or the current iterate is
sufficiently close to a minimizer. Fast quadratic convergence can be obtained if H
is sufficiently close to the Hessian d2J . Problems are to be expected if the Hessian
d2J is not positive definite, as a Newton-type method then may fail. The Gauss–
Newton approach bypasses this problem by replacing the Hessian by the positive
definite HGN = dr>ψ dr+αB>B+βI, and the BFGS method replaces the Hessian
by rank updates of an initially positive definite αB>B + βI which preserves the
positive definiteness. Both approaches neglect information obtained in a step of
negative curvature.

The trust-region idea is to use the above model only in a certain neighborhood
of the current iterate. More precisely, the length of a step is constrained by an
adaptively controlled trust-region; see Figure 9.9. The update is defined by the
solution of

q(z) = min subject to |z| ≤ δ,
where a typical initial choice is δ = max{1, ‖y0‖}. This constraint turns an indefinite
or negative definite approximation of the Hessian into valuable information. For
example, in the situation presented in Figure 9.9, the minimizer of the constrained
problem is y − δ, the search direction leads to the minimizer and the length of the
step is bounded by the trust-region radius δ. In principle, this idea works with any
approximation to the Hessian, e.g., the Gauss–Newton or `-BFGS approach. FAIR
supplies a Gauss–Newton approximation.

The adaption of the trust-region is controlled by the ratio ρ of the actual
andpredicted reduction,

ρ =
J(y)− J(y + z)
q(0)− q(z)

.

This ratio being reasonably large (ρ > ρenlarge) implies a good correspondence be-
tween model and objective function, and the trust-region is thus enlarged (δ ←
δsenlarge) and the iterate is updated by z. Otherwise, the trust-region is reduced to
δ′ = δsreduce and a new update z′ is computed. FAIR provides an implementation
based on Steihaug’s approach [188]; see also [165, p. 75]. The idea is to solve the lin-
ear system Hz = −dJ> using a preconditioned conjugate gradient scheme [137, 69].
Starting with x0 = 0, the lengths of the accumulated CG iterates xk is monoton-
ically increasing. Thus, z satisfying ‖z‖ ≤ δ′ can be computed retrospectively by
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Jq

•

•

y − δ y y + δ

Figure 9.9:Objective function J , quadratic model q, and trust-region {z : |z − y| ≤ δ}.

picking j such that ‖
∑j
k=1 xk‖ ≤ δ′; see TrustRegion for implementation details.

Typical parameters which are also used in this implementation are ρenlarge = 0.25,
senlarge = 2, sreduce = 0.5.

9.7 Examples in Three Dimensions
Example 9.9 (MLIR, 3D Knee: Gauss–Newton, `-BFGS, Trust-Region)
These experiments are based on 3D knee data provided by Thomas Netsch, Philips
Research, Hamburg, Germany. The data of size m = [128, 64, 128] is given on the
domain Ω = (0, 128) × (0, 62) × (0, 128) and is represented on levels ` = 3 : 6. A
3D rendering of the sampled template and reference as well as a 2D visualization
based on orthogonal views of the data are shown in Figure 9.10: the second row
visualizes sagittal views of the template, reference, and the difference, and the last
two rows visualize the results of registrations based on Gauss–Newton, `-BFGS, and
trust-region approaches. The building blocks are: SSD, affine3D preregistration,
mfElastic/staggered, and [α, µ, λ] = [500, 1, 0].

The number of iterations († indicates stopping due to maximum number of
iterations), the reduction (cf. (9.3)), and the computation times are summarized as
follows.

Optimizer # iterations reduction Time
Gauss–Newton [ 11, 10†, 10†, 10†, 10† ] 10.63% 915 s
`-BFGS [ 11, 9, 10†, 10†, 10† ] 10.81% 1130 s
Trust-Region [ 11, 10†, 8, 10†, 10† ] 16.52% 2031 s
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Example 9.10 (MLIR, 3D Brain: Gauss–Newton, `-BFGS, Trust-Region)
These experiments are based on 3D brain data provided by Ron Kikinis, Surgical
Planning Laboratory, Brigham and Women’s Hospital, Boston. The data of size
m = [128, 64, 128] is given on the domain Ω = (0, 20) × (0, 10) × (0, 20) and is
represented on levels ` = 3 : 6. As for the previous example, a 3D rendering of
the sampled template and reference as well as a 2D visualization based on orthog-
onal views of the data are shown in Figure 9.11: the second row visualizes sagittal
views of the template, reference, and the difference and the last two rows visualize
the results of registrations based on Gauss–Newton (G), `-BFGS, and trust-region
(TR) approaches. The experiments are based on SSD, affine3D preregistration,
mfElastic/staggered, and [α, µ, λ] = [1000, 1, 0].

The number of iterations († indicates stopping due to maximum number of
iterations), the reduction (cf. (9.3)), and the computation times are summarized as
follows.

Optimizer # iterations reduction Time
Gauss–Newton [ 2, 10†, 10†, 10†, 10† ] 42.91% 975 s
`-BFGS [ 2, 8, 10†, 10†, 10† ] 46.58% 1322 s
Trust-Region [ 11, 6, 6, 10†, 2 ] 42.96% 1969 s
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Figure 9.10: MLIR results for 3D knee data (cf. Example 9.9) using the SSD distance
combined with an elastic regularizer; 3D (top row) and 2D (second row) visualizations
of the template and reference images. Transformed template (third row) and differences
to the reference image (bottom row) are shown for optimization results obtained with
Gauss–Newton (left), `-BFGS (middle), and trust-region (right) approaches.

Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.



F I F T H P R O O F S “FAIR” 2009/10/8 page 162i
i

i
i

i
i

i
i

162 Chapter 9. Nonparametric Image Registration
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Figure 9.11: MLIR results for 3D brain data (cf. Example 9.10) using the SSD distance
combined with a curvature regularizer; 3D (top row) and 2D (second row) visualizations
of the template and reference images. Transformed template (third row) and differences to
the reference image (bottom row) are shown for optimization results obtained with Gauss–
Newton (left), `-BFGS (middle), and trust-region (right); see Example 9.8 for details.
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9.8 Summarizing the Nonparametric Image
Registration

This chapter combines the modules prepared in the previous chapters. It is dis-
cussed how the joint functional J in (9.1) can be discretized and how different
computational grids can be treated in a unified fashion. Numerical optimization
schemes such as Gauss–Newton, `-BFGS, and trust-region are discussed. Moreover,
the optimization strategy is embedded into a multiscale and multilevel frameworks,
adding additional regularity and reducing the computational costs. Finally, a vari-
ety of numerical examples is presented.

FAIR 22: Driver for Multilevel Image Registration
This driver initializes the data (including the visualization), parameterizes the in-
terpolation, parametric preregistration, distance, and regularization, and calls the
registration scheme MLIR.

This file is E9_HNSP_MLIR__SSD_mbCurv.m
%%%%%%%%%
clear, close all, help(mfilename);

% load some data, set viewer, interpolator, transformation, distance
setupHNSPData
inter(’reset’,’inter’,’splineInter2D’,’regularizer’,’moments’,’theta’,1e-2);
distance(’reset’,’distance’,’SSD’);
trafo(’reset’,’trafo’,’affine2D’);
regularizer(’reset’,’regularizer’,’mbCurvature’,’alpha’,1e1);

% run optimization
% yc = MLIR(MLdata,’maxLevel’,7);

9.9 FAIR Tutorials on Image Registration
FAIR contains the tutorial BigTutorialNPIR which summarizes a number of
smaller tutorials providing examples for a variety of registration problems.
BigTutorialNPIR
E9_Hands_NPIRmb_GN: NPIR, hands, elastic, matrix-based
E9_Hands_NPIRmf_GN: NPIR, hands, elastic, matrix-free
E9_Hands_NPIRmf_TR_nopre: NPIR, hands, trust-region, plain
E9_Hands_NPIRmf_TR_pcg: NPIR, hands, trust-region, multigrid preconditioned
E9_PETCT_MLIR_NGF_mbElas: MLIR, PETCT, NGF, elastic, matrix-based
E9_HNSP_MLIR_TR: MLIR, HNSP, elastic, matrix-free, trust-region
E9_Hands_MLIR_SSD_mbElas: MLIR, hands, elastic, matrix-based
E9_Hands_MLIR_SSD_mfElas: MLIR, hands, elastic, matrix-free
E9_Hands_MLIR_SSD_mbCurv: MLIR, hands, curvature, matrix-based
E9_Hands_MLIR_SSD_mfCurv: MLIR, hands, curvature, matrix-free
E9_HNSP_MLIR_SSD_mbElas: MLIR, HNSP, elastic, matrix-based
E9_HNSP_MLIR_SSD_mfElas: MLIR, HNSP, elastic, matrix-free
E9_HNSP_MLIR_SSD_mbCurv: MLIR, HNSP, curvature, matrix-based
E9_HNSP_MLIR_SSD_mfCurv: MLIR, HNSP, curvature, matrix-free
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9.10 Exercises
Exercise 9.1
Repeat the multilevel registration of the hand example. Find a regularization pa-
rameter α as small as possible but such that the transformation is still visually
one-to-one. Advise a method for choosing a reasonable regularization parameter.

Exercise 9.2
Compare the results obtained with the diffusion, elastic, and curvature regularizers.

Exercise 9.3
Compare the timings obtained for 2D and 3D examples using different data sizes
and the matrix-based and matrix-free implementations.

Exercise 9.4
Compare and discuss the results obtained using different optimization methods.
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Chapter 10

Outlook

This chapter presents a summary of the topics discussed in this book and looks at
the various topics which have not been addressed.

10.1 Summary
This book provides a unified mathematical framework for image registration and
presents some MATLAB tools for exploring this framework. The starting point is
the variational formulation

J [y] = D[T [y],R] + S[y − yref ] = min, (10.1)

where the joined functional is composed of a data fitting term D and regulariza-
tion S; see Chapters 7 and 8, respectively.

This book provides a variety of options but also aims to provide a framework
for the integration of newly designed modules.

10.1.1 Registration Modules
Special attention has been given to a modularization of building blocks and their
reasonable implementations. The key building blocks are

• image models: Chapter 3 provides various interpolation techniques, which
are used to represent images on different scales and resolutions and also to
define transformed images for arbitrary transformations;

• transformation models: Chapter 4 provides a variety of parameterized
transformations y = y(w, x) (translations, rotations, rigid, affine linear, spline
based), which serve as a basis for PIR; Chapters 8 and 9 provide the tools for
nonparametric registration;

• distance measures: Chapter 5 introduces landmark-based distance mea-
sures, and volumetric distance measures are provided in Chapter 7;

165
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• regularization: since registration is an ill-posed problem, regularization be-
comes a key component; regularization techniques are discussed in various
places in this book: for interpolation, landmark registration, high-dimensional
parametric registration, and nonparametric registration; note that multiscale
and multilevel strategies may also be viewed as regularization techniques;

• discretization: this book focuses on a discretize-then-optimize approach; the
idea is to create a coarse to fine discretization of the registration problem

Jh(yh) = Dh(T (yh), Rh) + S(yh − yref ,h) = min (10.2)

and to use the numerical solution of a coarser discretization as a starting point
for a finer discretization;

• optimization: in this book, registration is phrased as an optimization prob-
lem; thus, numerical optimization is the final important ingredient.

10.1.2 Multiscale and Multilevel Approaches
The above ingredients are to be combined in a multilevel and/or multiscale ap-
proaches; see Sections 6.6, 9.3, and 9.4. A much deeper discussion on scale-space
ideas can be found, e.g., in [106, 154, 179, 191, 192]. Note that multilevel and/or
multiscale approaches can become crucial for registration, but some applications,
such as microscopy images displaying clouds of cells, may not allow this represen-
tation.

10.1.3 Optimization
As the registration problem is attacked from an optimization perspective, numer-
ical optimization becomes a major tool. This book focuses on the discretize-then-
optimize approach. The variational formulation (10.1) is consistently discretized.
For a concrete discretization, numerical optimization techniques are used to com-
pute a numerical optimizer of the discretized objective function J . Emphasis has
been given to provide the analytical gradient of the discretized objective function.
All modules discussed and provided in this book thus return not only a function
value but also their analytic derivative. Moreover, a simple mechanism for testing
derivative implementations has been provided; cf. Section 3.5.

In principle, any numerical optimization techniques could be used. However,
FAIR has a bias towards quasi-Newton techniques and in particular Gauss–Newton-
type optimization; see Section 9.6 for alternatives.

10.2 Topics Not Covered
This book provides a very focused and narrow view to the registration problem.
Emphasis is given to the software engineering and numerical perspective. The the-
oretical and application perspectives have certainly been neglected. The following
sections summarize some of the open problems and provide some links to the liter-
ature.
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10.2.1 Theoretical Foundations

Existence of solutions for the registration problems are discussed, for example, in
[206, 87, 136, 99, 139, 134, 96, 83] and the references therein. More information
about splines and interpolation can be found, e.g., in [97, 75, 203, 153, 138, 149, 190].

10.2.2 Choosing the Building Blocks

The question of how to assemble the objective function from the proposed modules
for a particular application is not addressed. The reason is that there seems to be
no automatic way to make a proper choice, and the selection pretty much depends
on the application. For the interpolation it seems to be a matter of taste, and
the differences between using spline-based or linear interpolation techniques are
rather small. However, already the distance measure can make a big difference.
General advice is to start with a rather simple but robust approach such as sum of
squared differences (SSD) or normalized cross-correlation (NCC) and, if this fails,
to continue with a more complex measure such as normalized gradient field (NGF)
or mutual information (MI). Note that the simple measures are designed essentially
for monomodal images and are generally easier to optimize, while the more complex
measures are designed for multimodal problems and generally introduce more local
minima to the registration problem [171]. The problem is even more severe for the
regularization. Recent work aims to also optimize with respect to the regularization.
Note, however, that the so-called objective function is always subjective.

More transformation options like polyrigid, polyaffine, or piecewise affine trans-
formation models are discussed, for example, in [198, 61]. Alternative distance
measures are presented in [74, 68, 72, 141, 52, 170, 173, 135, 94, 166, 126] and alter-
native regularization is discussed in [151, 144]. Initialized by the pioneering work
of [80, 67, 73, 86], recent trends are to improve the modeling/regularization and to
integrate biomechanical models; see, e.g., [159, 100, 204, 158, 182, 168].

10.2.3 Parameter Tuning

A number of explicit and implicit parameters need to be chosen. Already the
interpolation module provides a variety of options. The linear interpolation is
straightforward, easy to implement, and quickly evaluated, but it is not everywhere
differentiable. The spline interpolation is differentiable but introduces ringing arti-
facts which may yield local minima. A multiscale approach, as discussed in Chap-
ter 3, moderates these problems but requires the choice of a regularizer (Tychonoff,
Tychonoff–Phillips, moments, etc.) and a regularization parameter θ. Moreover,
the evaluation requires the computation of the spline coefficients and in addition
is more expensive than the linear interpolation. More information on interpolation
issues can be found, for example, in [53, 199, 153, 64, 150, 190, 138, 54, 82].

Also the scale-space technique and/or coarse to fine technique require param-
eterization. For the multiscale techniques, this seems to be a rather stable process.
The multilevel approach, however, demands some sensitivity. If the coarse represen-
tation of the problems does not provide enough details, the scheme may end up in a
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local minima and may not recover. Unfortunately, there seems to be no automatic
way to quantify sufficiency. Interesting aspects are discussed, e.g., in [106, 128].

Another tuning parameter is the regularization parameter α itself. Starting
with a strong regularization, the optimization problem is assumed to be smoother,
and computing a minimizer should be fast. Relaxing the discretization parameter
can be done in a way similar to the multiscale approach. For details on this so-called
continuation approach see, e.g., [55, 56, 57, 118].

10.2.4 Validation

A central, though not yet answered, question is how to validate the registration
results. Some pioneering steps are presented in [60, 58, 91, 105, 130, 181, 127]. An
incomplete list of validation projects is given below.

• Nonrigid Image Registration Evaluation Project (NIREP)
http://www.nirep.org/

• Retrospective Image Registration Evaluation Project
http://www.insight-journal.org/rire/

• ROBIN Competition
http://robin.inrialpes.fr/overview.php

• Validation and Evaluation in Medical Imaging Processing (VMIP)
http://idm.univ-rennes1.fr/VMIP/index.html

10.2.5 Consistency

In the optimization framework presented in this book, the quantification of a rea-
sonable or plausible transformation is formalized using a regularizer. Dependent
on the application, one may aim to archive a symmetric result when interchanging
the reference and template images. An approach to force a so-called consistent
transformation has been proposed in [85].

10.2.6 Diffeomorphisms

Many imaging groups consider diffeomorphisms as a natural manifold for registra-
tion problems [98, 196, 177, 82, 85, 125, 161, 84, 143, 197, 71, 178, 66, 62, 201]. A
diffeomorphism is a mapping y : Ω→ Σ such that y and y−1 are differentiable. Note
that the existence of y−1 guarantees that the transformation is one-to-one. More-
over, diffeomorphisms build a group which can be an important feature for atlas
generation. However, there are medical applications, such as bending of a joint or
sliding of an organ, where the transformation may not be as smooth. On the other
hand, a diffeomorphism may still give an unreasonable transformation. A trivial
example is y(x) = 0.5nx, where n is chosen such that the size of the transformed
domain has no physical meaning. More examples are illustrated in Section 10.2.9.
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10.2.7 (Optical) Flow Techniques

Optical flow techniques model the image as a function in space and time, T :
Ω × R → R, and are based on the assumption that a particle located at x(t) at
time t does not change its intensity. Thus, T (x(t), t) = const, and with the velocity
v = ẋ,

0 = dtT (x(t), t) = ∂tT +∇xT v,

which is the optical flow constraint [140, 70]. In order to handle illumination vari-
ation, equality is replaced by minimization of a distance, and for well-posedness,
regularization is added [76, 88, 81]. A typical formulation thus reads

J OF[v] = 0.5 ‖∂tT +∇xT v‖2 + S[v].

With the interpretations ∂tT ≈ T − R and ẋ ≈ dy, the above might be viewed as
linearized version of the SSD distance measure; cf. Section 7.1.

Flow techniques are also used to “drive” the deformable template towards the
reference. Typical examples are the original formulation of Thirion’s demons ap-
proach [193] (see also [194, 167, 102]) and Christensen’s fluid approach [86]. Keeling
and Ring proposed a flow approach with maximal rigidity [146].

10.2.8 Stochastical Approaches

Image registration can also be phrased as a regularized maximum likelihood problem
[110, 63, 212, 107]. This involves finding parameters y for a transformation model
that maximize the likelihood of the observed images I. In order to achieve this,
the problem can be considered within a Bayesian context and rephrased as follows.
The posterior probability of the parameters, given the images, is proportional to the
likelihood of observing the data, given the parameters, times the prior probability
of the parameters,

P (y|I) ∝ P (I|y)P (y).

Choosing the right priors and taking the logarithm, the likelihoods can be inter-
preted as distance measure and regularization. Note that important concepts such
as scale or multilevel representations are not easy to integrate into this statistical
framework.

10.2.9 Constrained Image Registration

Another avenue on the registration map is the integration of application-relevant
information. Typical examples are the integration of landmarks [143, 129, 104, 117],
the maintenance of rigid structures [155, 177, 157, 187, 186, 163, 116], volume
[174, 119, 118, 120, 121], and mass preservation [125, 211]. An example is given by
the flip-book images in this book, which visualizes a registration of a human knee
under rigidity constraints on femur and tibia.
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10.2.10 Efficiency
For some applications, fast results are critical and many attempts have been made
to speed up the computations [93, 79, 92, 210, 205, 131, 204, 133, 208, 148, 108].
Recent trends involve the usage of GPUs [189, 183, 164, 152, 147], sparse grid
computations [114, 115], and the computation on surfaces only [142, 65, 209].
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Symbols, Acronyms, Index

Symbols
〈 · , · 〉, inner product
�, Hadamard product
⊗, Kronecker product, see FAIR 2
(p.17)
‖ · ‖, L2-norm and `2-norm
| · |, Euclidian norm in Rd
α, regularization parameter
(Section 6.3)

β, stability parameter for Hessian
(Section 6.3)

η, edge parameter (Section 7.4)
Ω, spatial domain, see FAIR 1 (p.11)
ρ, radial basis function (Section 5.3.1)
or joint density (Section 7.3)

σ, kernel width (Section 7.3)
θ, scale-space parameter (Section 3.6)
d, spatial dimension, see FAIR 1 (p.11)
H, H, (approximative) Hessian of J ;
entropy, cf. eq. (7.6); coarse grid

h, cell size, discretization width
(Chapter 3), fine grid

I = In, see matrix, identity
M, regularization matrix (Section 6.3.2)
or approximation to d2D
(Section 9.1)

m, discretization size
n, number of discretization points
n[T ], normalized image gradient
(Section 7.4)
O, see Landau symbol

omega, MATLAB representation of
spatial domain Ω

P, see matrix, interpolation or
prolongation operator
Q, Q, see basic function (Chapter 4)
rj , landmark in reference image
(Chapter 5)

tj , landmark in template image
(Chapter 5)

u, displacement u = y − yref

uc, current discretized displacement
W , weighting matrix for spline
regularization (Chapter 3)

w, wc, coefficient vector for
transformations (Chapter 4)

wRef, inhomogeneity for parameter
regularization (Section 6.3.2)

xc, current grid (Chapter 3)
y, transformation, see FAIR 1 (p.11)
yh, yc, discretized transformation
yref , yRef, see regularization
inhomogeneity (Section 8.2)

derivative
dD, dD, of distance D
d2D, d2D, approx. 2nd of D
dJ, dJ, of objective J
dS, dS, of regularizer S
d2S, d2S, 2nd of regularizer
dT, dT, of template (Chapter 3)
dy, dy, of parametric transformation

differential operator
∆, Laplacian
∇· , divergence
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∇, gradient operator
∇h, discretized gradient operator
∇T , image gradient (Section 7.4)
∂, ∂j , partial
∂h, ∂hj , discretized
B, discretized partial differential
operator (Section 8.3)
B, partial differential operator
(Section 8.2)

distance
D, D, (Chapter 7)
Dc, current value
DLM, landmark, see FAIR 6 (p.58)
DNCC, normalized cross-correlation,
see FAIR 13 (p.99)
DNGF, normalized gradient field, see

FAIR 16 (p.108)
DSSD, L2-norm, see FAIR 9 (p.71)

joint functional
J , see FAIR 1 (p.11)
J, Jh, discretized
Jc, current value

reference
R, function, see FAIR 1 (p.11)
Rc, R(xc), discretized (Chapter 3)
R, coefficients for representation
(Chapter 3)

dataR, data (Chapter 3)
regularizer
S, S, (Chapter 8)
Sc, current value
STPS, bending energy of a thin plate
(Section 5.3.1)

template
T , template, see FAIR 1 (p.11)
Tc, T (xc), discretized (Chapter 3)
T, coefficients for representation
(Chapter 3)

dataT, data (Chapter 3)
T [y], transformed, see FAIR 1 (p.11)

Acronyms
*c, current iterate
CAD, Canadian Acronym Disorder
CG, CG, conjugate gradient scheme
CT, computer tomography
FAIR, Flexible Algorithms for Image
Registration

*h, discretized
his, structure for iteration history,
used in optimization schemes

HNSP, Human NeuroScanning Project
`-BFGS, limited memory
Broyden–Fletcher–Goldfarb–Shanno
scheme

LM, landmarks
MI, MI, Mutual Information, see

FAIR 15 (p.106)
ML, multilevel
MLdata, structure for multilevel data
representation

MLIR, multilevel image registration
MLPIR, multilevel parametric image
registration

NCC, NCC, Normalized
Cross-Correlation, see FAIR 13
(p.99)

NGF, NGF, normalized gradient field,
see FAIR 16 (p.108)

NPIR, nonparametric image
registration

para, collection of intermediate
variables, used for visualization

PDE, partial differential equation
PET, positron emission tomography
SPECT, single photon emission
computed tomography

PIR, parametric image registration
ref, *Ref, reference, used as
inhomogeneity in regularization

SSD, SSD, Sum of Squared Differences,
see FAIR 9 (p.71)

TPS, TPS, thin-plate spline
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Index
affine linear, see transformation
Amit, Yali, 18
approximation, 57, 62, 64, 67, 102, 109,
111, 117, 126, 127

Armijo line search, see optimization,
line search

Armijo, Larry, see optimization, line
search

bending energy, see energy
boundary conditions, 148, 150
BrainWeb, 18
Broyden, Charles G., see optimization,
`-BFGS

cell-centered grid, see grid
cells, 20–24, 68
center, 20, 68
width, 68, 97

center, grid transfer operator, see
Table 9.1 (p. 140)

chain rule, 107, 109, 141
computing time, 1, 139
conjugate gradient scheme, 78, 134, 159
continuous
cross-correlation, 97
distance measure, 71, 101
image model, see images
model, 2, 9, 12, 137
mutual information, 105
normalized gradient field, 107
optimization, 9, 13, 96, 125, 137, 138
smoothing, 35
sum of squared differences, 71

convex, 117, 120–122, 138
coordinate system, 14, 22
curvature regularization, see
regularization

d-linear, see interpolation schemes
data fitting, 117
data size, 20
density, 99, 101, 105

discretized, 106
estimation, 101, 102, 105

marginal, 105
derivative, 4, 13, 26, 120, 125, 141
discretization, 125, 132
distance, 95, 109–110
finite difference, 44, 109, 125
Gâteaux, 96
interpolation, 30–32
long stencil, 125
regularizer, see regularization
testing, 31, 32
transformation, 53
variation, 121, 124
curvature energy, 124
thin-plate-spline energy, 124

differentiable, see derivative
discrete derivative operator, see
derivative, discretization

discrete sine transform, 35
discretization, 2, 4, 9, 12, 13, 71, 106,
119, 125, 137–139, 146
coarse to fine, 10, 12, 68, 71, 73, 74
curvature operator, 129
derivative, 34, 125
diffusive operator, 128
distance, 91
elastic operator, 128
gradient, 110, 127
integrals, see integration, numerical
L2-norm, 130
regularizer, 130

discretize-then-optimize, 2, 12
displacement, 88, 120, 130, 148, 149
distance measures, 3, 4, 9, 12, 57, 67,
72, 75, 87, 110, 111, 117, 131, 137,
139–141
derivative, 95, 109–110
discretization, 92
feature based, 57, 95
guidelines, 116
intensity based, 57, 67, 95
L2-norm, see distance measures, sum
of squared differences

landmark based, 57
mutual information (MI), 4, 95,
99–107, 110, 118, 138, 153, 154
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derivative, 106
discretization, 106

normalized cross-correlation (NCC),
4, 95, 97–99, 110
discretization, 99

normalized gradient field (NGF), 4,
95, 107–110, 154
derivative, 110
discretization, 108

similarity, 88
sum of squared differences (SSD), 4,
12, 67, 71–76, 83, 92, 93, 95–97,
99, 107, 109, 110, 138, 142
derivative, 96
discretization, 72

volumetric, 12
distance, distance measure module,
see FAIR 17 (p. 111)

divergence theorem, 124
domain, 2, 10, 11

edge parameter, 107
elastic potential, 12, 121
elastic regularization, see
regularization, elastic

elasticity theory, 138, 142
energy
bending, 26, 27, 33, 34, 61, 62, 117,

123
curvature, 124
deformation, 121
image difference, 92

entropy, 99, 101
Euclid of Alexandria, see Euclidian

norm
Euclidian norm, 122
Euler, Leonhard Paul, see Eulerian
approach

Eulerian approach, 11
example, 17–18
3D, 160
ambiguous rigid registration, 119
affine, 91
coordinate system, 23
derivative
interpolation, 31

transformation, 53
derivative test, 32
diffusion operator, 130
distance, 110
forward problem, 118
grid transfer, 139
grids, 21, 22
hand, 17, 18, 57
histogram, 102
Human Neuroscanning Project
(HNSP), 18, 68

ill-posed, 118
integration, 69
knee, 1, 2, 9–11, 14
landmark registration
affine linear, 59
quadratic, 59

`-BFGS, 154, 156
lexicographical ordering, 23
linear interpolation, 42
matrix-free implementation, 132
MRI, 18, 107
multilevel nonparametric image
registration, 151

multilevel parametric image
registration, 114

multiscale, 145
multiscale interpolation, 34, 38
multilevel nonparametric image
registration, 152

multilevel representation, 40
multimodal, 99
mutual information, 100, 101
nonparametric image registration,
142–145

parametric image registration, 80, 83
Parzen-window estimation, 102, 104
PET/CT, 18, 110
registration, 1
regularization, 119–122, 131
rigid, 84, 89
rotations, 84
scale-space, 83
spline
coefficients, 29
interpolation, 28, 30
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spline registration, 87
sum of squared differences
affine, 91
discretization, 72
rigid, 89
rotations, 73
translation, 73

thin-plate-spline registration, 62
transformation
affine linear, 49
rotation, 50
spline, 51
translation, 49

truncated spline approximation, 36
trust-region, 160
ultrasound (US), 17, 38, 40, 42, 47,

48, 52

FAIR, 2, 7
concept, 3, 9–18
MATLAB, 13–17
numerics, 12–13
theory, 9–12

finite difference, 44, 109, 125
first variation, see derivative
Fletcher, Roger, see optimization,
`-BFGS

force field, 95, 96
forward problem, 12, 54, 57, 137
free-form deformation, see
transformation

frequency, 35

Gâteaux, René, see derivative,
Gâteaux

Gauss, Carl Friedrich, see example,
interpolation or example,
optimization

Gauss–Newton, optimization, 13, 67,
75–77, 80, 92, 93, 111, 138, 140, 142,
143, 153, 154, 158–163, 166

Generalized Cross Validation, 105
geodesic spline, 64
Goldfarb, Donald, see optimization,
`-BFGS

gradient, 14, 121, 127, 131, 134, 153,
154
discrete, see discretization, gradient

grid, 13, 14, 20–24, 148
cell centered, 20, 27, 44, 45, 47, 109,

111, 125, 126, 130, 133, 137–141,
148, 150

interpolation, see matrix,
interpolation operator

nodal, 44, 125, 138, 139, 149
staggered, 126, 128, 130, 137–139,
148, 150

width h, 20

Hadamard, Jacques, see Hadamard
product or ill-posed

Hadamard product, 110
harmonic vector field, 122
Hesse, Ludwig Otto, see matrix,
Hessian

Hessian, see matrix
Hestenes, Magnus Rudolph, see
conjugate gradient

histogram, 100–102
Histological Serial Sectioning, see
example, Human Neuroscanning
Project (HNSP)

ill-posed, 4, 12, 95, 117–120, 138, 142
image processing literature, 5
images
continuous model, 3, 9, 10, 19, 20,
40, 42, 101

features, 1, 67
gradient, 107
reference, 9, 57, 71, 80, 92, 107, 137
registration, see registration topics
template, 9, 57, 71, 107
transformed, 1, 9, 11, 12, 54, 57, 67,
75, 80, 92, 110, 137, 141, 152

information theory, 99
integration, 67
numerical, 3, 67–72, 89, 92, 97, 106,
111, 125
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inter, interpolation module, see FAIR
4 (p. 43)

interpolation schemes, 3, 9, 19–45, 47,
54, 57, 62, 64, 110, 131, 138
derivative, 30–32
grid, see matrix, interpolation
operator

linear, 3, 19, 24–26, 42, 44, 74, 149
literature, 5
next neighbor, 19, 24, 26
operator, see matrix, interpolation
spline, see spline, interpolation

invariance, rotational, 123

Jacobi, Carl Gustav Jacob, see
Jacobian

Jacobian, 109
joint density, see density
joint objective function, see
optimization, objective function

kernel function, 102, 103, 105
Kikinis, Ron, 160
Kronecker, Leopold, see Kronecker
product

Kronecker product, 16, 17, 24–26, 29,
31, 33, 36, 77, 109, 122, 127, 133

Krylov, Alexei, see Krylov subspace
methods

Krylov subspace methods, 134

`-BFGS, see optimization
L2-norm distance, see distance
measures, sum of squared differences
(SSD)

L2-norm regularization, see
regularization, L2-norm

L2-norm residual, 108
Lagrange, Joseph-Louis, see
Lagrangian framework

Lagrangian framework, 12
Lamé constants, 121
Lamé, Gabriel, see Lamé constants
Landau, Edmund, see Landau symbol
Landau symbol, 13, 125
landmark, 57, 67, 117

automatic detection, 57
registration, 3, 12, 57–65, 125
affine linear, 58, 59
quadratic, 59
thin-plate-spline based, 61–62

Laplace, Pierre-Simon, see Symbols,
differential operator

least squares problem, see optimization
leaving-one-out, 105
level set, 107
lexicographical ordering, 23, 29, 30
line search, see optimization
linear algebra literature, 5
linear elasticity, 145
linear registration, see parametric
topics, registration

MATLAB, 7, 13–17
administrative functions, 15
arguments, 14
backslash, 78, 134
comments, 14
conventions, 14
coordinate system, 14
defaults, 14
notation, 14
overwriting default parameters, 15
parameter, 14

matrix
adjoint, 132
B, 128, 130, 132
Hessian, 79, 142, 153, 154, 158, 159
approximation, 153
distance, 109, 111
energy, 61
matrix-based, 142
matrix-free, 142
nonparametric, 134, 142
parametric, 76, 78
regularization, 124, 131

identity, 16
interpolation operator, 137–139, 141,
142, 148

prolongation operator, 138, 146,
148–150

sparse matrix format, 125, 132
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matrix-based implementation, 153
matrix-free computation, 140, 149
matrix-free curvature operator, 133
matrix-free elastic operator, 132
matrix-free implementation, 132, 138,
154

matrix-free operations, 128, 131–134,
138, 142

matrix-free solver for linear systems,
134

matrix-matrix multiplication, 110
matrix-vector multiplication, 17, 77
measure, see distance measures and
regularization

MI, see distance measures, mutual
information (MI)

midpoint quadrature rule, see
integration, numerical

MLIR, see nonparametric topics,
multilevel image registration

MLPIR, see parametric topics,
multilevel image registration

“mother” spline, see spline
multilevel techniques, 3, 9, 13, 19,
40–42, 45, 68, 73, 75, 80, 83, 84, 89,
92, 97, 105, 106, 138, 142, 146, 156,
163, 166–168
introduction, 40–41
nonparametric registration, see
nonparametric topics

parametric registration, see
parametric topics

multiscale considerations, 3, 9, 13, 19,
40, 32–168

multigrid, 128, 134
mutual information, see distance
measures, mutual information (MI)

NCC, see distance measures,
normalized cross correlation (NCC)

Netsch, Thomas, 1, 2, 160
Newton, Sir Isaac, see optimization
NGF, see distance measures,
normalized gradient fields (NGF)

nodal grid, see grid, nodal
noise level, 33, 107

nonparametric image registration
(NPIR)

nonparametric topics
multilevel image registration,
145–150

multiscale image registration, 145
objective function, 138–142
derivative, 141

registration, 4, 12, 137–142
normalized cross-correlation (NCC),
see distance measures

normalized gradient fields (NGF), see
distance measures, normalized
gradient fields (NGF)

nullspace, see regularization
numbering, 20–24
numerical optimizer, 146
numerical topics
integration, see integration
optimization, see optimization

numerics, literature, 5

objective function, see optimization
optical flow problem, 121
optimization, 2, 3, 9, 13, 26, 30, 32, 33,
53, 58, 71, 74, 75, 79, 89, 92, 96, 102,
137, 139
descent direction, 78
discretize-then-optimize, 2, 12
Gauss–Newton, 13, 67, 75–77, 80,
92, 93, 111, 138, 140, 142, 143,
153, 154, 158–163, 166

global starting point, 89
Hessian, see matrix
`-BFGS, 138, 153, 154, 159, 163, 184
least squares problem, 58, 67, 76
line search, 13, 78, 79
literature, 6
local minima, 68, 89, 92, 119, 138,
142, 145

multilevel, 89, 92
Newton-type, 12
numerical, 3, 10, 13, 67, 75–83, 95,
134, 137, 138, 153–159

numerical optimizer, 146
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objective function, see
nonparametric topics and
parametric topics

quasi-Newton type, 79
starting point, 68, 73, 78, 83, 89, 92,

117, 138, 145, 146, 148
steepest descent, 93, 96, 107
stopping, 13, 75, 78, 89, 143
trust-region, 160
unique minimizer, 117

oscillation, 26, 29, 33, 35, 125

parametric topics
multilevel image registration
(MLIR), 89–91

objective function, 72, 74, 75, 77, 80,
92
regularized, 67, 88

registration, 12, 67–93, 110, 114,
137, 148
regularized, 87–88

regularized, 137
transformation, see transformation

partial differential equation (PDE)
literature, 6

Parzen, Emanuel, 102
Parzen-window density estimator, 102
Phillips, David L., see regularization
PIR (parametric image registration),
67–93

preregistration, see registration

quadrature, see integration, numerical
quasi-Newton system, 134

radial basis function, 61, 118
reasonability, 88
reduction, 83, 143, 151, 154
reference, see image
registration topics, 1–3, 105
Thirion’s demon approach, 121, 169
introduction, 1–7
landmark, see landmark
medical, 4, 47
multiscale, see multiscale
considerations

multimodal, 107, 154
nonparametric, see nonparametric
topics

parametric, see parametric topics
preregistration, 120, 138, 142, 145,

148
problem, 9
software, 7
thin-plate-spline, see landmark
unwanted solution, 87

regularization, 3, 4, 9, 12, 51, 67, 76, 77,
80, 87, 88, 92, 107, 117, 131, 137–140
curvature, 4, 118, 120, 123, 130, 131,
137

diffusive, 118, 120, 130, 131
discretization, 4, 141
L2-norm, 125–130

elastic, 4, 12, 118, 120, 130, 131, 137,
138, 142

inhomogeneity yref , 12, 130, 137,
143, 148

L2-norm, 4, 120–124, 130, 137, 138
nullspace, 130
parameter, 88, 120
spline, see spline
thin-plate-spline, 123
Tychonoff, 33, 34, 45, 76
Tychonoff–Phillips, 34

regularized parametric registration, see
parametric topics

regularizer, regularization module,
see FAIR 19 (p.131)

residual, 72, 109–111
rigid, see transformation
ringing, see spline

Schmitt, Oliver, 18, 68
Shanno, David F., see optimization,
`-BFGS

shipbuilding, 26
similarity, see distance measures
software, 7
solvers for linear systems, 134
spatial dimension, 10, 20, 47, 75
spatial domain, see domain
spline, 69, 102
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bending energy, see energy
coefficients, 28, 30
cubic, 27
geodesic, 64
interpolation, 3, 19, 26–31, 42, 61,
74, 80, 83, 117

“mother”, 27
regularization, 32–40, 61
θ, 33, 35, 36, 38, 62, 145
W , 34, 36, 38

ringing, 29, 33
thin-plate, 118
energy, 123, 124
interpolation, 61
regularization, 61
transformation, 62

SSD, see distance measures, sum of
squared differences

staggered grid, see grid
steepest descent, see optimization
Steihaug, Trond, see optimization,
trust-region

Stiefel, Eduard, see conjugate gradient
stopping criteria, see optimization
sum of squared differences, see
distance measures

Taylor expansion, 76
Taylor, Brook, see Taylor expansion
template, see image
thin-plate spline (TPS), 118
thin-plate-spline registration, see
landmark registration

Thirion’s demon registration, see
registration

Thirion, Jean-Philippe, see
registration, Thirion’s demon
approach

Tychonoff regularization, see
regularization

Tychonoff, Andrey Nikolayevich, see
regularization

Tychonoff–Phillips regularization, see
regularization

TPS, see thin-plate-spline
trafo, transformation module, see

FAIR 5 (p.54)
transformation, 3, 57, 87, 110, 118, 148
affine linear, 3, 47, 49, 51, 54, 58, 60,
61, 80, 91

bizarre, 52
counterintuitive, 11
derivative, 53
free-form, 47, 51
image, see images
nonparametric, 97
one-to-one, 60, 62, 64, 87
parametric, 3, 12, 47–56, 61, 64, 67,
71, 72, 75, 83, 92

quadratic, 56, 59–61
reasonable, 9
regularization, 75–83
rigid, 3, 47, 50, 53, 54, 60, 84, 93, 97,
118, 119, 138, 142

rotation, 9, 49, 50, 72, 73, 84, 97, 99,
106

scaling, 49
shearing, 49
spline, 3, 47, 50, 51, 54, 56, 88
thin-plate spline (TPS), 3
translation, 48–50, 54, 56, 72, 73, 97,

99, 106
truncating high frequencies, 35

US (ultrasound), 17, 38, 40, 42, 47, 48,
52

variation, see derivative
variational approach, 2, 137
visualization, 9, 10, 13, 24, 57, 68, 75,
76, 79, 80, 141, 143

volumetric distance measures, see
distance measures

well-posed, 117
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